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ABSTRACT. For a certain constant § > 0 (a little less than 1/4), every function
f:No — ]0,00[ satisfying f(n)? < §f(n — 1)f(n 4+ 1), n € N, is a Stieltjes
indeterminate Stieltjes moment sequence. For every indeterminate moment
sequence f: Ng — R there is a positive definite matrix sequence (an) which
is not of positive type and which satisfies tr(ant2) = f(n), n € No. For a
certain constant € > 0 (a little greater than 1/6), for every function ¢: Ng —
10, oo[ satisfying ¢(n)? < ep(n — L)p(n + 1), n € N, there is a convolution
semigroup (pt)¢>o of measures on Ry, with moments of all orders, such that
o(n) = [z dui(z), n € No, and for every such convolution semigroup (p¢)
the measure p; is Stieltjes indeterminate for all ¢t > 0.

1. INTRODUCTION

It was shown by Boas [4] that every function f: Ny — ]0, oo[ of sufficiently rapid
growth is a Stieltjes indeterminate Stieltjes moment sequence. More precisely, he
proved that every function f: Ny — ]0, oo satisfying

(1) f(0)>1, fln) > (nf(n—l))n forn e N

is a Stieltjes moment sequence, and inferred that if f satisfies (1) and if furthermore
f2) > (2f(1) + 2)2 then the Stieltjes moment sequence n +— f(2n) is Stieltjes
indeterminate. We shall show, for a certain absolute constant § (a little less than
1/4), that every function f: Ny — ]0, oo[ satisfying

(2) fm)? <df(n=1)f(n+1), neN,

is a Stieltjes indeterminate Stieltjes moment sequence. The fact that every such f
is a moment sequence was shown in [3].

It was shown in [2] by an example that there is a positive definite sequence (ay,)
in My (the 2 x 2 complex matrices) which is not of positive type. (Hence there is a
positive linear mapping of C[z] into My which is not completely positive.) In that

example,
2(n+2)! 0
a2n = < 0 2(n+2)!> ) nz2.

Received by the editors July 15, 1996 and, in revised form, February 24, 1997.

1991 Mathematics Subject Classification. Primary 43A35, 44A60, 47-xx, 60-xx.

Key words and phrases. Stieltjes moment sequence, indeterminate, moment sequence, positive
definite, positive type, convolution semigroup.

©1998 American Mathematical Society

3227



3228 TORBEN MAACK BISGAARD

We shall show that the same can be achieved with the more modest growth
tr(azni2) = I'(c(2n + 1))

for any ¢ > 1.
Finally, for a certain absolute constant e (a little greater than 1/6), we shall
show that whenever p: Ny — ]0, 0o[ is such that

3) p(n)? <epn—1p(n+1), neN,

then there is a convolution semigroup ()¢>0 of measures on Ry, with moments of
all orders, such that

o(n) = /x” dps (), n € Ng,

and for every such semigroup (u) the measure pu; is Stieltjes indeterminate for all
t > 0. This applies to the moment sequence ¢ of the measure

1 —(log 2)2 /202 dw
(4) —=e s 2 (@) —,

oV 2T T

provided that o > 4/3.

2. MOMENT SEQUENCES AND MATRIX SEQUENCES

A sequence f: Ny — R is a moment sequence if

(5) f(n) = / du(x),  neNo,

for some measure p on R having moments of all orders; a Stieltjes moment sequence
if (5) holds for some measure g on Ry. A moment sequence f is determinate
if there is only one measure p on R satisfying (5); otherwise, indeterminate. A
Stieltjes moment sequence f is Stieltjes determinate if there is only one measure
on R satisfying (5); otherwise, Stieltjes indeterminate. A sequence f: Ng — R is
a moment sequence if and only if f is positive definite in the sense that for each
n € Ny the matrix (f(j + k))?kzo is positive semidefinite. A sequence f: Ny — R
is a Stieltjes moment sequenée if and only if f and the shifted sequence n —
f(n+1): Ny — R are both positive definite.

Definition 1. We denote by ¢ the positive number satisfying Y 5 =1/4.

Clearly § < 1/4. Below we shall obtain the estimate § > 15/61. Since (for
O<a<l)ao+at <00 o <odat + 300 2™ 12 = o 4ot 4 29/(1 - 27),
one can show z < § < y by verifying z + 2* +2°/(1 — 27) < 1/4 < y + y*. In this
way, using a calculator, one gets 0.246315 < § < 0.246319.

Theorem 1. Every function f: Ng — ]0,00[ satisfying (2) is a Stieltjes indeter-
minate Stieltjes moment sequence.

Proof. We shall show here that every such function f is a Stieltjes moment sequence.
This is used in the proof of Theorem 2 below, from which it then follows that every
such f is Stieltjes indeterminate.

If f satisfies (2), the shifted sequence n — f(n + 1) satisfies the corresponding
set of inequalities. It therefore suffices to show that every such f is positive definite.
The positive definiteness of such f was obtained in [3] as a corollary of a difficult
theorem on positive definite kernels. We present here a simplified proof.
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Suppose f: Ny — ]0, 00[ satisfies (2). We shall show that f is strictly positive
definite in the sense that for each n € Ny the matrix (f(j + k));lkzo is positive
definite, that is, the determinants

fO) .. f(n)

fn) ... f(2n)
are positive. The inequalities (2) are equivalent to saying that the function ¢: Ny —
10, 00| defined by ¥(n) = f(n)é" /% is log convex. It follows that if s € Ny and
gk €{0,...,s} then ¥(j + s)Y(k + s) < (5 + k)p(2s), that is,
(6) f(.] + S)f(k + 3) < 5(s—j)(s—k)'

fG+E)fQ2s) —

Keeping n fixed, by backwards induction on m we shall define u;i(m) for m =
n,n—1,...,0and j, k € {0,...,m} such that

7 u;k(n) =1 for all j, k,
( Js J
1 > ;
(8) 3 <1-2 Z SE=DNE=R <y (m) < 1 for all m, j, k,
s=m-+1

Ujmt1(m + Dupgrk(m +1)
Um+1,mt1(m + 1)
fG+m+1)f(m+1+k)
f(G+ k) f(2m+2)

uj i (m) = ujk(m+1) —

9) for m < n and all j, k.
The inequality to the extreme left in (8) always holds for j, k € {0,... ,m} since

Ss=Ds—k) < se=m? _ N g _ L
s:;i-l s:;i-l pgl 4

Clearly (8) is fulfilled for m = n. Let m < n and suppose that u; (m+1) is defined

for all j and k and satisfies the condition (8*) obtained by taking m + 1 instead

of m in (8). By (8*) we have u;x(m + 1) > 0 for all j and &, which shows that

uj i (m) is well defined by (9) and satisfies u; x(m) < ujr(m+1) <1 (by (8*)). By

(6), applied to s = m + 1, and by (8*),

ujp(m) >1-2 Z 5= (s=k) _ o95(m+1—j)(m+1-k) _ 1 _9 Z §ls=Ds—k)

s=m+2 s=m+1
completing the definition of the u; x(m) and the proof that they have the properties
stated. We now define
E,, — det((uj,k(m)f(j + k));?szo), m=0,...,n

Here Ey = ug,0(0)f(0) > 0. Supposing that m < n and that E,, > 0, using row
operations to get zeroes in the last column of E,, ;1 except in the last entry, we get
Em+1 = tmt1,me1(m + 1) f(2m + 2)E,,, > 0. In particular, D,, = E,, > 0. O

It is shown in [3] that for > 1/4, a function f: Ny — |0, 00[ may satisfy the
inequalities obtained by replacing 0 by z in (2), yet not be positive definite.



3230 TORBEN MAACK BISGAARD

Remark. Let us call a Stieltjes moment sequence f: Ny — ]0,00[ log convex stable
if fg is a Stieltjes moment sequence for every log convex function g: Ny — ]0, oo].
We have seen that n +— 7_”2/2 is log convex stable if v < §, but not if v > 1/4.
Suppose f is log convex stable. It can be shown (using ideas from the Remark
following Corollary 1 in [3]) that the kernel

f(0) f(1)
F 2 1)

fB3) f4)

(with zeroes everywhere except in the main diagonal and the two adjacent ones)
is positive definite. (Similarly with f(n + 1) instead of f(n).) It follows that the
numbers

f(2n+1)?
f@n)f(2n+2)’
have the property that the numbers D,, defined by

D 1=D¢=1, D, =Dyp1—6p-1Dyp—2 (neN)

(Sn: TLEN(),

are all positive. This implies that there are limits to how many times in a row, and
by how much, the é,, can exceed 1/4. In fact, it can be shown that if k consecutive
on are > x > 1/4 then

7r

arctan/4dx — 1

A sequence (an)nen, in My is positive definite if for each ¢ € C? the scalar
sequence ({an&,&))nen, is positive definite. The sequence (a,,) is of positive type if
szzo<aj+k§j,§k> >0 for all n € Ng and all &, ... ,&, € C2.

kE+1<

Theorem 2. If f: Ny — ]0,00[ satisfies (2), there is a sequence (an)nen, i Ma
such that the sequences (ay) and (an41) are positive definite, (ay,) is not of positive
type, and tr(ant2) = f(n) for alln € Ng. It follows that f is Stieltjes indeterminate.

Proof. Put a = f(0)2/5f(1), choose g > «, choose ¢ > ¢?/3f(0), choose ¢ >

Vef(0), let d = a+ p?/(g — a), define h > 0 by (g + ¢/h)? = 6cf(0), and put
b= (d+ ¢h)?/6f(0). Now define (a,) by

e (D) ()

for n > 2. To show that the sequences (a,) and (a,+1) are positive definite, that is,
({an&,€)) is a Stieltjes moment sequence for each ¢ € C?, by that part of Theorem
1 which was proved above it suffices to show

<an€7 §>2 < 5<&n_1§, €> <an+1€7 §>

for all £ € C? and n > 1. For n > 3, this inequality follows from (2). For n = 2,
what we have to show is that the smallest eigenvalue of a; is at least a. But that
eigenvalue is

dtg _ (u

2
2:
5 2)4—90 Q.
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For n=1and ¢ = (z,y) € C? with ||¢|| = 1, using 2| Re(zy)| < h|z|* + |y|?/h,

8(aog, €)(azs, &) — (a1&,€)?

= 3£(0)®lal? + cly?) (2 + [y1*) — (dlz| + glyl* + 2¢ Re(a7))”
> 3£(0)(blrf? + ely*) (|l + [y[2) = ((d+ @h)|z* + (g + o/B)ly[?)”
= (0bf(0) = (d + @h)?)|2|* + (3cf(0) — (g + ¢/h)*) ly|*

+(6(b + ) £(0) = 2(d + ph)(g + ¢/h))|[*|y[*
> (6b£(0) = (d + @h)?)[2]|* + (6¢f(0) — (g + ¢/h)?)|y|*

+(6(b+ ) f(0) = (d + ¢h)* = (g + /h)?) x|yl
=0.
To see that (a,,) is not of positive type, note that with &, = (0, ¢) and & = (—¢,0)

we have
1

(10) D (ajri &) = cp® = 2¢p” + P (0) = —c(p? — cf(0)) < 0.

7,k=0

If for all £,m € C? the Stieltjes moment sequence ({(a,&, &) + (ann,n))nen, Were
Stieltjes determinate, as in the proof of [2], Theorem 2, it would follow that (a,)
were the moment sequence of a measure on Ry with positive semidefinite matrix
values, contradicting the fact that (a,) is not of positive type. Hence there exist
¢,m € C? such that ((an&, &) + (ann,n)) is Stieltjes indeterminate. Now there exist
Ciy...,¢m € C? such that

(a&, &) + (an,m) + > _(alx, Gk) = C tr(a)
k=1

for some C' > 0 and all a € M,. The sequence

n— C tr(an) — <a/n€ f a'nn 7] Z an<k7 Ck

k=1

is clearly a Stieltjes moment sequence, which shows that the sequence (tr(an)) is
Stieltjes indeterminate. Hence so is the sequence (tr(an+2)). Finally note that we
have tr(an4+2) = 2f(n), but we can get tr(a,) = f(n), without affecting the other
statements of the theorem, by dividing each a,, by 2. O

As far as the growth of positive definite matrix sequences, not of positive type,
is concerned, Theorem 2 is not the best possible. Theorem 2 allows us to conclude
the existence of a positive definite sequence (a,,), not of positive type, such that

tr(anto) = 52,

the right side being a little worse than on” Something better can be derived from
the following result.

Theorem 3. If f: Ny — R is an indeterminate moment sequence, there is a pos-
itive definite sequence (an)nen, i Ma, which is not of positive type, such that
tr(ant2) = f(n) for all n € Ny.
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Proof. With no restriction, assume f(0) = 1. The N-extremal measures o, t € R,
representing f satisfy

/ dos(z)  A(z)t —C(2) 2z € C\R,

(11)

t—z  B(z2)t—D(2)’

for certain entire functions A, B, C, D with A(0) = D(0) =0 and —B(0) = C(0) =
1 (cf. [1]). Letting z tend to 0 through imaginary values, we get

[ 1,

T t’
Differentiating (11) with respect to z yields
/ do(x)
(= 2)?
(A'(2)t = C'(2)) (B(2)t — D(z)) — (A(2)t — C(2)) (B'(2)t — D'(2))
(B(2)t — D(2))”

)

and letting z tend to 0 through imaginary values, we get

T 12

do(x) 1 1
/ L = A(0)~ (B'(0)+ C'(0))5 + D'(0) 5.
Hence there is some 3 > 0 such that

/da_;(x) B tro<i<t
T t2

Choose g > 1, choose ¢ > g2, choose ¢ > \/cf(0), define h > 0 by (g + ¢/h)? =
c/B,and let d =1+ ¢?/(g — 1) and b = 3(d + ¢h)?. Now define (a,) by

w0 a2 (% )

for n > 2. Suppose & € C? with ||¢|| = 1. For n > 2 we have

n da—t (ZII)
ZI:Q

., 0<t<l.

<an5,s>=f<n—2>=/x

The smallest eigenvalue of a; is

d+g d—g)2 9
Y=L =1.
2 ( 7 ) T¥

Hence (a1&,€) > 1, and with t = 1/{(a1&, &) we have

e = o [B) _ [ g

x 2
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Finally, with & = (z,y), using 2| Re(x7)| < hlx|? + |y|?/h,
(a0€, &) — Bar&, 6)?
= (bl[? + cly*)(J2l? + [yI?) — B(d|z[? + gly|? + 2¢ Re(a7))
> (bl + ely) (2 + [yl?) — B((d + eh)|e2 + (g + ¢/D)ly[2)*
= (b—B(d+ ¢h)?)|z[* + (¢ — Blg + ¢/m)?)yl*
+(b+c—208(d+ h)(g + /) |z[*|y[*
> (b= B(d+eh)?)|z|* + (¢ = Blg + ¢/h)*) [yl*

+(b+c— Bd+wh)® = Blg + o/h)?) |’y
-0,

that is,

All of this shows that ({a,&,&)) is a moment sequence, represented by the measure
x720_4 + keo for some k > 0. That (a,) is not of positive type, follows by a
computation like (10). Finally, divide (a,) by 2 to get tr(ant2) = f(n). |

For ¢ > 1, the function f: Ng — R defined by f(2n) = I'(c(2n+1)), f(2n+1) =

0, is the moment sequence of the measure with density ¢(z) = e_|w|1/c/20. Since
75 (log ¢(x)/(1 4+ 2?))dx > —oo, by the criterion of Krein ([1], p. 87) it follows
that f is indeterminate. Hence there is a positive definite sequence (a,,) in My, not
of positive type, such that tr(aznq2) = I'(c(2n + 1)) for all n.

3. CONVOLUTION SEMIGROUPS

If 11 is a measure on R with moments of all orders, we denote by su: Ny — R
the moment sequence of p, i.e.,

sp(n) = /x” du(z), n € Np.

If 4 and v are measures on R with moments of all orders, the convolution u * v
again has moments of all orders, and a simple computation shows

st r)) = Y () sutbsetn =)

k=0

We introduce a binary operation o in RNo by

poutn =3 (7)ot b,

k=0
and the preceding formula takes the form
s(*v) = suo sv.

Note that the indicator 1) is a neutral element for o. For ¢ € RN and ¢ € Ny we
q

write ©°? =% o -0 (equal to 1;py, by definition, in case ¢ = 0), and note that

©%4(n) =n! Z # nl )

ni+-+ng=n i=1
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For ¢ € RYo with ¢(0) = 1 and for t € R, we define ¢°* € RNo by
o - t om
=3 (1)t nete
m=0

noting that the right side has only finitely many terms because of

supp((¢ — 1401)°™) C {m,m+1,...}.

This latter fact also shows that ¢ — ¢°¢ is continuous with respect to the topology
of pointwise convergence on RYo. (We always consider RYo with this topology.) If
t happens to equal some integer ¢ then ©°' as newly defined is the same as ¢°? in
the previous sense, by the binomial formula.

From the identity (1+2)"+* = (142)"(1+z)?, inserting (1+z)"+t = 3> ("F1) 2™

(|z] < 1) and similarly for the exponents r and ¢, we get the identity
r+t " t
() -20)05)
p=0
and it follows that
(12) (po(r—!—t) — (por o (pot’ ’I”,t c R+.

For ¢ € N, the function ¢°'/9 is the unique 1 € RYe such that (0) = 1 and
1°? = . To see this, first note that repeated application of (12) yields (p°/)°7 =
. Furthermore, suppose 1,w € RYo are such that 1(0) = w(0) = 1 and 1°? = w°9,

that is,
q q
P(ni) w(n;)
S OMe s

ni+--+ng=n i=1 i ni+--+ng=n i=1 it
for n € No. If n € N and if ¢(m) = w(m) for m < n, the terms with n; < n for
all 7 cancel, and we are left with the terms with n; = n for one i and n; = 0 for all
other ¢, and the equation simplifies to 1(n) = w(n).

Lemma 1. If (1)i>0 s a convolution semigroup of probability measures on Ry
with moments of all orders, and if p = sy, then suy = ¢°* for all t € R,

Proof. For g € N we have (sp1,4)°? = sy = ¢ = (¢°1/9)°%, hence sy, = ¢°1/7 by
uniqueness. It follows that su: = ¢°! for all ¢ € Q1. Let us show that (sut)i>o is
continuous at 0. Firstly, su;/, = ol/a — 1{oy as N3 ¢ — oo. Secondly, if m € N,
g €N, and t < 1/q then

i m
s11/q(m) = sp1jg 0 spe(m) =) (k>3M1/q—t(k)5Mt(m — k)
k=0

st /q—t(0)spe(m) = sy (m),
which shows sp; — 140y as t — 0. Now for arbitrary ¢ > 0 there is a sequence (r,)
of rationals converging to t from the left, and then

Y

sy = lim sy, osp—rp, = ( lim surn> o ( lim sut_m>
n—oo

n—0o0 n—oo
- (lim w”") o lioy = ¢
n—oo
since o is continuous. (|

Definition 2. We denote by ¢ the number in ]0, 1[ satisfying /(1 — £)? = 6.
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Since (1/5)/(1 —1/5)> = 5/16 > 1/4 > § then € < 1/5. Below we shall find the
estimate £ > 10/59. Due to our earlier estimates of J, one can show z < ¢ < y by
verifying z/(1 —x)? < 0.246315 and y/(1 —y)? > 0.246319. Using a calculator, one
gets 0.169777 < e < 0.169780.

Lemma 2. If ¢: Ny — ]0,00[ satisfies (3) then ¢° is a Stieltjes indeterminate
Stieltjes moment sequence for each t > 0.

Proof. With no loss of generality, assume ¢(0) = 1. For fixed n € N we have

‘(n) :n!;: <;L)Sm

where

T e
Sm = > 11
n; |
i
ni+-Ang,=n,n; >1vi i=1
Now

n—1
o(n — k)
" > ()20
=1
To get the first inequality in (13) note that the function t: Ny — ]0, co[ defined
by 1(j) = 9" /2p(j) is log convex according to (3), so for 1 <k <n—1 we have

Y(k)y(n — k) < ¢(0)i(n), that is, p(k)p(n — k)/p(n) < "), whence

IN

(2" —2)e" P <2e < 1.

In the second inequality in (13) we have strict inequality for n = 1 and equality for
n = 2, and for n > 3 we have

(2" —2)e" 7t < 2men Tl = 8(26)" 32 < 8e? < 2¢

since € < 1/4. This proves (13).
For m € N, by (13) applied to n — p instead of n,

n—2 m—1 n—p
_ o(n;) p(k)p(n —p—k)
o= > Y (IT59) X St
p=m—1 ni+-+nm,_1=p,n; >1Vi *i=1
n—2 m—1 (,O(
=y Y (ITE)a=s
p=m—1 ni+-~+n,_1=p,n; >1Vi *i=1
n—1 m—1 (,O(TL
> Y ([TE)Re
p=m—1 ni+-~+n,_1=p,n; >1Vi *i=1
= 2e5,,.

IN

IN

For 0 < t < 1, therefore, the series Y7 _; (!)S,, is alternating with absolutely
decreasing terms, and so

(1 —e)tp(n) =nl(1 —e)tS; < nl(1— (1 —1t)e)tS

t(1—
< n!(tSl _U 5 2 SQ) < % (n) < nltS; = te(n).
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It follows that
' () - p(n)? £ _s
et n—1)¢t(n+1) =~ (1—¢e)?p(n—1)p(n+1) = (1-¢)*> 7
showing that ©°! is a Stieltjes indeterminate Stieltjes moment sequence for 0 < t <
1. For ¢ = 1 we have the same conclusion directly from (3) since ¢ < §, and for
arbitrary ¢t > 0 we get the desired conclusion from ¢°" = ©°" 0 ©°P where r € ]0, 1]
and p € Ny are so chosen that t =r + p. O

Theorem 4. If p: Ng — ]0,00[ satisfies (3), there is a convolution semigroup
(1e)e>0 of measures on Ry with moments of all orders such that

/;v" dui(z) = ¢(n), n € Ny,

and for every such semigroup (1) the measure p; is Stieltjes indeterminate for each
t>0.

Proof. With no loss of generality, assume ©(0) = 1. For ¢t > 0, by Lemma 2, the
function ¢°! is, in particular, a Stieltjes moment sequence, so we can choose a
measure A; on R, with moments of all orders, such that s\, = ¢°¢. For t — 0
we have s\; = ©°f — 110} = s€o, 50 Ay — €0 by the method of moments. Now let
(t;) be a universal subnet of the identical net on (]0,00[,>). For ¢ > 0 we have,
denoting by [t/t;] the greatest integer not exceeding t/t;,

S()\;Lt/td) _ S()\ti)oLt/tij _ ((poti)oLt/tij _ (po[t/tijti N (pot’

so by the method of moments, )\;Lt/ Ll u for some measure pu; on Ry, with
moments of all orders, such that sy; = ¢°t. For r,t > 0, for each 4 there is some
m; € {0,1} such that |[(r +t)/t;] = |r/t;] + [t/t:] + m;, and it follows that

Wrge = lim A, = [y * [bt.
This shows the existence of a convolution semigroup as stated. Now for an arbitrary

such semigroup (p¢), by Lemma 1 we have su; = ©° for t > 0, and the Stieltjes

*}(T"‘t)/td — lim /\;"ILT/tzJ " /\;"ILt/tzJ " /\Zmb

indeterminacy follows from Lemma 2. |
If ¢ is the moment sequence of the measure (4) with o > 4/3 then Theorem 4
applies. To see this, note that ¢(n) = e "’/2 Now
2 715\ . /15302 15612 55815 1
;(6_1) = ;(6_1) T 6155 223606 4
so 0 > 15/61. Furthermore,
10/59 _10-59 590 15

= = —_— 6
(1-10/59) (59102 2401 ~61 ="

so € > 10/59. But

1/9>1+1+1(1)2+1<1)3_2444>485
€ 9 " 2\y 6\9/) ~ 2187 ~ 134’
SO
2
¢(n) :e_‘72 < e16/9

p(n—1p(n+1)

< (434)16 < (213)8 < ( 84 )4 < ( 44 )2 < 10 e
485 266 131 107 59 ’
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