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THE MAXIMUM CONDITION ON ANNIHILATORS
FOR POLYNOMIAL RINGS

FERRAN CEDÓ AND DOLORS HERBERA

(Communicated by Ken Goodearl)

Abstract. For each positive integer n, we construct a commutative ring R
such that the polynomial ring R[x1, . . . , xn] satisfies the maximum condition
on annihilators and R[x1, . . . , xn+1] does not. In particular, there exists a

commutative Kerr ring R such that R[x] is not Kerr. This answers in the
negative a question of Faith’s.

Introduction

All rings in this paper are commutative. We say that a ring R has ascending
chain condition on annihilators (acc ⊥) if it satisfies the maximum condition on
annihilators (of subsets of R). Recall that a ring R is Goldie if it has acc ⊥ and has
no direct sum of infinitely many non-zero ideals. In [3] Kerr constructs a Goldie
ring R such that R[x] does not satisfy acc ⊥. Following [2], we say that a ring R is
Kerr if R[x] has acc ⊥.

In [1], Camillo and Guralnick show that if R is an algebra over an uncountable
field K satisfying acc ⊥ then R[x] satisfies acc ⊥; thus, if R is a Kerr algebra over
an uncountable field K then R[x] is Kerr. On the other hand, in [4] Roitman proves
that for any countable field K there exists a K-algebra R satisfying acc ⊥ such that
R[x] does not satisfy acc ⊥. In [2], Faith asks: If R is a Kerr ring, is R[x]? We
use Roitman’s techniques [4] to construct for each non-negative integer n and for
each countable field K a K-algebra R such that R[x1, . . . , xn] satisfies acc ⊥ and
R[x1, . . . , xn+1] does not. This answers Faith’s question in the negative. For n = 0,
R is the example constructed by Roitman in [4].

Our ring R is semiprimary, with index of nilpotency 3, and has infinite Goldie
dimension. We do not know whether for any countable field K, there exists a
Goldie K-algebra R such that R[x] is not Goldie. We remark that Kerr’s example
is a Z/2Z-algebra.

1. Preliminary lemmas

Let K be a field. Let uα1,... ,αn+1 , vβ1,... ,βn+1, x1, . . . , xn+1 be indeterminates
over K, where αi, βi, n are non-negative integers, 0 ≤ α1 + · · · + αn+1 ≤ m,
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0 ≤ β1 + · · ·+ βn+1 ≤ p and m, p ≥ 1. Set

U = {uα1,... ,αn+1 |0 ≤ α1 + · · ·+ αn+1 ≤ m},
V = {vβ1,... ,βn+1|0 ≤ β1 + · · ·+ βn+1 ≤ p}.

Let B = K[U, V ]. Let

f(x1, . . . , xn+1) =
m∑

α1+···+αn+1=0

uα1,... ,αn+1x
α1
1 · . . . · xαn+1

n+1 ,

g(x1, . . . , xn+1) =
p∑

β1+···+βn+1=0

vβ1,... ,βn+1x
β1
1 · . . . · xβn+1

n+1

be polynomials in B[x1, . . . , xn+1]. Let

h(x1, . . . , xn+1) = f(x1, . . . , xn+1)g(x1, . . . , xn+1).

Thus h(x1, . . . , xn+1) has the form
m+p∑

γ1+···+γn+1=0

sγ1,... ,γn+1x
γ1
1 · . . . · xγn+1

n+1 , where

sγ1,... ,γn+1 are the indicated coefficients in K[U, V ].

Lemma 1.1. Let z, t be non-zero elements in the K[x1, . . . , xn]-submodule of
B[x1, . . . , xn+1] generated by U ∪V . If zt is in the K[x1, . . . , xn]-submodule gener-
ated by sγ1,... ,γn+1 (0 ≤ γ1 + · · ·+ γn+1 ≤ m + p), then either z ∈ K[U, x1, . . . , xn]
and t ∈ K[V, x1, . . . , xn], or z ∈ K[V, x1, . . . , xn] and t ∈ K[U, x1, . . . , xn].

Proof. This follows from the fact that the sγ1,... ,γn+1 are linear both in the indeter-
minates U and in the indeterminates V .

Lemma 1.2. Let z be in the K[x1, . . . , xn]-submodule of B[x1, . . . , xn+1] generated
by U and let t be in the K[x1, . . . , xn]-submodule generated by V . If z and t are
non-zero then the following conditions are equivalent:

(i) zt is in the K[x1, . . . , xn]-submodule generated by sγ1,... ,γn+1 (0 ≤ γ1 + · · ·+
γn+1 ≤ m + p).

(ii) Either zt is in the K[x1, . . . , xn]-submodule generated by sγ1,... ,γn+1, where
γ1 + · · · + γn+1 = m + p, or there exist c0, c1, . . . , cn+1, d0 ∈ K[x1, . . . , xn]
such that z = c0f

(
c1
c0

, . . . , cn+1
c0

)
and t = d0g

(
c1
c0

, . . . , cn+1
c0

)
.

(iii) Either zt is in the K[x1, . . . , xn]-submodule generated by sγ1,... ,γn+1, where
γ1 + · · · + γn+1 = m + p, or there exist c0, c1, . . . , cn+1, d0 ∈ K[x1, . . . , xn]
such that zt = c0d0h

(
c1
c0

, . . . , cn+1
c0

)
.

Proof. (ii) ⇒ (iii) and (iii) ⇒ (i) are obvious.
(i) ⇒ (ii). Let

z =
m∑

α1+···+αn+1=0

λα1,... ,αn+1uα1,... ,αn+1 ,

t =
p∑

β1,... ,βn+1=0

µβ1,... ,βn+1vβ1,... ,βn+1,
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and

zt =
m+p∑

γ1+···+γn+1=0

νγ1,... ,γn+1sγ1,... ,γn+1,

where λ, µ, ν ∈ K[x1, . . . , xn].
Let α0

1, . . . , α0
n+1 be such that λα0

1,... ,α0
n+1

6= 0 and α0
1 + · · · + α0

n+1 is the least
possible. Let β0

1 , . . . , β0
n+1 be such that µβ0

1 ,... ,β0
n+1

6= 0 and β0
1 + · · · + β0

n+1 is
the least possible. If α0

1 + · · · + α0
n+1 + β0

1 + · · · + β0
n+1 = m + p then zt =∑

γ1+···+γn+1=m+p

νγ1,... ,γn+1sγ1,... ,γn+1. Suppose that α0
1 + · · · + α0

n+1 + β0
1 + · · · +

β0
n+1 < m + p. In this case we shall see that α0

1 = · · · = α0
n+1 = β0

1 = · · · = β0
n+1 =

0. Suppose that α0
i > 0 for some i. If β0

1 + · · ·+ β0
n+1 < p, then

uα0
1,... ,α0

i−1,... ,α0
n+1

vβ0
1 ,... ,β0

i +1,... ,β0
n+1

appears in sα0
1+β0

1 ,... ,α0
n+1+β0

n+1
. Thus λα0

1,... ,α0
i−1,... ,α0

n+1
6= 0, in contradiction with

the selection of α0
1, . . . , α0

n+1. Hence β0
1 + · · ·+ β0

n+1 = p. Now β0
j > 0 for some j

and α0
1 + · · ·+ α0

n+1 < m. As above, we have a contradiction. Thus α0
i = 0 for all

i, and by symmetry β0
j = 0 for all j. Note that then λ0,... ,0 6= 0 and µ0,... ,0 6= 0.

In this case, let c0 = λ0,... ,0, c1 = λ1,0,... ,0, . . . , cn+1 = λ0,... ,0,1, d0 = µ0,... ,0.
Now

ν1,0,... ,0 = c0µ1,0,... ,0 = c1d0,

. . .

ν0,... ,0,1 = c0µ0,... ,0,1 = cn+1d0.

If β1 + . . . + βn+1 ≥ 2, then there exists i such that βi ≥ 1 and

νβ1,... ,βn+1 = λ0,... ,0µβ1,... ,βn+1 = λ0,... ,1,... ,0µβ1,... ,βi−1,...βn+1;

hence

µβ1,... ,βn+1 =
ci

c0
µβ1,... ,βi−1,...βn+1 .

Now, by induction on β1 + · · ·+ βn+1, we see that

µβ1,... ,βn+1 =
cβ1
1 · . . . · cβn+1

n+1

c
β1+···+βn+1
0

d0.

In a similar way it is easy to see that

λα1,... ,αn+1 =
cα1
1 · . . . · cαn+1

n+1

c
α1+···+αn+1
0

c0.

Thus z = c0f
(

c1
c0

, . . . , cn+1
c0

)
and t = d0g

(
c1
c0

, . . . , cn+1
c0

)
.

Let u
(m)
α1,... ,αn+1 , v

(m)
β1,... ,βn+1

be indeterminates over K for m ≥ 1, 0 ≤ α1 + · · ·+
αn+1 ≤ dm, 0 ≤ β1 + · · ·+ βm+1 ≤ em, where dm ≥ 1, em ≥ 1. Let

U = {u(m)
α1,... ,αn+1

|m ≥ 1, 0 ≤ α1 + · · ·+ αn+1 ≤ dm},
V = {v(m)

β1,... ,βn+1
|m ≥ 1, 0 ≤ β1 + · · ·+ βn+1 ≤ em}.
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Let B = K[U ,V ] and

fm = fm(x1, . . . , xn+1) =
dm∑

α1+···+αn+1=0

u(m)
α1,... ,αn+1

xα1
1 · . . . · xαn+1

n+1 ,

gm = gm(x1, . . . , xn+1) =
em∑

β1+···+βn+1=0

v
(m)
β1,... ,βn+1

xβ1
1 · . . . · xβn+1

n+1 ,

hm,p(x1, . . . , xn+1) = fmgp =
dm+ep∑

γ1+···+γn+1=0

s(m,p)
γ1,... ,γn+1

xγ1
1 · . . . · xγn+1

n+1 .

Let C be the K[x1, . . . , xn]-submodule of B[x1, . . . , xn+1] generated by s
(m,p)
γ1,... ,γn+1

for 0 ≤ γ1 + · · ·+ γn+1 ≤ dm + ep and for all m, p ≥ 1.

Lemma 1.3. Let p1 =
∑

λmfm +
∑

λ′mgm and p2 =
∑

µmfm +
∑

µ′mgm be in
B[x1, . . . , xn+1]\{0}, where λ, λ′, µ, µ′ ∈ K[x1, . . . , xn].

Let c1, . . . , cn+1, c
′
1, . . . , c′n+1 ∈ K(x1, . . . , xn). Suppose that∑
λmfm(c1, . . . , cn+1) +

∑
λ′mgm(c1, . . . , cn+1)

=
∑

µmfm(c′1, . . . , c′n+1) +
∑

µ′mgm(c′1, . . . , c′n+1).

Then p1 = p2 and ci = c′i for all i.

Proof. Since the coefficients of fm(x1, . . . , xn+1) and gm(x1, . . . , xn+1) are inde-
pendent over K[x1, . . . , xn+1], we have

λmfm(c1, . . . , cn+1) = µmfm(c′1, . . . , c′n+1),

λ′mgm(c1, . . . , cm) = µ′mgm(c′1, . . . , c′n+1)

for all m ≥ 1.
Now λmu

(m)
0,... ,0 = µmu

(m)
0,... ,0 and λ′mv

(m)
0,... ,0 = µ′mv

(m)
0,... ,0. Thus λm = µm and

λ′m = µ′m. Hence p1 = p2.
Without lost of generality we may assume that λm 6= 0. Then

λmciu
(m)
0,... ,1,... ,0 = µmc′iu

(m)
0,... ,1,... ,0.

Thus ci = c′i for all i.

The next lemma is an easy generalization of Lemma 1.1.

Lemma 1.4. Let z, t be non-zero elements in the K[x1, . . . , xn]-submodule of
B[x1, . . . , xn+1] generated by U ∪ V. If zt ∈ C, then either z ∈ K[U , x1, . . . , xn]
and t ∈ K[V , x1, . . . , xn], or z ∈ K[V , x1, . . . , xn] and t ∈ K[U , x1, . . . , xn].

Lemma 1.5. Let z be in the K[x1, . . . , xn]-submodule of B[x1, . . . , xn+1] generated
by U and let t be in the K[x1, . . . , xn]-submodule generated by V. Then the following
conditions are equivalent:

(i) zt ∈ C.
(ii) Either zt is in the K[x1, . . . , xn]-submodule generated by s

(m,p)
γ1,... ,γn+1, where

γ1, . . . , γn+1 = dm + ep, or there exist λm, µm ∈ K[x1, . . . , xn] and c1, . . . ,
cn+1 ∈ K(x1, . . . , xn) such that

z =
∑

λmfm(c1, . . . , cn+1) and t =
∑

µmgm(c1, . . . , cn+1).
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In fact, in (ii) λmfm(c1, . . . , cn+1) and µmgm(c1, . . . , cn+1) ∈ B[x1, . . . , xn].

Proof. (ii) ⇒ (i) is obvious.
(i) ⇒ (ii) The element z has a unique representation as a sum z =

∑
m

z(m), where

z(m) is in the K[x1, . . . , xn]-submodule generated by u
(m)
α1,... ,αn+1 (0 ≤ α1 + · · · +

αn+1 ≤ dm). Similarly t =
∑
m

t(m), where t(m) is in the K[x1, . . . , xn]-submodule

generated by v
(m)
β1,... ,βn+1

(0 ≤ β1 + · · ·+ βn+1 ≤ em).
Now it is easy to see that since zt ∈ C, z(m)t(p) is in the K[x1, . . . , xn]-submodule

generated by s
(m,p)
γ1,... ,γn+1 (0 ≤ γ1 + · · · + γn+1 ≤ dm + ep). Suppose that z(m) and

t(p) are non-zero. By Lemma 1.2, either z(m)t(p) is in the K[x1, . . . , xn]-submodule
generated by s

(m,p)
γ1,... ,γn+1, where γ1 + · · ·+γn+1 = dm +ep, or there exist λm,p, µm,p,

c
(m,p)
1 , . . . , c

(m,p)
n+1 ∈ K[x1, . . . , xn] such that

z(m) = λm,pfm

(
c
(m,p)
1

λm,p
, . . . ,

c
(m,p)
n+1

λm,p

)
,

t(p) = µm,pgp

(
c
(m,p)
1

λm,p
, . . . ,

c
(m,p)
n+1

λm,p

)
.

Furthermore, in the latter case, if z(m′) 6= 0 then there exist λm′,p, µm′,p, c
(m′,p)
1 , . . . ,

c
(m′,p)
n+1 ∈ K[x1, . . . , xn] such that

z(m′) = λm′,pfm′

(
c
(m′,p)
1

λm′,p
, . . . ,

c
(m′,p)
n+1

λm′,p

)
,

t(p) = µm′,pgp

(
c
(m′,p)
1

λm′,p
, . . . ,

c
(m′,p)
n+1

λm′,p

)
.

By Lemma 1.3, µm,p = µm′,p and c
(m,p)
i

λm,p
= c

(m′,p)
i

λm′,p
. Thus µm,p depends just on p

and not on m, so we set µm,p = µp for all m such that t(p) 6= 0. Similarly, λm,p

depends just on m and not on p, so we set λm,p = λm. We have seen that c
(m,p)
i

λm,p

does not depend on m and similarly for p, so we set c
(m,p)
i

λm,p
= ci. Hence

z =
∑
m

λmfm(c1, . . . , cn+1) and t =
∑

p

µpgp(c1, . . . , cn+1).

2. The result

In this section we assume that K is a field with |K| ≤ ℵ0. Thus

|K(x1, . . . , xn)n+1| ≤ ℵ0.

Given c ∈ K(x1, . . . , xn), we denote by pc and qc two coprime elements of
K[x1, . . . , xn] such that c = pc/qc. Let (c1,1, . . . , c1,n+1), (c2,1, . . . , c2,n+1), . . . ,
(cm,1, . . . , cm,n+1), . . . be the sequence of all elements in K(x1, . . . , xn)n+1. As in
the above section we define U , V , B, fm, gm and C. Let cm,0 be the least common
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multiple of qcm,1 , . . . , qcm,n+1, so cm,0cm,j ∈ K[x1, . . . , xn] for 1 ≤ j ≤ n + 1. For
m ≥ 1 and i ≥ 1, let ami be a non-zero polynomial of least degree in K[x1, . . . , xn]
such that amifm(ci,1, . . . , ci,n+1)gm(ci,1, . . . , ci,n+1) ∈ B[x1, . . . , xn]. Note that the
degree of ami is ≤ deg(ci,0) · (dm + em).

Let I be the ideal of B generated by s
(m,p)
γ1,... ,γn+1 for all m 6= p, the coefficients of

the polynomials

amifm(ci,1, . . . , ci,n+1)gm(ci,1, . . . , ci,n+1)

for all 1 ≤ i < m, the elements s
(m,m)
γ1,... ,γn+1 for γ1 + · · · + γn+1 = dm + em and all

monomials in the indeterminates U ∪ V of degree 3. Let R be the ring B/I. Thus
R has a natural grading inherited from B, R = R0 ⊕ R1 ⊕R2, and R0 = K. We
denote by r̄ the canonical image of r ∈ B[x1, . . . , xn+1] in R[x1, . . . , xn+1].

Lemma 2.1. The ring R[x1, . . . , xn] satisfies acc ⊥.

Proof. To prove that R[x1, . . . , xn] satisfies acc ⊥ it is enough to show that for
any pair of sequences {zm}m≥1 and {tm}m≥1 of nonzero elements in B1[x1, . . . , xn]
such that z̄mt̄p = 0 for 1 ≤ p < m, we have z̄mt̄m = 0 for almost all m.

For m > p the elements zmtp are in I2[x1, . . . , xn] ⊆ C. By Lemma 1.4 we may
assume that zm ∈ K[U , x1, . . . , xn] and tp ∈ K[V , x1, . . . , xn] for all p, m ≥ 1.

By Lemma 1.5 there exist λk,m,p, µk,m,p ∈ K[x1, . . . , xn]\{0}, and c1,m,p, . . . ,
cn+1,m,p ∈ K(x1, . . . , xn) such that

zm =
∑

k

λk,m,pfk(c1,m,p, . . . , cn+1,m,p) and

tp =
∑

k

µk,m,pgk(c1,m,p, . . . , cn+1,m,p),

with λk,m,pfk(c1,m,p, . . . , cn+1,m,p), µk,m,pgk(c1,m,p, . . . , cn+1,m,p) ∈ B[x1, . . . , xn].
By Lemma 1.3, λk,m,p does not depend on p, µk,m,p does not depend on m and

ci,m,p depends on neither m nor p. So we set λk,m,p = λk,m, µk,m,p = µk,p and
ci,m,p = ci. Thus

zm =
∑

k

λk,mfk(c1, . . . , cn+1) and

tp =
∑

k

µk,pgk(c1, . . . , cn+1).

Choose j such that (c1, . . . , cn+1) = (cj,1, . . . , cj,n+1). Let

z′m =
j∑

k=1

λk,mfk(c1, . . . , cn+1) and

t′p =
j∑

k=1

µk,pgk(c1, . . . , cn+1).

Let k > j. Since akj is the polynomial of minimal degree such that

akjfk(cj,1, . . . , cj,n+1)gk(cj,1, . . . , cj,n+1) ∈ B[x1, . . . , xn]

and fkgk′ ∈ I[x1, . . . , xn+1] for all k 6= k′, we have that z̄mt̄p is the canonical image
of z′mt′p.
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Now there exists p0 such that for any p ≥ p0, t′p is a K(x1, . . . , xn)-linear com-
bination of t′1, . . . , t′p0−1. Thus for each p ≥ p0 there exist b1,p, . . . , bp0−1,p ∈
K(x1, . . . , xn) such that

t′p =
p0−1∑
l=1

bl,pt
′
l.

Hence for any p ≥ p0

z′pt
′
p =

p0−1∑
l=1

bl,pt
′
lz
′
p ∈ I(x1, . . . , xn) ∩ B[x1, . . . , xn] = I[x1, . . . , xn].

Therefore z̄pt̄p = 0 for any p ≥ p0.

Assume m > 1 and let lm be the maximum of the degrees of cj0, for 1 ≤ j < m.
Let l′m be the maximum of the degrees of cj0cji, for 1 ≤ j < m and 1 ≤ i ≤ n + 1.
Hence, the degree of amjfm(cj,1, . . . , cj,n+1)gm(cj,1, . . . , cj,n+1) is ≤ lm(dm +em)+
l′m(dm + em) = (lm + l′m)(dm + em). Thus the number of non-zero coefficients of

this polynomial, as an element of B[x1, . . . , xn], is ≤
(

n + (lm + l′m)(dm + em)
(lm + l′m)(dm + em)

)
.

Note that the number of coefficients of fmgm ∈ B[x1, . . . , xn+1] is(
n + 1 + dm + em

dm + em

)
.

Observe that
(

n + 1 + dm + em

dm + em

)
is a polynomial of degree (n + 1)! in dm + em

while
(

n + (lm + l′m)(dm + em)
(lm + l′m)(dm + em)

)
is a polynomial of degree n! in dm + em. Now

it is clear that for each m > 1 there exists a positive integer Nm such that if
dm + em ≥ Nm then(

n + 1 + dm + em

dm + em

)
> m

(
n + (lm + l′m)(dm + em)

(lm + l′m)(dm + em)

)
.

Proposition 2.2. Suppose that dm + em ≥ Nm for all m > 1. Then the ring
R[x1, . . . , xn+1] does not satisfy acc ⊥.

Proof. Clearly, f̄mḡp = 0 for m 6= p. On the other hand, for any m, the K-subspace

Wm generated by the coefficients of fmgm has dimension
(

n + 1 + dm + em

dm + em

)
and

Wm ∩ I is generated by the coefficients of amifm(ci,1, . . . , ci,n+1)g(ci,1, . . . , ci,n+1)
for all 1 ≤ i < m. So

dimK (Wm ∩ I) ≤ m

(
n + (lm + l′m)(dm + em)

(lm + l′m)(dm + em)

)
.

Since dm + em ≥ Nm for all m > 1, we have

dimK (Wm ∩ I) < dimK Wm

for all m > 1. Thus fmgm /∈ I[x1, . . . , xn+1] and f̄mḡm 6= 0 for all m > 1. Hence
R[x1, . . . , xn+1] does not satisfy acc ⊥.
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