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THE MAXIMUM CONDITION ON ANNIHILATORS
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ABSTRACT. For each positive integer n, we construct a commutative ring R
such that the polynomial ring R[z1, ... ,zn] satisfies the maximum condition
on annihilators and R[z1,... ,Zn+1] does not. In particular, there exists a
commutative Kerr ring R such that R[z] is not Kerr. This answers in the
negative a question of Faith’s.

INTRODUCTION

All rings in this paper are commutative. We say that a ring R has ascending
chain condition on annihilators (acc L) if it satisfies the maximum condition on
annihilators (of subsets of R). Recall that a ring R is Goldie if it has acc L and has
no direct sum of infinitely many non-zero ideals. In [3] Kerr constructs a Goldie
ring R such that R[z] does not satisfy acc L. Following [2], we say that a ring R is
Kerr if R[x] has acc L.

In [1], Camillo and Guralnick show that if R is an algebra over an uncountable
field K satisfying acc L then R[z] satisfies acc L; thus, if R is a Kerr algebra over
an uncountable field K then R[z] is Kerr. On the other hand, in [4] Roitman proves
that for any countable field K there exists a K-algebra R satisfying acc L such that
R[z] does not satisfy acc L. In [2], Faith asks: If R is a Kerr ring, is R[z]? We
use Roitman’s techniques [4] to construct for each non-negative integer n and for
each countable field K a K-algebra R such that R[x1, ... ,x,] satisfies acc L and
R[z1,...,2Znt+1] does not. This answers Faith’s question in the negative. For n = 0,
R is the example constructed by Roitman in [4].

Our ring R is semiprimary, with index of nilpotency 3, and has infinite Goldie
dimension. We do not know whether for any countable field K, there exists a
Goldie K-algebra R such that R[z] is not Goldie. We remark that Kerr’s example
is a Z/2Z-algebra.

1. PRELIMINARY LEMMAS

Let K be a field. Let ua,,...,ani1s V8i,... ,Brs1s T1,--- > Tnt1 be indeterminates
over K, where «;, B;, n are non-negative integers, 0 < a3 + -+ + @p41 < m,
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0<B1+ - +Bus1 <pand m, p>1. Set

U == {ual,...,an+1|0 S aq + e + an+1 S m},
V= {’Uﬁl,m ;ﬁn+1|0 S ﬁl + -+ ﬁn-l—l S p}'
Let B = K[U,V]. Let

m
flxr, ... 2p41) = Z Uay,... a1 T - ~:1:z’_";_+11,
ai+-+oap41=0
- B
g(:vl,... 7xn+1) = Z U51>~~~,ﬁn+1x?1 : %Tll
Bi++++Pn+1=0
be polynomials in Blz1,... ,%,+1]- Let
ha1,...  Zpg1) = f(@1, oo Tnt1)9(T1, - ooy Tng1)-
m+p
Thus h(z1,...,Zn41) has the form Z Sty ymia @1 ooyt where
Y1+ +Yn+1=0
Sv1,... ynis are the indicated coefficients in K[U, V.
Lemma 1.1. Let z, t be non-zero elements in the Klxy,...,x,]-submodule of
Blz1,... ,xnt1] generated by UUV . If zt is in the K[z1,. .. , z,]-submodule gener-
ated by Sy, ynyr (0 <714+ g1 < m+p), then either z € K[U,x1,... ,2y]
andt € K[V,21,... ,xy], or z € K[V,x1,... ,2,] and t € K[U,21,... ,2y].
Proof. This follows from the fact that the s, ... ,,.,, are linear both in the indeter-
minates U and in the indeterminates V. O
Lemma 1.2. Let z be in the K[x1,. .. ,x,]-submodule of Blx1, ... ,Tnt+1] generated

by U and let t be in the K[x1,... ,2,]-submodule generated by V. If z and t are
non-zero then the following conditions are equivalent:

(i) zt is in the K[x1,... ,xy]-submodule generated by s, .. .., (0 <1+ -+
Ynt1 <M ""p)'

(i) FEither zt is in the K[x1,... ,xy,]-submodule generated by S, ~..,, where
Y1+ + Yne1 = m+ p, or there exist co, C1,... ,Cnt1, do € Klx1,... ,24)
such thatz:cof(i—;,... ,%) andt:dog(g—;,... 7%)

(iii) Either zt is in the Klxy,... ,xy]-submodule generated by s, ... ..., where
Y14+ Ynt1 = m+ p, or there exist cg, ¢1,... ,Cnt1, do € K[z1,... 2]
such that zt = codoh (g—;, o %)

Proof. (ii) = (iil) and (iii) = (i) are obvious.
(i) = (ii). Let

m
= § )\ah...7an+1uo¢17...7an+17
a4t an1=0
P
t= E : KB, .Brr1 VB, Bri1s

B, ,Bn+1=0
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and
m-+p
zt = Z Vyppoo 1971, g1
Y1+ +Yn41=0
where A\, p, v € K[x1,... ,2,].
Let af, ..., ah,; be such that Ayg 40 # 0and of + - +af . is the least
possible. Let 3,...,3%,, be such that Bay,.. 69, #0and B + -+ 02, is

the least possible. If of +---+a%,  +8) + -+ 8%, = m + p then 2zt =
Vrt s Amst Sv1se rmsr - Suppose that of + -+ +al , + 3y + - +
Y1+ +Ynr1=m—+p
B2, < m+p. In this case we shall see that o) =--- =l , =gy = =p%,, =
0. Suppose that a? > 0 for some i. If 30 + - + ﬁg_ﬂ < p, then
uoz(l),... ,a?—l,... ,oz?lJrlvﬁ?,... ,6?—}-1,... VB?H»I

appears in s,9.59 a0 150, - Thus Ago o1 a0, # 0, in contradiction with
the selection of af,... ,a) ;. Hence 37 +---+ G) . = p. Now 3 > 0 for some j
and af + -+ al_; <m. As above, we have a contradiction. Thus o = 0 for all
i, and by symmetry 39 = 0 for all j. Note that then Ao, o # 0 and po,.. o # 0.

In this case, let ¢y = /\0),”)0, c1 = /\1)0,___,0,... ,Cnt+1 = /\0,,,,,0,17 dy = Ho,...,0-
Now

V1,0,...,0 = Cof1,0,...,0 = C1do,

V0,...,0,1 = CoMo,...,0,1 = Cn+1do.

If 1+ ...+ Bne1 > 2, then there exists ¢ such that 8; > 1 and

VBie Bt = A0, OMB1 . Bt = A0, Ly 0HB1 e By =1, B

hence
Cq
HB1,... By = auﬁlym Bi—1,...Bn+1"

Now, by induction on 8y + - - - + 841, we see that

51 Bn+1
G
HB1,... Brt1 = BittBni1 0-
=)
In a similar way it is easy to see that
(e%1 On 41
\ e
A1y, X1 T a1t tant co-
o
— c Cn+41 _ c Cn41
Thusz-cof(é,...,z—o)andt—dog(i,...,z—o). O

Let ugzl,),,,,an“, vgf) By, De indeterminates over K form > 1,0 < g + -+ +

W1 <y 0 < Bi 4+ + Bpng1 < €, Where dy, > 1, €5, > 1. Let
U = {ul™ lm>1,0<a;+ 4+ ant1 <dm},

Qly.ee X1

V= {vgz?__,gnJer > 17 0 < 51 +- "+ﬁn+1 < em}-
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Let B = K[U,V] and

d’VTL
— — m «Q Qn4+1
fm = fm(x1, . Tng1) = g u((ll,)___,an+1$11'...~$n+1 ,
ar+-+an41=0
€m
— _ (m) B1 Brnt1
Im = gm(T1, ... Tpg1) = E VB B T1 T TR
B1+-+Bny1=0
dm+ep
— _ m,p Y1 TYn+1
hm)P(xla"' 7xn+l)_fmgp— E SSYl,---),’Yn+1x1 an—Li-l .
Vit FYnt1=0
Let C be the K[z1, ... ,z,]-submodule of B[z1, ... , z,4+1] generated by s({ﬁf)ﬁnﬂ

for 0 <1+ + 941 < dm + e, and for all m, p > 1.

Lemma 1.3. Let p1 = Z)‘mfm + Z)‘;ngm and pz = Zumfm + Zuingm be in
Blx1, ..., zn1\{0}, where A, N, u, p' € K[z1,... 2]
Letci,... cag1,¢), ... Chy € K(x1,... ,2,). Suppose that

ZAmfm(cla e 7CTL+1) + ZA'/mgm(cla cee 7CTL+1)

:Zumfm(c'l,... ,c;H)—i—Zu;ngm(c'l,... Chir)
Then p1 = p2 and ¢; = ¢, for all i.

Proof. Since the coefficients of f,(x1,... ,2n+1) and g (x1,... ,2p41) are inde-
pendent over K[z1,... ,Znt+1], we have
Amfm(cl, s 7Cn+1) = :umfm(clla s ac'/r7,+1)7
A;mgm(cla B 7Cm) = ,u;ngm(cllv s 7C;z+l)
for all m > 1.

)

<

Now )\mu((f_ 0 = umugf_)_,o and /\;nv((ﬂl_)_ 0= u;nv(()ﬁ?,o. Thus A\ = p, and

AL = ul,. Hence p1 = pa.
Without lost of generality we may assume that \,, # 0. Then

)\mci“((JT).71,... 0= umcéué@ ,1,...,0°
Thus ¢; = ¢ for all 4. O
The next lemma is an easy generalization of Lemma 1.1.
Lemma 1.4. Let z, t be non-zero elements in the Klxy,... ,x,]-submodule of
Blz1,... ,Tn+1] generated by U UYV. If zt € C, then either z € KU, x1,... ,xy]
andt € K[V, x1,... ,x,), or z € K[V, x1,... ,2,] and t € KU, x1,... ,z,].
Lemma 1.5. Let z be in the K[x1,. .. ,2y]-submodule of Blz1, ... ,Tni1] generated

byU and lett be in the K[x1, ... ,x,]-submodule generated by V. Then the following
conditions are equivalent:

(i) zt eC.

(ii) Fither zt is in the Klxi,... ,x,]-submodule generated by sgfﬁi?_),%ﬂ, where
Y1y s Ynt1 = dm + €p, o there exist Ay, pm € Klz1,...,25] and c1,. ..,
Cnt1 € K(x1,... ,xy) such that

z= Z)\mfm(cl, ceeyCpy1) and t = Z,umgm(cl, ey Cngl)-



POLYNOMIALS AND ANNIHILATORS 2545

In fact, in (i) A fm(c1,... s Cnp1) and pmgm(ci, ..., cny1) € Blz, ..., xy).

Proof. (ii) = (i) is obvious.
(i) = (ii) The element z has a unique representation as a sum z = Z 2™ where

2™ is in the K[z1,... ,x,]-submodule generated by u&T7),,,7an+1 0<ag+---+
apt1 < dp,). Similarly ¢t = Zt(m), where (™) is in the K[z1,... ,z,]-submodule

generated by véT) By O Br+ -+ Brgr Sem).

Now it is easy to see that since zt € C, z(™¢®) is in the K[z1,... ,z,]-submodule
generated by sgqff?,)ml“ (0<7y1 4+ Y1 < dm +ep). Suppose that 2™ and
t(P) are non-zero. By Lemma 1.2, either z("™)¢(?) is in the K|[x1, ... ,,]-submodule

generated by s({ﬁ’ﬁ)ﬁnﬂ, where v1 + -+ +Ynt1 = dm + €, or there exist Ap, fmp,
Ame) ,cgi’f) € K|[x1,... ,xy,) such that

3

m, (m’ )
2 = N\, f Cg ! . Cni]
m,pJm )\m,p ) ) Am,p )
m, (777,7 )
t®) = i g o LG
»PIP )\m,p Amm

Furthermore, in the latter case, if 2(m") # 0 then there exist A/ p, i/ ps cgm ’p), e

cﬁl’_’;}”) € Klx1,...,x,] such that

P

(m',p) (m',p)
Cl cn+1
)

)
/\m’m

Z(ml) = )\m’,p.fm/ ( A ;
m’,p

(m/,p) (m',p)
c Cn
t(P) :,um’,pgp < L g +1 ) .

)
Am/ p Am/ p
cmop) om'op) .
By Lemma 1.3, fimp = fim’,p and Pl SR Thus pm, p, depends just on p

and not on m, so we set fim, = jp for all m such that ¢®) = 0. Similarly, A,
(m,p)
depends just on m and not on p, so we set A, , = Ay, We have seen that CA ’

%
m,p

(m,p)
does not depend on m and similarly for p, so we set %—— = ¢;. Hence
m,p

z= Z)\mfm(cl, v yCpg1) and t = Zupgp(cl, ey Cntl)-

P
|
2. THE RESULT
In this section we assume that K is a field with |K| < ®g. Thus
|K($1, N ,xn)”+1| S NQ.

Given ¢ € K(z1,...,2,), we denote by p. and ¢. two coprime elements of
K[Jﬂl, e ,LEn] such that CcC = pc/qc. Let (Cl,la Ce ;Cl,n+l)7 (62’1, Ce ,CQ,nJ,_l), ey
(Cm,1y--- sCmomnt1)s-.. be the sequence of all elements in K (z1,...,2,)""!. Asin

the above section we define U, V, B, fm, gm and C. Let ¢, o be the least common
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multiple of g, 11+ Qe sty SO Cm0Cm,j € Klx1,... 2] for 1 < j < n+ 1. For
m >1and i > 1, let a,,; be a non-zero polynomial of least degree in K[x1,... ,x,]
such that amifm(ci,l, - ,Ci7n+1)gm(ci)1, e 7Ci,n+1) S B[Zlil, - ,:Z,‘n]. Note that the

degree of a,,; is < deg(cio) - (dm + €m).
Let I be the ideal of B generated by s({ﬁf)ﬁnﬂ for all m # p, the coefficients of
the polynomials

amifm(ci,lv cee aci,n+l)gm(ci,1a e ,Ci,n+1)
for all 1 <4 < m, the elements SEYT?T)%H for 1 + -+ + Yn+1 = dm + € and all
monomials in the indeterminates U UV of degree 3. Let R be the ring B/I. Thus
R has a natural grading inherited from B, R = Ro & R1 ® Ro, and Ry = K. We

denote by 7 the canonical image of r € B[x1,... ,2p41] in Rlz1,. .. ,Tpt1]-
Lemma 2.1. The ring R[z1,... ,x,] satisfies acc L.
Proof. To prove that R[x1,... ,x,] satisfies acc L it is enough to show that for
any pair of sequences {2y, }m>1 and {tm, }m>1 of nonzero elements in By [z1, ... ,z,]
such that z,,t, = 0 for 1 < p < m, we have Z,,t,,, = 0 for almost all m.

For m > p the elements z,,t, are in Iz[z1,... ,2,] C C. By Lemma 1.4 we may
assume that z,, € K[U,z1,... ,2,] and t, € K[V, z1,... ,2,] for all p, m > 1.

By Lemma 1.5 there exist Agm,p, thm,p € K[z1,...,2,]\{0}, and ¢1 mp, ...,
Cnt1,m,p € K(z1,...,2y,) such that

Zm = Z Mem,p fe(Climps -« s Cng1,m,p) and
k

lp = E km,pdk(Clim,ps - -+ 5 Cnt1mop)s
k

with )\k,mmfk(cl,mma (R 7cn+1,m7p)7 Mk,m,pJk (Clﬂn,pa S 7cn+l7m,p) € B[:’El, S 7xn]~

By Lemma 1.3, Ag,m,p does not depend on p, pig m,, does not depend on m and
Ci,m,p depends on neither m nor p. So we set Ay m.p = Aems Lkmp = fk,p and
Ci,m,p = C;. Thus

Zm =Y Memfr(c1, .. enp1) and
k

t, = Zuk,pgk(cl, cee s Cngl)-
k

Choose j such that (c1,...,¢n41) = (¢j1,--.,Cjnt1). Let
J
z;n = Z /\k,mfk(cla s ,Cn+1) and
k=1
J
t, = Zuk,pgk(cl, ey Cng)-

>
Il
—

Let k£ > j. Since ay; is the polynomial of minimal degree such that
akjfk(0j71, - ,Cj)n+1)gk(cj'71, - 7cj7n+1) S B[l‘l, e 7{,En]

and frgr € I[z1,...,2n41] for all k # k', we have that Z,,¢, is the canonical image
of z,,t},.
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Now there exists pg such that for any p > po, t; isa K(z1,...,zy,)-linear com-
bination of #},... ¢, ;. Thus for each p > po there exist by p,... ,bpo—1, €
K(x1,...,x,) such that

po—1

th=_ biyt).
=1

Hence for any p > pg

po—1
Zt, = Z biptiz, € I(x1,...,20) N Blzy,... ,xp) = I[x1,... 0]
=1

Therefore z,t, = 0 for any p > po. O

Assume m > 1 and let l,,, be the maximum of the degrees of c¢jo, for 1 < j < m.
Let 1], be the maximum of the degrees of ¢joc;i, for 1 <j<mand 1 <i<n+1.
Hence, the degree of am; fm (¢, s Cjnt1)gm(Cias - Cim1) 18 < I (dp +€m) +
U (dm +em) = (Lm +10,)(dm + €m). Thus the number of non-zero coefficients of

n+ (b +10,)(dm + em))

(I + 1) (dim + €m) '
Note that the number of coefficients of f,,gm € Blz1,... , Tni1] is

<n—|—1—|—dm—|—em)

this polynomial, as an element of B[z, ... ,z,], is < <

dm + em

n+1+d, +en
dm +em
(U + 1) (dm +em)
while < (Lo 1 (o + €)
it is clear that for each m > 1 there exists a positive integer N,, such that if
dm + €m > N,, then

n+14+d,+en n4 (Ipm + 1) (dm + em)

Observe that > is a polynomial of degree (n+ 1)! in d,, + e,

) is a polynomial of degree n! in d,, + e,,. Now

(
Proposition 2.2. Suppose that dp, + €, > Ny for all m > 1. Then the ring
Rlx1,... ,Znt1] does not satisfy acc L.

Proof. Clearly, f,,g, = 0 for m # p. On the other hand, for any m, the K-subspace
n+1+d,+en
d, + e ) and
Wi, NI is generated by the coefficients of am; fm (i1, .- 5 Cint1)g(Cit, - s Cint1)
foralll1 <7< m. So

Wi, generated by the coefficients of f,,g,, has dimension (

dimg (Wi N 1) <m (n + (i + 10,) (d + em))

(Im =+ 13,)(dm + €m)
Since d,, + €., > Ny, for all m > 1, we have
dimg (Wm N I) < dimg W,,

for all m > 1. Thus fgm & I[x1,... ,Zne1] and fr,Gm # 0 for all m > 1. Hence
Rlx1,...,2Zns1] does not satisfy ace L. O
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