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NUMBER OF RATIONAL POINTS OF A SINGULAR CURVE

W. A. ZUNIGA GALINDO

(Communicated by William W. Adams)

ABSTRACT. In this paper, we give a bound for the number of rational points
of a complete, geometrically irreducible, algebraic curve defined over a finite
field. We compare it with other known bounds and discuss its sharpness. We
also show that the asymptotic Drinfeld-Vladut bound can be generalized to
the case of singular curves.

1. INTRODUCTION

Let X be a complete, geometrically irreducible, algebraic curve defined over a
finite field k = I, with ¢ elements. We denote by 7 : X — X the morphism of
normalization of X, by g its arithmetical genus and by g its geometric genus. The
curve X Xy k is denoted by X, where k is the algebraic closure of k.

We define
5= Y 6p,
Peysing

where dp is the local degree of singularity at P (see sect. 2), and

= Z P,

PGYsing

where p is the dimension of an algebraic group attached to each singular point (see
sect. 2). If X is non-singular, Weil’s theorem states that the number of rational
points on Fg» of X satisfies the inequality

(1.1) #X (Fn) = (¢" + 1) < 2347,

If X is singular, Serre (cf. [Ser2]) has shown that the number of rational points
of X satisfies the inequality

(1.2) [#X(Fg) — (¢ + DI < 294

Stohr has found a bound in terms of the difference o(X) — o(X), where o(X)
and o(X) denote the Hasse-Witt invariant of X and X respectively (cf. [Sto], prop.
4.4). More precisely,

#X(Fgn) = #X(Fgr)| < 0(X) —o(X).
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Corollary 4.2 of [Sto] and Weil’s bound (1.1) imply
(1.3) #X(Fn) = (¢" + 1) < 2g¢% +0.
Aubry and Perret (cf. [A-P]) also proved (1.3). Our result is the following.

Theorem 3.1. Let X be a complete, geometrically irreducible, algebraic curve de-
fined over a finite field k = F,. Then the number of rational points on Fyn satisfies

(L4) #X(Ep) = (" + 1) < 2507 +5—7.

The above bound improves (1.3) and cannot be improve further without addi-
tional hypothesis about the singularities of the curve (see example 3.2).
Drinfeld and Vladut have found an asymptotic bound for the number of rational
points of a non-singular curve (c.f [D-V]). More precisely,
_ N (G
A(q) = limsup ﬁ <Vq-1,
g—oo g
where Ny () = Max{#X (F;)|X} and X runs through all complete, geometrically
irreducible, non-singular, algebraic curves defined over I, of genus g.
Analogously, we define

Ny(g) = Maz{#X (Fy)| X},

where X runs through all complete, geometrically irreducible, algebraic curves de-
fined over F, of arithmetical genus g, and prove

Theorem 4.1.

(1.5) A(q) := limsup Nal9) <q-—-1.

g—00 g

2. PRELIMINARIES

Let X be a complete, geometrically irreducible, algebraic curve defined over a
finite field k = I, with ¢ elements. We denote by 7 : X — X the morphism of
normalization of X, by g its arithmetical genus and by g its geometric genus. The
curve X Xy k is denoted by X, where k is the algebraic closure of k.

From now on, we use point to mean closed point. Since the function fields of X
and X are the same, we denote this function field by K/k. Let P be a point of X.
We denote by Op the integral closure of the local ring Op of X at P in its quotient
field, i.e. in K/k,

Op= () Oq,
Qen—1(P)

where Ogq is the local ring of X at @. Since X is a non-singular curve, Og is
a valuation ring of K/k. Thus the local properties of an algebraic curve can be
studied in terms of local rings of its function field, i.e., without explicit reference
to the curve.

Let K/k be a function field with constant field & and O a local ring of K. We
denote by O its integral closure in K/k. The degree of singularity of O is defined
as

§ = dimy(0/0).
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By thm.1 of [Ros1] we have that § < co. ¢ remains invariant under completion with
respect to the topology induced by the maximal ideal of O and under separable
constant extensions (cf. [Rosl], thm. 12). Alternatively, if k¥'/k is a separable
extension, the integral closure of O ®y k' is isomorphic to O @ k' . We denote by
F the conductor ideal of @ in O, i.e.,

F={zeKl|zOC O}

Since O is a Dedekind domain with a finite number of maximal ideals, F is an
O-principal ideal.

In the case in which O corresponds to the local ring of an algebraic curve at
P, we denote the degree of singularity of O by dp, and call it the local degree of
singularity at P. We recall the Hironaka genus formula for an algebraic curve (cf.

[H])
(2.1) g=g+ > dp.

pPeX

The following result will be used in the next section.

Theorem 2.1 (cf. [Ros2, thm. 11]). Let K/k be a function field, where the con-
stant field k is an algebraically closed field. Let O be a local ring of K/k. Then the
quotient group J(O,k) = @*/O* is an affine, irreducible, commutative, algebraic
group of dimension §. More precisely,

(2.2) J(O,k) =2 G4 x T(0),

where G, is the algebraic multiplicative group of k, d is the number of valuation
rings dominating O and T'(O) is an algebraic group. Thus we have 6 =d — 1+,
where v is the dimension of the group T in (2.2).

The structure of the group I'(O) is well known if X is obtained from a modulus
(cf. [Ser3], Chap. IV). In this case T'(O) is a product of groups of type UM /U™
where U™ = {z € k[[t]]|z = 1 + a,t" + higher order terms, a,, € k*}, for some n.
UM /U™ is an irreducible, affine, algebraic group of dimension n (cf. [Ser3], chap.
V, sect. 15, 16). In zero characteristic, the group U(l)/U(") is a product of groups
of the form G,, where G, denotes the additive algebraic group of k. In positive
characteristic, U®) /U (") is a product of groups of Witt vectors of finite length.
In the general case I'(O) is product of subgroups of UM /U™ for some n’s. The
groups (5}3 /O% appear naturally in the study of the generalized jacobian of X (cf.
[Ros2], thm. 11).

Let X be a complete, geometrically irreducible, algebraic curve defined over a
finite field k. We define

5= > op,

Peysing
where dp is the local degree of singularity at P, and
V= Z P,
Peysing

where 7p is the dimension of the algebraic group I'(Op) in the product (2.2).
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Let X be a complete, geometrically irreducible, algebraic curve defined over a
finite field k = F,. Its zeta function is defined by

C(X,t) = H (1 — 49PN~ where t = ¢~%, s € C, Re(s)> 1,
Pex
and deg(P) = [Op/Mp : k], where Mp denotes the maximal ideal of Op. This

zeta function contains diophantine information about X [Serl], i.e.,

(%) = eap(3 EEW ) oy

n
n>1

where #X (Fgn) = > _(p| geg(p)|ny d€9(P) is the number of Fgn-rational points of
X.

3. BOUNDING THE NUMBER OF POINTS ON A SINGULAR CURVE

In this section we prove the estimation (1.4) for the number of rational points of
a complete, geometrically irreducible, algebraic curve.

Theorem 3.1. Let X be a complete, geometrically irreducible, algebraic curve de-
fined over a finite field k = F,. Then the number of rational points on Fy» satisfies

(3.1) #X (Fgn) = (¢" + 1) < 25¢% +6—7.
Proof . We recall that
X (Fyn
C(X,t) = exp(z Mt"),

n
n>1

where #X (Fgn) is the number of Fgn-rational points of X. Therefore

(3.2) ((X,t) = (X, )M (X, 1),
where
Hoen1(py (1 —179(9)
M(X,t):= H e .
PcXsing

M (X,t) is a polynomial in Z[t] whose roots lie on the unit circle.
Taking logarithmic derivatives in (3.2) and multiplying by ¢, we get

Z #X (Fq")tn - Z #X (Fq”)tn

n>1 n21
B —deg(Q)t9(@)  deg(P)tiestP)
(33) - Z Z 1 — ¢deg(Q) + 1 — tdeg(P)

PEXing \Qem—1(P)

(a,n) 1 if nla,
a,n) = .
X 0 if n{a.

We define

Using the fact that

tS
— =15+ 25 135 4
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and counting how many times n appears as a power on the right-hand side, we
conclude from (3.3) that

(3-4) #X(Fr) = #X(Fp) + Y AR

Pexsing
where Agl) is given by
35) AL = > deg(Q)x(deg(Q),n)) — deg(P)x(deg(P),n).
Qen—1(P)
We claim that
(3.6) > A<y
PcXsing

TNhe result follows from (3.4), the above inequality, and Weil’s bound applied to
X (F4n). To complete the proof we prove (3.6).
First, we note that deg(P)|deg(Q) for all Q € 7—1(P). If deg(P) { n, we have

Afgf) = 0. If deg(P)|n, we consider two cases. The first occurs when deg(Q) {

n for all Q € 7=1(P). In this case Agf) = —deg(P). The second one occurs when
deg(Q)|n, for Q € S, S S 7~ 1(P). In this case, we have

AW = 3" deg(Q) — deg(P).

QES

Summarizing, the possible values of Agl) are:

)0 if deg(P)n,

)0 if #771(P) =1, deg(P) = deg(Q),

) —deg(P) if deg(P)|n, deg(Q)1n, for each Q € 7=1(P),

) Yges deg(Q) — deg(P), where S ={Q € n~'(P)| deg(Q)In}.

From the above list, we conclude that the maximum value of |Agl)| is

deg(Q)
deg(P) |’

(1
(2
(3
(4

(3.7) Z deg(Q) — deg(P) = deg(P) | —1 + Z

Qen—1(P) Qen—1(P)
a nonnegative integer multiple of deg(P). We recall that the closed points of X corre-
spond bijectively to orbits of points of X under the action of the group Gal(F,/F,).
Furthermore, the corresponding orbit of a closed point P has deg(P) points. We
denote the orbit corresponding to P by Conj(P). Let P be a singular point of
X. By theorem 2.1 (the number d can be computed as 3, Z@g(Pg) for each P’ €
Conj(P), we have

1

— /_
(3.8) dpr = deg(P) Z deg(Q) +~P —1.
Qer—1(P)
Therefore
(39) > deg(Q) —deg(P) = deg(P)(5pr —vp) = > (0p —p).
Qen—1(P) P’e Conj(P)

Finally, from (3.7) and (3.9), we get

Z |A$)|S Z Z (6pr —yp)=0—~. O

PeXsing PeXsing P'€ COTL](P)
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Example 3.2. Let X be a complete, geometrically irreducible, non-singular, al-
gebraic curve, with function field K/F,. Let S = {Q1,Q2,...., Qq} be d rational
points of X with d 2 2. Let ng,,nq,,..,ng,, d be arbitrary positive integers. We
consider the local ring Op, = k + Fp, of K/F,, where Fp, is given by

Fp, ={z € K|vg(z) > ng,Q € S},

where vg is the valuation associated to Og. There exists a complete, geometrically
irreducible, algebraic curve X with function field K/F, having only a singular point
at Py, with local ring isomorphic to Op, (cf. [Rosl], thm. 5).

Let M = HQE % ./\/ng be a positive divisor with support S. The curve X has been
obtained from X and the modulus M by identifying all points in the support of M
with the point Py (cf. [Ser3], chap. IV). By [Ser3] (chap. V, sect. 17), the group
I'(Op, @, k) = Gt x [loes UM /ume=1 | Therefore v = dges(ng —1), 6 =
-1+ 0es N@- Fixing d and considering the ng’s as arbitrary, we see that 4,y can
be arbitrarily large, but the difference §— is constant. Thus |#X (F,)—#X (F,)| =
d—1= 46—+, and the bound (1.4) is attained. Since the bound (1.3) depends only
on §, it is too bad. More precisely, |#X (F,) — #X(F,)|=d—1< -1+ > 0es Q-

Example 3.3. Let X be a complete, geometrically irreducible, non-singular, alge-
braic curve, with function field K/F,. Let Q¢ be a point of X of degree n > 2. We
consider the local ring Og, = F, + Fg, of K/F,, where Fp, = {z € K|vg,(z) > 0}
and vg, is the valuation associated to Og,. Then there exists a complete, geo-
metrically irreducible, algebraic curve X that has only a singular point at Py with
local ring isomorphic to Op,. The modulus M is a positive divisor with support
equal to {Qo}. In order to compute vp,, we take an extension of degree n of the
base field F,;. From lemma 4 of [H], we see that Fp, ®z, F¢n is the conductor
of O ®Fq Fqn in OPO ®]Fq Fqn. Thus OPO ®Fq Fqn = ]Fqn + fPO ®]Fq ]Fqn, where
Fp, ®r, Fgn = {z € K|vg(z) > 0}, with Q running through all valuation rings of
K ®p, Fgn lying above Op,. Now we have I'(Op, @, k) = G~ (cf. [Ser3], chap.
V, sect. 17). Thus § = n — 1, yp, = 0 . In this case, the bounds 1.3 and 1.4 give
[#X(Fq) —#X(Fg)|=1<n—-1

4. ASYMPTOTIC BOUNDS ON THE NUMBER OF POINTS ON CURVES

The following result generalizes the Drinfeld-Vladut asymptotic bound:

Theorem 4.1.

Alq) = limsuquT(g) < q-1

g—00
The following technical result is used in the proof of the above theorem. We set
A, = #X,(F,) — #X,(F,).
By (34), Ay =Y pey. AW (cf. 3.5).

Msing

Lemma 4.2. Let (X, gn) be a sequence of complete, geometrically irreducible, sin-
gular curves defined over Fy, such that the geometric genus of each X, is constant,
Jn = go, and &, goes to infinity. Then

A
(4.1) lim == = 0.

n—oo 671
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Proof. If A, is bounded, the result is true. Thus we can suppose that A,, — oo.
We define

Bn(F,) ={P € X,,,, | there exists Q € 7, '(P) with deg(Q) = 1}.

Nging

Since A, > 0 if n >> 0, by (3.5), we get

An= > [ > 1n-1

PeB.(Fq) \ Qen,'(P)

We consider two cases. The first one occurs when #B,,(F,) is a bounded sequence.
In this case, the condition A,, — oo implies that there exists at least one point
P, € B, (F,) such that

#{Q € m, ' (Pn)] deg(Q) = 1} — oo.

In either of the two cases, we have #)?n(IFq) — 00. Weil’s bound implies that
Jn — 00 (q is fixed). But this contradicts the initial hypothesis that the geometric
genus of all X, is constant. Thus A,, is always bounded, and (4.1) is true. |

Proof of theorem 4.1. If the theorem is false, let A(q) > /g — 1. In this situation,
there exists a sequence of singular curves (X, g,) defined over F,, such that the

X, (Fy) -
sequence #;7(") is convergent and

(42) limg, oo 2220 o 7,

n

Therefore, %ﬂ(h) > /q—1if n >> 0. We denote by Xn the normalization of X,

over k, by m, : Xn — X, the normalization morphism of X,,, and g, denotes the
geometric genus of X,,. The Hironaka genus formula implies g, = g, — d,, where
0y, is the total degree of singularity of X,,.

We consider two cases. The first one occurs when the sequence g, is bounded.
In this case, Weil’s bound and hypothesis (4.2) imply

X (F Xo(Fg) =D A,
From (4.3) and Lemma 4.2, we obtain
Vg—1<0.

Thus this case cannot occur. In the other case, where g, is not bounded, i.e.,
gn — 00, hypothesis (4.2) implies
(4.4) #Xn(Fg) = gn(vVa—1) > An +0n (g — 1),

if n > 0. The Drinfeld-Vladut bound for non-singular curves (cf. [D-V]) implies
that

(4.5) #Xn(Fy) — gu(va—1) £0,
if g, > 0. Thus from (4.5) and (4.4), we get
(4.6) Vq—1)d, + A, <0,

if n > 0. Since A,, 2 0 and §,, = 0, this case cannot occur. Thus, the result is
true. 0
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Corollary 4.3. Let (X,,,gn) be a sequence of complete, geometrically irreducible,
algebraic curves defined over Fg, attaining the Drinfeld-Viadut bound. If the se-

quence 6, is bounded, then the sequence of non-singular curves (X, gn) also attains
the Drinfeld- Viadut bound.

Proof. The result follows from the above reasoning. O
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