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PLANCHEREL-PÔLYA TYPE INEQUALITY ON SPACES
OF HOMOGENEOUS TYPE AND ITS APPLICATIONS

Y.-S. HAN

(Communicated by J. Marshall Ash)

Abstract. In this paper, using the discrete Calderon reproducing formula on
spaces of homogeneous type obtained by the author, we obtain the Plancherel-
Pôlya type inequalities on spaces of homogeneous type. These inequalities
give new characterizations of the Besov spaces Ḃα,q

p and the Triebel-Lizorkin

spaces Ḟ α,q
p on spaces of homogeneous type introduced earlier by the author

and E. T. Sawyer and also allow us to generalize these spaces to the case
where p, q ≤ 1. Moreover, using these inequalities, we can easily show that
the Littlewood-Paley G-function and S-function are equivalent on spaces of
homogeneous type, which gives a new characterization of the Hardy spaces on
spaces of homogeneous type introduced by Macias and Segovia.

1. Introduction

We begin by recalling the definitions necessary for introducing the Besov and
Triebel-Lizorkin spaces on spaces of homogeneous type. A quasi-metric d on a set
X is a function d : X ×X → [0,∞) satisfying:

(i) d(x, y) = 0 if and only if x = y,

(ii) d(x, y) = d(y, x) for all x, y ∈ X,

(iii) There exists a constant A < ∞ such that for all x, y, and z ∈ X ,
(1.1)

d(x, y) ≤ A[d(x, z) + d(z, y)].

Any quasi-metric defines a topology, for which the balls B(x, r) = {y ∈ X : d(y, x)
< r} form a base. However, the balls themselves need not be open when A > 1.

Definition 1.2 ([CW]). A space of homogeneous type (X, d, µ) is a set X together
with a quasi-metric d and a nonnegative measure µ on X such that µ(B(x, r)) < ∞
for all x ∈ X and all r > 0, and there exists A′ < ∞ such that for all x ∈ X and
all r > 0,

µ(B(x, 2r)) ≤ A′µ(B(x, r)).(1.3)

Here µ is assumed to be defined on a σ-algebra which contains all Borel sets and
all balls B(x, r).
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Macias and Segovia [MS1] have shown that one can replace d by another quasi
metric ρ such that there exist c < ∞ and some θ, 0 < θ < 1, such that

ρ(x, y) ≈ inf{µ(B) : B is a ball containing x and y},(1.4)

|ρ(x, y)− ρ(x′, y)| ≤ cρ(x, x′)θ[ρ(x, y) + ρ(x′, y)]1−θ for all x, x′ and y ∈ X.

(1.5)

We will suppose that µ(X) = ∞ and µ({x}) = 0 for all x ∈ X . These hypotheses
allow us to construct an approximation to the identity (see [HS] and [H2]).

Definition 1.6. A sequence (Sk)k∈Z of operators is called an approximation to the
identity if Sk(x, y), the kernels of Sk, are functions from X ×X into C such that
there exists a constant C for all k ∈ Z, for all x, x′, y and y′ ∈ X , and for some
0 < ε ≤ θ and c < ∞,

(i)

|Sk(x, y)| ≤ c
2−kε

(2−k + ρ(x, y))1+ε
;

(ii)

|Sk(x, y)− Sk(x′, y)| ≤ c

(
ρ(x, x′)

2−k + ρ(x, y)

)ε 2−kε

(2−k + ρ(x, y))1+ε

for ρ(x, x′) ≤ 1
2A (2−k + ρ(x, y));

(iii)

|Sk(x, y)− Sk(x, y′)| ≤ c

(
ρ(y, y′)

2−k + ρ(x, y)

)ε 2−kε

(2−k + ρ(x, y))1+ε

for ρ(y, y′) ≤ 1
2A (2−k + ρ(x, y));

(iv)

|[Sk(x, y) − Sk(x, y′)]− [Sk(x′, y)− Sk(x′, y′)]|

≤ c

(
ρ(x, x′)

2−k + ρ(x, y)

)ε′ (
ρ(y, y′)

2−k + ρ(x, y)

)ε′ 2−kσ

(2−k + ρ(x, y))1+σ

for 0 < ε′ < ε, σ = ε − ε′ > 0, ρ(x, x′) ≤ 1
2A (2−k + ρ(x, y)) and ρ(y, y′) ≤

1
2A (2−k + ρ(x, y));

(v) ∫
X

Sk(x, y)dµ(y) =
∫

X

Sk(x, y) dµ(x) = 1 for all k ∈ Z.

See [DJS] for the existence of such a sequence of operators. All conditions are
introduced and checked there except the condition (iv) in Definition 1.6. It is
easy to see that the same construction in [DJS] also satisfies the condition (iv)
in Definition 1.6. To define the Besov and Triebel-Lizorkin spaces on spaces of
homogeneous type we also need the following definition (see [HS]).

Definition 1.7. Fix two exponents 0 < β ≤ θ and γ > 0. A function f defined on
X is said to be a test function of type (β, γ) centered at x0 ∈ X with width d > 0,



PLANCHEREL-PÔLYA TYPE INEQUALITY 3317

if f satisfies the following conditions:

(i) |f(x)| ≤ c
dγ

(d + ρ(x, x0))1+γ
,

(ii) |f(x)− f(x′)| ≤ c

[
ρ(x, x′)

d + ρ(x, x0)

]β
dγ

(d + ρ(x, x0))1+γ

for ρ(x, x′) ≤ 1
2A

(d + ρ(x, x0)),

(iii)
∫

X

f(x) dµ(x) = 0.

(1.8)

This definition was first introduced in [M] for the case X = Rn with the condition
(ii) in (1.8) replaced by

|f(x)− f(x′)| ≤ c

[
ρ(x, x′)

d

]β [
dγ

(d + ρ(x, x0))1+γ
+

dγ

(d + ρ(x′, x0))1+γ

]
.(1.9)

The collection of all test functions of type (β, γ) centered at x0 ∈ X with width
d > 0 will be denoted by M(β,γ)(x0, d). If f ∈ M(β,γ)(x0, d), the norm of f in
M(β,γ)(x0, d) is then defined by

‖f‖M(β,γ)(x0,d) = inf{c ≥ 0: (i) and (ii) of (1.8) hold}.(1.10)

Now fix a point x0 ∈ X and denote the class of all f ∈M(β,γ)(x0, 1) by M(β,γ).
It is easy to see that M(β,γ) is a Banach space under the norm ‖f‖M(β,γ) < ∞. Just
as the space of distributions S ′ is defined on Rn, the dual space (M(β,γ))′ consists
of all linear functionals ` from M(β,γ) to C with the property that there exists a
finite constant c such that for all f ∈ M(β,γ), |`(f)| ≤ c‖f‖M(β,γ) . We denote the
natural pairing of elements h ∈ (M(β,γ))′ and f ∈M(β,γ) by 〈h, f〉. It is also easy
to see that M(β,γ)(x1, d) = M(β,γ) with equivalent norms for x1 ∈ X and d > 0.
Thus, 〈h, f〉 is well defined for all h ∈ (M(β,γ))′ and all f ∈ M(β,γ)(x1, d) with
x1 ∈ X and d > 0.

In [HS] the Besov and Triebel-Lizorkin spaces on homogeneous type were in-
troduced by use of the family of operators (Dk)k∈Z where Dk = Sk − Sk−1 and
(Sk)k∈Z is an approximation to the identity defined in Definition 1.6. More pre-
cisely, the Besov space Ḃα,q

p for −ε < α < ε, 1 ≤ p, q ≤ ∞, is the collection of all
f ∈ (M(β,γ))′ with 0 < β, γ < ε such that

‖f‖Ḃα,q
p

=

{∑
k∈Z

(2kα‖Dk(f)‖p)q

}1/q

< ∞.(1.11)

The Triebel-Lizorkin space Ḟα,q
p for −ε < α < ε, 1 < p, q < ∞, is the collection

of all f ∈ (M(β,γ))′ with 0 < β, γ < ε such that

‖f‖Ḟ α,q
p

=

∥∥∥∥∥∥
{∑

k∈Z
(2kα|Dk(f)|)q

}1/q
∥∥∥∥∥∥

p

< ∞.(1.12)

In [HS] the above Besov and Triebel-Lizorkin spaces were proved to be indepen-
dent of the choice of the approximations to the identity. The proofs were based on
the continuous version of the Calderon type reproducing formula on spaces of homo-
geneous type obtained in [HS]. In [H1], using the continuous version of the Calderon
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formula in [HS], the Littlewood-Paley S-function and atomic decomposition, the
above Triebel-Lizorkin spaces on spaces of homogeneous type were generalized to
the case where max{ 1

1+ε , 1
1+α+ε} < p ≤ 1 ≤ q < ∞. The method used in [H1], how-

ever, cannot be applied to either the Besov spaces for p < 1 or the Triebel-Lizorkin
spaces for q < 1. In this paper, using the discrete Calderon reproducing formula
developed in [H2], we obtain the Plancherel-Pôlya type inequalities. These inequal-
ities give new characterizations of the Besov and Triebel-Lizorkin spaces introduced
in [HS]. These new characterizations enable us to generalize the Besov spaces Ḃα,q

p

to the case where −ε < α < ε, max( 1
1+ε , 1

1+ε+α ) < p ≤ ∞, and 0 < q ≤ ∞, and the
Triebel-Lizorkin spaces Ḟα,q

p to the case where −ε < α < ε, max{ 1
1+ε , 1

1+α+ε} < p,
q < ∞. Using the Plancherel-Pôlya type inequalities, we also prove that the Lp

norms of the Littlewood-Paley G-function and S-function are equivalent on spaces
of homogeneous type. As a consequence, we obtain the Littlewood-Paley G-function
characterization of the Hardy spaces on spaces of homogeneous type introduced in
[MS2].

To state our results, we recall a result of Christ ([Ch]), which is an analogue of
the Euclidean dyadic cubes.

Theorem 1.13. There exist a collection of open subsets {Qk
τ ⊂ X : k ∈ Z, τ ∈ Ik},

where Ik denotes some (possibly finite) index set depending on k, and constants
δ ∈ (0, 1), a0 > 0, η > 0 and 0 < c1, c2 < ∞ such that

(i) µ(X\⋃τ Qk
τ ) = 0 for all k ∈ Z,

(ii) If ` ≥ k, then either Q`
τ ′ ⊂ Qk

τ or Q`
τ ′ ∩Qk

τ = ∅,
(iii) For each (k, τ) and each ` < k, there is a unique τ ′ such that Qk

τ ⊂ Q`
τ ′,

(iv) Diameter (Qk
τ ) ≤ c1δ

k,
(v) Each Qk

τ contains some ball B(zk
τ , a0δ

k).

We fix such a collection of open subsets and call all Qk
τ in Theorem 1.13 the

“dyadic cubes” in X . Without loss of generality, we may assume δ = 1
2 in Theo-

rem 1.13. It is easy to check that our results and the proofs are independent of the
choice of open subsets which satisfy the hypotheses of Theorem 1.13. Denote Qk,ν

τ ,
ν = 1, 2, . . . , N(k, τ), the set of all cubes Qk+j

τ ′ ⊆ Qk
τ where j is a positive fixed

large integer. Denote by yk,ν
τ the points in Qk,ν

τ .
Now the main results of this paper can be stated as follows.

Theorem 1 (The Plancherel-Pôlya type inequality). Suppose that (Sk)k∈Z and
(Pk)k∈Z are approximations to the identity. Set Dk = Sk − Sk−1 and Qk =
Pk − Pk−1. Then, for f ∈ (M(β,γ))′ with 0 < β, γ < ε, there exist two constants
c1 and c2 such that if −ε < α < ε, max( 1

1+ε , 1
1+ε+α ) < p ≤ ∞ and 0 < q ≤ ∞,


∑
k∈Z

∑
τ∈Ik

N(k,τ)∑
ν=1

[
(µ(Qk,ν

τ ))−α+ 1
p sup

z∈Qk,ν
τ

|Dk(f)(z)|
]p


q
p


1
q

≈


∑
k∈Z

∑
τ∈Ik

N(k,τ)∑
ν=1

[
(µ(Qk,ν

τ ))−α+ 1
p inf

z∈Qk,ν
τ

|Qk(f)(z)|
]p


q
p


1
q

;

(1.14)
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and if −ε < α < ε, max( 1
1+ε , 1

1+ε+α ) < p, q < ∞,∥∥∥∥∥∥∥
∑

k∈Z

∑
τ∈Ik

N(k,τ)∑
ν=1

[
(µ(Qk,ν

τ ))−α sup
z∈Qk,ν

τ

|Dk(f)(z)|χQk,ν
τ

(x)

]q


1
q

∥∥∥∥∥∥∥
p

≈

∥∥∥∥∥∥∥
∑

k∈Z

∑
τ∈Ik

N(k,τ)∑
ν=1

[
(µ(Qk,ν

τ ))−α inf
z∈Qk,ν

τ

|Qk(f)(z)|χQk,ν
τ

(x)

]q


1
q

∥∥∥∥∥∥∥
p

.

(1.15)

Theorem 2. Suppose that (Sk)k∈Z is an approximation to the identity. Set Dk =
Sk − Sk−1. Then, for f ∈ (M(β,γ))′ with 0 < β, γ < ε,

∑
k∈Z

∑
τ∈Ik

N(k,τ)∑
ν=1

[
(µ(Qk,ν

τ ))−α+ 1
p sup

z∈Qk,ν
τ

|Dk(f)(z)|
]p


q
p


1
q

≈


∑
k∈Z

∑
τ∈Ik

N(k,τ)∑
ν=1

[
(µ(Qk,ν

τ ))−α+ 1
p inf

z∈Qk,ν
τ

|Dk(f)(z)|
]p


q
p


1
q

≈
{∑

k∈Z
(2kα‖Dk(f)‖p)q

}1/q

(1.16)

where −ε < α < ε, max( 1
1+ε , 1

1+ε+α ) < p ≤ ∞ and 0 < q ≤ ∞, and∥∥∥∥∥∥∥
∑

k∈Z

∑
τ∈Ik

N(k,τ)∑
ν=1

[
(µ(Qk,ν

τ ))−α sup
z∈Qk,ν

τ

|Dk(f)(z)|χQk,ν
τ

(x)

]q


1
q

∥∥∥∥∥∥∥
p

≈

∥∥∥∥∥∥∥
∑

k∈Z

∑
τ∈Ik

N(k,τ)∑
ν=1

[
(µ(Qk,ν

τ ))−α inf
z∈Qk,ν

τ

|Dk(f)(z)|χQk,ν
τ

(x)

]q


1
q

∥∥∥∥∥∥∥
p

≈
∥∥∥∥∥∥
{∑

k∈Z
(2kα|Dk(f)|)q

}1/q
∥∥∥∥∥∥

p

(1.17)

where −ε < α < ε, max{ 1
1+ε , 1

1+α+ε} < p, q < ∞.

Theorem 2 gives new characterizations of the Besov and Triebel-Lizorkin spaces
introduced in [HS] and allows us to generalize the Besov and Triebel-Lizorkin spaces
on spaces of homogeneous type as follows.

Definition 1.18. Suppose that −ε < α < ε, max( 1
1+ε , 1

1+ε+α ) < p ≤ ∞ and
0 < q ≤ ∞. The Besov space Ḃα,q

p is the collection of all f ∈ (M(β,γ))′ with 0 < β,
γ < ε such that

‖f‖Ḃα,q
p

=

{∑
k∈Z

(2kα‖Dk(f)‖p)q

}1/q

< ∞.(1.19)



3320 Y.-S. HAN

The Triebel-Lizorkin space Ḟα,q
p for −ε < α < ε, max{ 1

1+ε , 1
1+α+ε} < p, q < ∞,

is the collection of all f ∈ (M(β,γ))′ with 0 < β, γ < ε such that

‖f‖Ḟ α,q
p

=

∥∥∥∥∥∥
{∑

k∈Z
(2kα|Dk(f)|)q

}1/q
∥∥∥∥∥∥

p

< ∞.(1.20)

Theorem 3. Suppose that (Sk)k∈Z is an approximation to the identity. Set Dk =
Sk − Sk−1. Then for f ∈ (M(β,γ))′ with 0 < β, γ < ε, there exist two constants c1

and c2 such that if −ε < α < ε, max{ 1
1+ε , 1

1+α+ε} < p, q < ∞,

c1‖Sα
q (f)‖p ≤

∥∥∥∥∥∥
{∑

k∈Z
(2kα|Dk(f)|)q

}1/q
∥∥∥∥∥∥

p

≤ c2‖Sα
q (f)‖p(1.21)

where the Littlewood-Paley S-function Sα
q (f) is defined by

Sα
q (f)(x) =

{∑
k∈Z

∫
ρ(x,y)≤2−k

2k(2kα|Dk(f)(y)|)q dµ(y)

}1/q

.

As an immediate consequence of Theorem 3 and a result of [H1] we have

Theorem 4. Hp(X) = Ḟ 0,2
p (X) for 1

1+ε < p ≤ 1, where Hp is the Hardy spaces
on spaces of homogeneous type introduced by Macias and Segovia ([MS2]).

We prove Theorem 1 in section 2, and Theorems 2, 3 and 4 in section 3.

2. Proof of Theorem 1

To prove Theorem 1, we need the following discrete Calderon type reproducing
formula on spaces of homogeneous type obtained in [H2].

Theorem 2.1 ([H2]). Suppose that (Sk)k∈Z is an approximation to the identity
defined in Definition 1.6. Set Dk = Sk − Sk−1. Then there exists a family of
functions (D̃k(x, y))k∈Z such that for all fixed yk,ν

τ ∈ Qk,ν
τ and all f ∈ (M(β,γ))′

with 0 < β, γ < ε,

f(x) =
∑
k∈Z

∑
τ∈Ik

N(k,τ)∑
ν=1

µ(Qk,ν
τ )D̃k(x, yk,ν

τ )Dk(f)(yk,ν
τ )(2.2)

where the series converges in (M(β′,γ′))′ with β′ > β and γ′ > γ. Moreover,
D̃k(x, y), k ∈ Z, satisfy the following estimates: for 0 < ε′ < ε, where ε is the
regularity exponent of Sk, there exists a constant c > 0 which depends only on ε
and ε′, such that

|D̃k(x, y)| ≤ c
2−kε′

(2−k + ρ(x, y))1+ε′ ,(2.3)

|D̃k(x, y)− D̃k(x′, y)| ≤ c

(
ρ(x, x′)

2−k + ρ(x, y)

)ε′ 2−kε′

(2−k + ρ(x, y))1+ε′

for ρ(x, x′) ≤ 1
2A

[2−k + ρ(x, y)],

(2.4)
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D̃k(x, y) dµ(x) =

∫
D̃k(x, y) dµ(y) = 0 for all k ∈ Z.(2.5)

We now prove (1.14) of Theorem 1. By Theorem 2.1, for any z ∈ Qk,ν
τ we have

Dk(f)(z) =
∑
k′∈Z

∑
τ ′∈Ik′

N(k′,τ ′)∑
ν′=1

µ(Qk′,ν′
τ ′ )(DkQ̃k)(z, yk′,ν′

τ ′ )Qk′(f)(yk′,ν′
τ ′ )

where yk′,ν′
τ ′ are any fixed points in Qk′,ν′

τ ′ .
Choose ε′′ < ε′ < ε so that |α| < ε′′ and p > max{ 1

1+ε′′ ,
1

1+α+ε′′ }. By the
estimate (2.17) on page 66 in [H1], there exists a constant c such that

|(DkQ̃k)(z, yk′,ν′
τ ′ )| ≤ c2−|k−k′|ε′′µ

2−(k∧k′)ε′

(2−(k∧k′) + ρ(z, yk′,ν′
τ ′ ))1+ε′

(2.6)

where a ∧ b denotes the minimum of a and b. Thus,

sup
z∈Qk,ν

τ

|Dk(f)(z)| ≤ c
∑
k′∈Z

∑
τ ′∈Ik′

N(k′,τ ′)∑
ν′=1

2−|k−k′|ε′′µ(Qk′,ν′
τ ′ )

· 2−(k∧k′)ε′

(2−(k∧k′) + ρ(zk,ν
τ , yk′,ν′

τ ′ ))1+ε′
|Qk′(f)(yk′,ν′

τ ′ )|

where zk,ν
τ are any fixed points in Qk,ν

τ .
Now, by Holder for p > 1 and (a + b)p ≤ ap + bp for p ≤ 1, and the facts that if

p > 1
1+ε′ ,

∑
τ ′∈Ik′

N(k′,τ ′)∑
ν′=1

µ(Qk′,ν′
τ ′ )

[
2−(k∧k′)ε′

(2−(k∧k′) + ρ(zk,ν
τ , yk′,ν′

τ ′ ))1+ε′

](p∧1)

≤ c

∫
X

[
2−(k∧k′)ε′

(2−(k∧k′) + ρ(zk,ν
τ , y))1+ε′

](p∧1)

dµ(y)

≤ c2−(k∧k′)[1−(p∧1)],

and

sup
k

∑
k′

2(k−k′)α2−|k−k′|ε′′ < ∞,
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we obtain

∑
τ∈Ik

N(k,τ)∑
ν=1

[
(µ(Qk,ν

τ ))−α+ 1
p sup

z∈Qk,ν
τ

|Dk(f)(z)|
]p

≤ c
∑
τ∈Ik

N(k,τ)∑
ν=1

∑
k′

∑
τ ′∈Ik′

N(k′,τ ′)∑
ν′=1

2(k−k′)α2−|k−k′|ε′′2−k/p2−k′

× 2−(k∧k′)ε′

(2−(k∧k′) + ρ(zk,ν
τ , yk′,ν′

τ ′ ))1+ε′
2k′α|Qk′(f)(yk′,ν′

τ ′ )|
]p

≤ c
∑
k′

∑
τ ′∈Ik′

N(k′,τ ′)∑
ν′=1

2(k−k′)α(p∧1)2−|k−k′|ε′′(p∧1)

× 2−(k∧k′)[1−(p∧1)]2−k′(p∧1)[2k′α|Qk′(f)(yk′,ν′
τ ′ )|]p.

Thus, by Holder for q/p > 1 and (a + b)q/p ≤ aq/p + bq/p for q/p ≤ 1, we have


∑
k∈Z

∑
τ∈Ik

N(k,τ)∑
ν=1

[
(µ(Qk,ν

τ ))−α+ 1
p sup

z∈Qk,ν
τ

|Dk(f)(z)|
]p


q
p


1
q

≤ c

∑
k∈Z

∑
k′∈Z

2(k−k′)α(p∧1)2−|k−k′|ε′′(p∧1)2−(k∧k′)[1−(p∧1)]2−k′[(p∧1)−1]

×
∑

τ ′∈Ik′

N(k′,τ ′)∑
ν′=1

[
(µ(Qk′,ν′

τ ′ ))−α+ 1
p |Qk′(f)(yk′,ν′

τ ′ )|
]p

q
p


1
q

≤ c

∑
k∈Z

∑
k′∈Z

(2(k−k′)α(p∧1)2−|k−k′|ε′′(p∧1)2−(k∧k′)[1−(p∧1)]2−k′[(p∧1)−1])(
q
p∧1)

×
 ∑

τ ′∈Ik′

N(k′,τ ′)∑
ν′=1

[
(µ(Qk′,ν′

τ ′ ))−α+ 1
p |Qk′(f)(yk′,ν′

τ ′ )|
]p

q
p


1
q

≤ c


∑
k′∈Z

 ∑
τ ′∈Ik′

N(k′,τ ′)∑
ν′=1

[
(µ(Qk′,ν′

τ ′ ))−α+ 1
p |Qk′(f)(yk′,ν′

τ ′ )|
]p

q
p


1
q

(2.7)

since if |α| < ε′′ and p > 1
1+α+ε′′ we have

sup
k

∑
k′∈Z

2(k−k′)α(p∧1)2−|k−k′|ε′′(p∧1)2−(k∧k′)[1−(p∧1)]2−k′[(p∧1)−1] < ∞

and

sup
k′

∑
k′∈Z

{2(k−k′)α(p∧1)2−|k−k′|ε′′(p∧1)2−(k∧k′)[1−(p∧1)]2−k′[(p∧1)−1]}( q
p∧1) < ∞.
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Since (2.7) holds for all yk′,ν′
τ ′ ∈ Qk′,ν′

τ ′ , it is easy to see that (2.7) implies (1.14).
We now return to the proof of (1.15). As above, we have∑

k∈Z

∑
τ∈Ik

N(k,τ)∑
ν=1

[
(µ(Qk,ν

τ ))−α sup
z∈Qk,ν

τ

|Dk(f)(z)|χQk,ν
τ

(x)

]q


1
q

≤ c

∑
k∈Z

2αkq

∑
k′

∑
τ ′∈Ik′

N(k′,τ ′)∑
ν′=1

2−|k−k′|ε′′2−k′

× 2−(k∧k′)ε′

(2−(k∧k′) + ρ(x, yk′,ν′
τ ′ ))1+ε′

|Qk′(f)(yk′,ν′
τ ′ )|

q
1
q

By an estimate in [FJ], pp. 147–148,

∑
τ ′∈Ik′

N(k′,τ ′)∑
ν′=1

2−(k∧k′)ε′

(2−(k∧k′) + ρ(x, yk′,ν′
τ ′ ))1+ε′

|Qk′(f)(yk′,ν′
τ ′ )|

≤ c2(k∧k′)2[k′−(k∧k′)]/r

M

 ∑
τ ′∈Ik′

N(k′,τ ′)∑
ν′=1

|Qk′(f)(yk′,ν′
τ ′ )|χ

Qk′,ν′
τ′

r
1
r

(x)

where M is the Hardy-Littlewood maximal function and r > 1
1+ε′′ , we obtain, by

Holder for q > 1 and (a + b)q ≤ aq + bq for q ≤ 1,

∑
k∈Z

∑
τ∈Ik

N(k,τ)∑
ν=1

[
(µ(Qk,ν

τ ))−α sup
z∈Qk,ν

τ

|Dk(f)(z)|χQk,ν
τ

(x)

]q


1
q

≤ c

∑
k∈Z

∑
k′∈Z

2(k−k′)α2−|k−k′|ε′′2(k∧k′)2−k′2[k′−(k∧k′)]/r

×
M

 ∑
τ ′∈Ik′

N(k′,τ ′)∑
ν′=1

(µ(Qk′,ν′
τ ′ ))−α|Qk′(f)(yk′,ν′

τ ′ )|χ
Qk′ ,ν′

τ′

r
1
r

(x)


q

1
q

≤ c

∑
k∈Z

∑
k′∈Z

(2(k−k′)α2−|k−k′|ε′′2(k∧k′)2−k′2[k′−(k∧k′)]/r)(q∧1)

×
M

 ∑
τ ′∈Ik′

N(k′,τ ′)∑
ν′=1

(µ(Qk′,ν′
τ ′ ))−α|Qk′(f)(yk′,ν′

τ ′ )|χ
Qk′,ν′

τ′

r
q
r

(x)


1
q

≤ c


∑
k′∈Z


M

 ∑
τ ′∈Ik′

N(k′,τ ′)∑
ν′=1

(µ(Qk′,ν′
τ ′ ))−α|Qk′(f)(yk′,ν′

τ ′ )|χ
Qk′,ν′

τ′

r
1
r

(x)


q

1
q

(2.8)
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since if |α| < ε′′ and p, q > max{ 1
1+ε′′ ,

1
1+α+ε′′ }, we can choose r so that r >

max( 1
1+ε′′ ,

1
1+α+ε′′ ), p > r and q > r, such that

sup
k

∑
k′∈Z

2(k−k′)α2−|k−k′|ε′′2(k∧k′)2−k′2[k′−(k∧k′)]/r < ∞

and

sup
k′

∑
k∈Z

(2(k−k′)α2−|k−k′|ε′′2(k∧k′)2−k′2[k′−(k∧k′)]/r)(q∧1) < ∞.

Since (2.8) holds for all yk′,ν′
τ ′ ∈ Qk′,ν′

τ ′ , we have

∑
k∈Z

∑
τ∈Ik

N(k,τ)∑
ν=1

[
(µ(Qk,ν

τ ))−α sup
z∈Qk,ν

τ

|Dk(f)(z)|χQk,ν
τ

(x)

]q


1
q

≤ c


∑
k′∈Z


M

 ∑
τ ′∈Ik′

N(k′,τ ′)∑
ν′=1

[
(µ(Qk′,ν′

τ ′ ))−α inf
z∈Qk′,ν′

τ′
|Qk′(f)(z)|χ

Qk′,ν′
τ′

]r
1
r

(x)


q

1
q

.

Now, by the Fefferman-Stein vector-valued maximal function inequality ([FS]), we
obtain

∥∥∥∥∥∥∥
∑

k∈Z

∑
τ∈Ik

N(k,τ)∑
ν=1

[
(µ(Qk,ν

τ ))−α sup
z∈Qk,ν

τ

|Dk(f)(z)|χQk,ν
τ

(x)

]q


1
q

∥∥∥∥∥∥∥
p

≤ c

∥∥∥∥∥∥∥
∑

k′∈Z

∑
τ ′∈Ik′

N(k′,τ ′)∑
ν′=1

[
(µ(Qk′,ν′

τ ′ ))−α inf
z∈Qk′,ν′

τ′
|Qk′(f)(z)|χ

Qk′,ν′
τ′

]q


1
q

∥∥∥∥∥∥∥
p

.

3. Proofs of Theorems 2, 3 and 4

We now prove Theorem 2. We first have
∑
k∈Z

∑
τ∈Ik

N(k,τ)∑
ν=1

[
(µ(Qk,ν

τ ))−α+ 1
p inf

z∈Qk,ν
τ

|Dk(f)(z)|
]p


q
p


1
p

≤ c


∑
k∈Z

∑
τ∈Ik

N(k,τ)∑
ν=1

2αkp

∫
Qk,ν

τ

|Dk(f)(z)|p


q
p


1
q

= c

{∑
k∈Z

(
2αkp

∫
X

|Dk(f)(z)|p
) q

p

} 1
q

= c

{∑
k∈Z

(2αk‖Dk(f)(z)‖p)q

} 1
q

.

(3.1)
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We also have,


∑
k∈Z

∑
τ∈Ik

N(k,τ)∑
ν=1

[
(µ(Qk,ν

τ ))−α+ 1
p sup

z∈Qk,ν
τ

|Dk(f)(z)|
]p


q
p


1
q

≥ c


∑
k∈Z

∑
τ∈Ik

N(k,τ)∑
ν=1

2αkp

∫
Qk,ν

τ

|Dk(f)(z)|p


q
p


1
q

= c

{∑
k∈Z

(
2αkp

∫
X

|Dk(f)(z)|p
) q

p

} 1
q

= c

{∑
k∈Z

(2αk‖Dk(f)(z)‖p)q

} 1
q

.

(3.2)

Similarly,

∥∥∥∥∥∥∥
∑

k∈Z

∑
τ∈Ik

N(k,τ)∑
ν=1

[
(µ(Qk,ν

τ ))−α inf
z∈Qk,ν

τ

|Qk(f)(z)|χQk,ν
τ

]q


1
q

∥∥∥∥∥∥∥
p

≤ c

∥∥∥∥∥∥
{∑

k∈Z
2αkq|Qk(f)(x)|q

} 1
q

∥∥∥∥∥∥
p

(3.3)

and

∥∥∥∥∥∥∥
∑

k∈Z

∑
τ∈Ik

N(k,τ)∑
ν=1

[
(µ(Qk,ν

τ ))−α sup
z∈Qk,ν

τ

|Qk(f)(z)|χQk,ν
τ

]q


1
q

∥∥∥∥∥∥∥
p

≥ c

∥∥∥∥∥∥
{∑

k∈Z
2αkq|Qk(f)(x)|q

} 1
q

∥∥∥∥∥∥
p

.

(3.4)

Now the proof of Theorem 2 follows from (3.1), (3.2), (3.3), (3.4) and Theorem 1.
To see Theorem 3, note that if c is a fixed constant, then by (2.6) we obtain

sup
z∈cQk,ν

τ

|Dk(f)(z)| ≤ c
∑
k′∈Z

∑
τ ′∈Ik′

N(k′,τ ′)∑
ν′=1

2−|k−k′|ε′µ(Qk′,ν′
τ ′ )

× 2−(k∧k′)ε′

(2−(k∧k′) + ρ(zk,ν
τ , yk′,ν′

τ ′ ))1+ε′
Qk′(f)(yk′,ν′

τ ′ )

where zk,ν
τ are any fixed points in Qk,ν

τ .
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Thus, by the same proof, we have∥∥∥∥∥∥∥
∑

k∈Z

∑
τ∈Ik

N(k,τ)∑
ν=1

[
(µ(Qk,ν

τ ))−α sup
z∈cQk,ν

τ

|Dk(f)(z)|χQk,ν
τ

(x)

]q


1
q

∥∥∥∥∥∥∥
p

≈

∥∥∥∥∥∥∥
∑

k∈Z

∑
τ∈Ik

N(k,τ)∑
ν=1

[
(µ(Qk,ν

τ ))−α inf
z∈Qk,ν

τ

|Dk(f)(z)|χQk,ν
τ

(x)

]q


1
q

∥∥∥∥∥∥∥
p

≈
∥∥∥∥∥∥
{∑

k∈Z
(2kα|Dk(f)|)q

}1/q
∥∥∥∥∥∥

p

where c is any fixed constant.
For some fixed constant c we have

∥∥∥∥∥∥
{∑

k∈Z

∫
ρ(x,y)≤2−k

2k(2kα|Dk(f)(y)|)q dµ(y)

}1/q
∥∥∥∥∥∥

p

=

∥∥∥∥∥∥∥
∑

k∈Z

∑
τ∈Ik

N(k,τ)∑
ν=1

∫
ρ(x,y)≤2−k

2k(2kα|Dk(f)(y)|)qχQk,ν
τ

(x) dµ(y)


1/q
∥∥∥∥∥∥∥

p

≤

∥∥∥∥∥∥∥
∑

k∈Z

∑
τ∈Ik

N(k,τ)∑
ν=1

∫
ρ(x,y)≤2−k

2k

(
2kα sup

z∈cQk,ν
τ

|Dk(f)(z)|
)q

χQk,ν
τ

(x) dµ(y)


1/q
∥∥∥∥∥∥∥

p

≤ c

∥∥∥∥∥∥∥
∑

k∈Z

∑
τ∈Ik

N(k,τ)∑
ν=1

(
2kα sup

z∈cQk,ν
τ

|Dk(f)(z)|
)q

χQk,ν
τ

(x)


1/q
∥∥∥∥∥∥∥

p

≤ c

∥∥∥∥∥∥
{∑

k∈Z
(2kα|Dk(f)|)q

}1/q
∥∥∥∥∥∥

p

.

On the other hand, by Theorem 2, we have

∥∥∥∥∥∥
{∑

k∈Z

∫
ρ(x,y)≤2−k

2k(2kα|Dk(f)(y)|)q dµ(y)

}1/q
∥∥∥∥∥∥

p

=

∥∥∥∥∥∥∥
∑

k∈Z

∑
τ∈Ik

N(k,τ)∑
ν=1

∫
ρ(x,y)≤2−k

2k(2kα|Dk(f)(y)|)qχQk,ν
τ

(x) dµ(y)


1/q
∥∥∥∥∥∥∥

p
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≥

∥∥∥∥∥∥∥
∑

k∈Z

∑
τ∈Ik

N(k,τ)∑
ν=1

∫
Qk,ν

τ

2k

(
2kα inf

z∈Qk,ν
τ

|Dk(f)(z)|
)q

χQk,ν
τ

(x) dµ(y)


1/q
∥∥∥∥∥∥∥

p

≥ c

∥∥∥∥∥∥∥
∑

k∈Z

∑
τ∈Ik

N(k,τ)∑
ν=1

(
2kα inf

z∈Qk,ν
τ

|Dk(f)(z)|
)q

χQk,ν
τ

(x)


1/q
∥∥∥∥∥∥∥

p

≥ c

∥∥∥∥∥∥
{∑

k∈Z
(2kα|Dk(f)|)q

}1/q
∥∥∥∥∥∥

p

.

Finally, Theorem 4 follows from Theorem 3 and a result in [H2].
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