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ABSTRACT. Examples of Osserman pseudo—Riemannian manifolds with metric
of any signature (p, q), p, ¢ > 1 which are not locally symmetric are exhibited.

1. INTRODUCTION

A Riemannian manifold (M, g) is said to be an Osserman space if the eigen-
values of the Jacobi operator are constant on the unit sphere bundle. Osserman
conjectured that such spaces must be flat or locally isometric to a rank—one sym-
metric space [11]. This was proved by Chi in many cases, and specially, for any
n—dimensional Riemannian manifold with n # 4k, k > 1 [3]. (See [4], [5], [9] for
related work and further references.)

The study of the Osserman problem for semi—Riemannian metrics was initiated
in [8] (see also [7]). Due to the indefiniteness of the metric, the Jacobi operator
is not necessarily diagonalizable, and a Lorentzian manifold is said to be timelike
(resp., spacelike) Osserman if and only if the coefficients of the characteristic poly-
nomial of the Jacobi operators Rx are independent of the timelike (resp., spacelike)
unit vector X . This is equivalent to the constancy of the (possibly complex) eigen-
values of the corresponding Jacobi operators. It was proved in [8] that any timelike
Osserman Lorentzian manifold is of constant curvature, and that the same result
holds for 4-dimensional spacelike Osserman Lorentzian manifolds. Later on, Blazié,
Bokan and Gilkey [2] proved that any spacelike Osserman Lorentzian manifold is
of constant curvature, which shows that a Lorentzian manifold is Osserman if and
only if it has constant sectional curvature.

The situation is different as concerns indefinite metrics of non—Lorentzian sig-
nature. Spaces of constant curvature are the simplest examples of spacelike and
timelike Osserman manifolds of any signature. Indefinite Kahler manifolds of con-
stant holomorphic sectional curvature and para—Kéahler manifolds of constant para-
holomorphic sectional curvature are Osserman spaces of signature (2p, 2q) and (p, p)
respectively (see [1], [6]). Note that there is no Riemannian counterpart of paracom-
plex space forms, and that all the above-mentioned examples are flat or rank—one
symmetric. Moreover, it has been reported recently in [12] that there exist Osser-
man manifolds with metric of signature (2,2) which are symmetric of rank—two.
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The purpose of this note is to point out a further significant difference with
respect to both the Riemannian and Lorentzian cases: the existence of spacelike
and timelike Osserman pseudo—Riemannian manifolds with metric of any signature
(p,q), p, ¢ > 1, which are not locally symmetric.

The authors wish to thank Professor L. Vanhecke for some useful comments on
the subject.

2. FOUR—DIMENSIONAL EXAMPLES

In this section we will construct a family of four—dimensional Osserman spaces
with metric of signature (4, +, —, —). In all the cases described below the charac-
teristic polynomial of the Jacobi operator is px(Rx) = A*. However the behaviour
of the minimal polynomial differs, varying from my(Rx) = A to my(Rx) = \3.

Let M = R* be the 4-dimensional Euclidean space with usual coordinates
(z1,22,23,24). Then

9(f1.f) = T3f1(21, 2)d2ry ® doy + 24 fo(21, T2)dre ® do
(1) + aldz1 @ dzro + dre @ dxq]
+ bldx ® dxs + drs @ doy + dre @ dry + day Q das]

defines a pseudo—Riemannian metric on M of signature (+,+,—,—) for any real
constants a, b, with b # 0, and for any smooth real valued functions f1, fs.
Further, assume that fi; and fo satisfy

on , of _,

2 =
( ) 6x2 (91'1

Then the Christoffel symbols of gy, 1,),

Ik = lz ki 99(£1,12)., + 89('f1’-f2)ﬂ _ 89(-f1’-f2)7‘i
i = 5 2291 f2) oz; ox; Oz

are given by

Fil__zibfla F?l_zib%g—ﬁ'i-%w%f%a

I, = 21b 3%, F‘fl——%bﬁg—i-i-%?fl’
(3) F%z__% 4%7 F?a %flv

2, _%f% I3, %174% + ;ggf%

oy 2ibf2a T3, 21b$4g—;f:z+2ib2$4f22a

the others being zero.
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Next, if we put F; = % (1 = 1,2,3,4), the coordinate vector fields, the only

nonvanishing covariant derivatives (Vg, E; =T fj E}) are given by
1 1 an 1
Ve b1 =—=hHE —r3—— + — E
BB 2bf1 1+ [sz?’@xl + 2b21173f1 3
1 8f1 a
——r3-—+ 5 f1i| E
+ { 27 0y 2b2f1] +
L 0f, 1 0K

= — —u2lp
VEl E2 2bx3 8$2 3 2bx4 82132 b
1
(4) Vi B3 = 2_bf1E3’
- 1 1 afl a
Ve, Ey = 2bf2E2 + [2b$4 Dis * 5 fz} Es

1 0fs 1
L E
* {21;"”45@ T g als | B

1
Vg, By = %f2E4-

From (4) it follows that the only nonvanishing components of the curvature
tensor R(X,Y) = [Vx,Vy] — V|x y] are those determined by

(5)
R(Ey, Eq)E3 = —Zibg—i 35
R(Ey, E2)Ey = —Zibg—i 45
R(Ey, E3)Ey = 2%2—2 4,
R(En, E3)Es = —%g—i 3,
R(Ey, Ey))E; = %g—i 4,
R(Es, Ey)Es = _QLbZ—f:ZE&
R(Ey, E2)Er = 2%2—2 1 21? 3flg—£E3
+ 4_z1;3 [2b2x3 fzgl - 2b2x4% +b(xsfo — xafi — 2@2—2 —af; fQ} Ey,
R(Ey,E2)Es = %Z_QEQ — %x;;fQZ—iEZ
_ % [zb%g 88121 — 2%y aijglxz +b(zsfo — xafi + 2@2—2 —af fz} E;.

Next, if X = Ef‘:l o; F; is a vector on M, the associated Jacobi operator Ry =
R(-, X)X defines a self-adjoint endomorphism of the tangent space at each point
of M. Moreover, the matrix associated to Rx with respect to the basis {E;;i =
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1,2,3,4} is given by

© o= (5 ).

where A is the 2 x 2 matrix

1 (8f1) (0418[2 —a? )

T 20 Qg a; T
and B is given by the coefficients
1 f1 0 f1
bip = — |—2b%a2 20%a3
TS [ 02 g T
—b(2on a3 fi + A3ws fo — ajzafi + dbasas + 2a03) 32
+ ao‘%flf2:| ,
1 9% f1 % f1
b 20° — 2b2
12 = 73 { 13 02 a1a25€48$18$2

+b(2a373 f1 + a1a0ws fo — aranza fi + 2baiaz + 2a01 as

—2basay) % — aOé1042f1f2] )
(7) ’

9 f >’ f

b 2h> — 2b*

T [ 2T 5T 0x3 O 0

—b(araamy fi + 20534 fo — 010013 f2 — 2baras + 2a0an
0
+2ba2a4)8—fl — a0<10<2f1f2]7
Z2
1 0 f1 >’ fi

b 2b%a} 20%a 3

22 = 43 [ 30z 2 T 8 1019

of
(91‘2

+a0‘%flf2:|-

+b(20100ny fo + afwafi — s fo + dbajoy + 2aad)

Then we have the following

Theorem 1. (R‘l,g(fl)fz)) 1s a spacelike and timelike Osserman pseudo—Rieman-
nian manifold with metric of signature (+,+,—,—). Moreover, the characteristic
polynomial of the Jacobi operators is px(Rx) = A* and the minimal polynomial
mx(Rx) of the Jacobi operators satisfies the following conditions:

(i) ma(Rx) = A3 at any point where % £ 0.
€2
(ii) At any point where % = 0 the function
T2
9, Oh 225}
F =202 (13— — a4 ) —
(8) (21,22, 23,24) = D2a (23 9o, M axl) afifz

determines the minimal polynomial as follows:
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(il.a) (R* g(f,5)) is of constant zero curvature (mx(Rx) = X) at any point where
=L and F vanish,

8$2

0
(ii.b) the minimal polynomial my(Rx) = \? at those points where a—fl =0and F
T2
is different from zero.
Proof. Tt follows from the expression of the Jacobi operator of any vector X that
the corresponding characteristic polynomial satisfies py(Rx) = det(Rx — Aly) =
A%, and thus all the eigenvalues vanish. This proves that (R, 9(f.,f2)) s spacelike
and timelike Osserman.
Moreover, after some calculations, from (6) one has

0 0 0 0

2 0 0\ L % 9 0 0 0 0
Rx = (BA—i—tAB 0) o 4b3g(X’X)(8x2) —a3 ajas 0 0
%) —a% 0 0

and

3 _ 0 0y _
Rx = <(BA+tAB)A 0) =0

for all vector fields X . Therefore the minimal polynomial is my(Rx) = A3 whenever
g—g # 0. At those points where g—i; = 0 the minimal polynomial is my(Rx) = \?
or mx(Rx) = A depending on whether the function F' above vanishes, since in this

case (6) becomes

0 0 0 0

1 0 0 0 0

Bx =l | “a2 aas 0 0
e %R D) —a% 0 0

|

Remark 2. Condition (2) imposed on the functions f; and fo allowed us to simplify
the calculations above. Proceeding in the same way as before, it can be shown that
such a condition is indeed equivalent to (M, g(¢,,,)) being Osserman.

Theorem 3. (R‘l,g(fhfz)) s a locally symmetric space if and only if, in addition
to (2), the functions f1 and fa are solutions of the following:

N OPh 3f1 _
(1) 8%'181'2 _fl ’
(i) S0+ —fzafl—O,
Lo

a 0 0
(it) 7 ! [ 1%— 26_£1__f1f2:|_ (82)2:0,

(iV) 1 [3f2 Oh +f1 af2 + f1f2:| (Zﬁ: )2 =0.

Proof. 1t follows from (4) and (5) after a long but straightforward calculation. O

Remark 4. Using the metrics (1) described above, one can construct examples of
nonsymmetric Osserman pseudo—Riemannian manifolds of signature (+,+,—,—)
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where the behaviour of the minimal and the characteristic polynomials of the Jacobi
operators are as follows.

1. The minimal polynomial is my(Rx) = A3. For the special choice of
fi(x1, x2) = xa, fo(x1,x2) = —x1 and any value of a with b # 0.
2. The minimal polynomial is mx(Rx) = 2. For the special choice of

fi(x1, x2) = k1, fa(x1,22) = ko and any value of a and b, all the constants
k1, ko, a, b being different from zero.

3. If we take fi(xz1,22) = x1, fo(x1,22) = k, and a, b and k are different from
zero, the resulting manifold has minimal polynomial my(Rx) = A? at any
point with 1 # 0 and m(Rx) = A at those points with z; = 0.

4. For the special choice of fi(x1,22) = z122, fo(x1,22) = —%x% and any con-
stants a, b with b # 0, the minimal polynomial corresponding to the resulting
manifold is my(Rx) = A\? at any point with 21 # 0, mx(Rx) = A? at those
points with z; = 0, 4 # 0 and my(Rx) = A at points with 1 = x4 = 0.

Note that on the open subset determined by x4 # 0 the minimal polynomial
varies from my(Rx) = A% to my (Rx) = A2 according to whether z; is different
from or equal to zero.

5. Define fi(z1,22) = 2iz§ and fo(x1,22) = —3az3. Then, for any value of
a and b # 0, (R* g(4, ,)) has minimal polynomial mx(Rx) = A* at those
points with z1z9 # 0, and my(Rx) = A when z1z2 = 0.

Remark 5. The previous examples show that in general the roots of the minimal
polynomial and their multiplicities may change from point to point. However they
are necessarily constant at each point, since the conditions discussed in Theorem 1
do not depend on any particular direction.

Remark 6. Let M be the open subset of R* determined by z; # 0 and 22 # 0

equipped with the metric (1) determined by the functions fi(x1,x2) = % and

folzy,z0) = %, a # 0. Then (M, g(4, 1,)) is a four-dimensional Osserman pseudo—
Riemannian manifold with py(Rx) = A? and minimal polynomial my(Rx) = A\?;
this is a direct application of Theorem 1. Moreover, it follows from Theorem 3 that
(M, g4, ,1,)) is locally symmetric.

3. HIGHER—DIMENSIONAL EXAMPLES

Although the Osserman problem is not completely solved in Riemannian geome-
try, it was proved by Chi that any odd—dimensional Osserman Riemannian manifold
is of constant curvature and hence locally symmetric (see [3] and [9] for an exten-
sion of that result under the weaker assumption of M being pointwise Osserman).
This is no longer true for pseudo—Riemannian metrics of signature (p, q), p, ¢ > 1.
Next we will show the existence of nonsymmetric Osserman pseudo—Riemannian
manifolds of any signature (p,q), p, ¢ > 1.

Let (M, g1) and (Maz, g2) be pseudo-Riemannian manifolds of dimension n; and
ng respectively. The product M = M; x Ms endowed with the product metric g =
g1 @ g2 is a pseudo—Riemannian manifold. Moreover, for each vector X = (X7, X2)
on M the characteristic polynomial of the associated Jacobi operator satisfies

pA(Rx) = det(Rx — My tny) = det(RY) — ALy, )det(RS) — ALy,),

where R and R® are the curvature tensors on M; and My respectively.
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Now, it follows that the product manifold M is spacelike and timelike Osserman
if both factors M7 and M are spacelike and timelike Osserman with all eigenvalues
of the Jacobi operator vanishing. (Note that in the Riemannian case a pointwise
Osserman manifold is flat if it is locally reducible [9, Lemma 2.2].)

Therefore, if (N, g(s,,f,)) denotes any one of the examples constructed in the

previous section, the product manifold R?p—Z,q—Q) x N endowed with the product
metric is a pseudo—Riemannian manifold of signature (p, ¢) which is Osserman but
not locally symmetric. (R?p—l 4—2) denotes here the Euclidean space with the usual
indefinite metric of signature (p — 2, —2),p+q=n+4.)
Remark 7. Note that, at each point of Rf’,_, ., X NN there exist unit vectors whose
Jacobi operators have different minimal polynomial. Indeed, if X = (X3,0), the
associated Jacobi operator vanishes identically, and thus the minimal polynomial
is mx(Rx) = . However, since Rx is nonzero for X = (0, X3), where N is chosen
as in the previous section, its minimal polynomial is my(Rx) = A%, s = 1,2,3,
depending on the point and the metric gy, ,) considered on N. This shows that,
at the same point, the Jacobi operator may be diagonalizable for some directions
but nondiagonalizable for other directions.

Remark 8. For any locally symmetric Osserman space with py(Rx) = \* and
mx(Rx) = A2 (cf. Remark 6 and [12]) the product manifolds constructed above
are also locally symmetric. Note that, even in this case, at each point the minimal
polynomial of the Jacobi operator has nonconstant roots.

Remark 9. Note that the characteristic and the minimal polynomials of the Jacobi
operators play a different role, and the latter may have nonconstant roots even
when the characteristic polynomial has constant roots (see examples 3, 4 and 5 in
Remark 4). Moreover, note also that even in the case that both the characteristic
and the minimal polynomial have constant roots, the manifold is not necessarily
symmetric (examples 1 and 2 in Remark 4).
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