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MULTIPLIER THEOREMS FOR HERZ TYPE HARDY SPACES
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ABSTRACT. In this paper, the authors establish a multiplier theorem for Herz
type Hardy spaces.

Let T}, be a multiplier operator defined in terms of Fourier transforms by

Tt (€) = m(&)F (&)
for suitable functions f. It is well-known that there is a multiplier theorem for
HY(R") (see [FS]): if @ > n/2 and

1) [ IDPm@Pds < ORI 0< R <o
R<[¢|<2R

for all |3] < «, then T}, can be extended to be a bounded operator on H!(R™).
That is, m is a bounded multiplier of H*(R™).

Fix a function n € Cg°(R™) with 0 < np <1, n =1 on 1/2 < |{| < 2 and
suppn C {1/4 < |€] < 4}. For 6 > 0, let us denote

ms(€) = m(0€)n(&)-
It is easy to check that (1) is equivalent to

(2) SUPH@”K;?(RM < 09,
)

where K3 72(R”) is a non-homogeneous Herz space (see [BS]). By using some em-
bedding relations on Herz spaces, A. Baernstein IT and E. T. Sawyer [BS] weakened
(2) into

3) D 175 |5y < 90,

where 0 < ¢ < a — 5. In fact, this is just a special case of their theorem. In [BS],
Baernstein and Sawyer showed that m is a bounded multiplier of H!(R") under an
even weaker condition than (3); see Theorem 3b in [BS, page 21].

By using the technique of Herz type Hardy spaces developed by the authors in
[LY1]-[LY3] and [Y], in this paper, we shall first establish a multiplier theorem for

the homogeneous Herz type Hardy space HK "=/} (R") which is introduced by
the authors of this paper in [LY1]. Then as simple consequences of this theorem,
a multiplier theorem for the corresponding non-homogeneous version of the space
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H I.( Z(l_l/ q)’l(R") and the special case mentioned above of the multiplier theorem
of Baernstein and Sawyer for H!(R™) will be deduced.

Now, for the reader’s convenience, let us recall the definition of the Herz spaces
here. For k € Z, let By = {x € R" : |z| < 2*} and Ay, = By \ Br_1. We also denote
by xx the characteristic function of the set Ay.

Definition 1. Let « € R and 0 < p,q < 0.

(i) The homogeneous Herz space K¢P(R") is defined in terms of

> 1/p
ko
gy = {20 2710y }
k=—oc0

by letting
KoP(®RY) = {f € LR\ {0}) : I/ ,

(ii) The non-homogeneous Herz space KP(R") is defined in terms of

e @n) < 00}

1/p
1l rcamy = {15 I aquny + Z2’“al’||ka||m -

by letting
KgP(R™) ={f € Ljpe(R™) : | fllxgrmny < o0}
Here the usual modification was made when p = co.
In what follows, whenp =1, 1 < ¢ < 00 and a =n(l-1/q), we shall abbreviate

K‘”’(R”) and KJP(R™), respectively, as K ¢(R™) and A?(R™). The latter is also
said to be the Beurling algebras; see [CL] and [GR].

Definition 2. Let 1 < ¢ < oo. For f € S§'(R™), let Gf be the grand maximal
function of f (see [F'S] for its definition).

(i) The Hardy space HK ,(R™) associated with the Herz space K(R") is defined
by
HEK,R") ={f S (R"): Gf € K,(R")}.
In this case, we also define || f|| =||Gf]l» .
HEK 4(R™) K, (R"

(ii) The Hardy space HA?(R™) associated with the i%eurling algebra A?(R™) is
defined by

HAIR") ={feS'R"): Gf € AYR™)}.
In this case, we also define || f||gae@rn) = |G £l a0wn)-
We remark that HA?(R™) was first introduced by Chen and Lau in [CL] for

n = 1, and then by Garcia-Cuerva in [GR] for n > 1. Obviously, HK,(R") is a
homogeneous version of HA?(R™). Moreover, in [LY1], the authors proved that

(4) HAYR™) = HK ,(R") N LI(R")

(5) £ lasceny ~ 11y g + 1o
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It is also well-known that HA(R"™) & HI.(q(R”) C H'(R") for any ¢ € (1,00).
Let us now formulate our multiplier theorem for H K ¢(R™).
Theorem 1. Let g € (1,00) and m satisfy

(6) M = Sl;p ||’I7/”L\§HKIL(171/q),1( < o0.

R™)

Then m is a bounded multiplier of HI.(Q(R”),

By Corollary 2 in [BS, page 22], we know that if m satisfies the condition of
Theorem 1, then m is a bounded multiplier of L4(R™) for 1 < ¢ < oo. Therefore,
from (4), (5) and Theorem 1, we have the following simple corollary.

Corollary 1. Let q € (1,00) and m satisfy (6). Them m is a bounded multiplier
of HAZ(R™).

The proof of Theorem 1 is based on the decomposition characterizations of Herz
spaces and Herz type Hardy spaces in terms of central units and central atoms
respectively. Let us recall that a function e(x) is said to be a central («, ¢) unit of
restrict type if e satisfies

i) suppe C B(0,r),r > 1;

ii) [lell pageny < [B(O,r)[/™.

Lemma 1 ([LY2]). Let 0 < a < 00, 0 < p < o0 and 1 < g < co. Then f €
K(‘;“p(R”) if and only if f can be expressed as

fl@) =" Aeerla),
k=0

where each ey, is a central (v, q) unit of restrict type supported on By, and Y oo o [ Ai|?

< 0. Moreover,
. 1/p
inf { (Do Il?) T~ 1l e,
k

where the infimum is taken over all of the above decompositions of f.

Let us now turn to the definition of central atoms. A function a(x) is said to be
a central (1, ¢) atom if a satisfies

(i) suppa C B(0,r),r > 0;

(i1) llallaqrny < [B(O,r)[/97Y

(iii) [pn a(x)dz = 0.

Lemma 2 ([LY3]). Let 1 < ¢ < co. Then f € HK,(R") if and only if f can be
expressed as

fla)= " Mar(x),

k=—0o0

where each ay, is a central (1,q) atom supported on By and Y po_ || < oo.

Moreover,

— 00

oo

inf {37 el }~ 11z

k=—o0

where the infimum is taken over all of the above decompositions of f.
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To prove Theorem 1, we still need a lemma. Let ¢ € S(R™), the Schwartz space
of functions. In what follows, we let a5(&) = a(6&)w ().

Lemma 3. Let a be a central (1,q) atom supported on B(0,1) and b; = (agi)".
Then for any given d > 0, we have the following three facts:

(i) 1oy < C2-90-V/0,

(i) |bj(z)] < C27 =YD |g|=d ] for |z| > 27+1,

(iii) |bj(z)| < Ca27 (1 + |z[)~¢, for all  and j < 0.

Proof. Since 1 < g < oo and
b =2 [ a7 - )i
|z—y| <29
it follows from the generalized Minkowski inequality that

—nj -j age )
bslzeeny <27 [ { [ otz = gpran} 0y
< 02_nj2nj/q||a||Lq(Rn)||1//J\HL1(]Rn) < CQ_Hj(l_l/q).

Thus, (i) holds. Let us now assume |z| > 29+1. Note that |y| > |2|/2 and ¢ €
S(R™). Then we have

by()] < 27 / (27 (z — )| - [5()ldy

|lz—y|<27

< 2‘"j(/z_y<2j ja(27 (x y>>|“dy)l/q(/

|z—y|<27
ly[=|x]/2

-~ , 1/q'
B dy)

—~ ;o\
)| dy)
< Cd2nj(1/q—1)|$|—d.

Thus, (ii) also holds. Finally, let us assume j < 0. Since [, a(y)dy = 0, we have
bie) = | aly) it~ 2y) ~ D)}y
lyl<1
It follows from the mean value theorem that there exists a 6 € (0, 1) such that

1b; ()] < / a7 = 0,

where V, = (6%1, . ) Note that 14 |z —627y| > (1+|z|)/2 and ¢ € S(R™).

) Oxy,

Then we have
[bj(2)] < Ca2’ (1 + Iffcl)_d/| | [yl - la(y)|dy < Ca2’ (1 + |z[) =7
y|<1
This completes the proof of the lemma. O

Proof of Theorem 1. By the decompositions of HK ,(R™) in terms of central atoms,
it suffices to prove that the inequality

™) ITmall g ) <

holds for all central (1,¢) atoms a(z). Let a(x) be a central (1,¢) atom. Since M
is invariant for all dilations of m, we may assume suppa C B(0,1). In Lemma 3,
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if we take ¢ € C§°(R"™) such that suppy C {£:1/2 < [§] <2}, 0 <+ <1, and
Zjezw(@_j) =1, then ¥n =1 and

(o]

m()a() = 3, mEn2Oae)p ()

o0

= 3 mu @ ga (27,
j=—o00
where a5(§) = a(6€)y(§). By letting N; = (mqi)Y, we have

oo

(8) Tna(z) = Y 2"(Nj «b;)(2'x).

j=—o0

Without loss of generality, we may assume M = 1. Thus, the inequality |75 11 (rn)
< 1 holds for any é > 0. Therefore, it follows from the Hausdorff-Young inequality
that ||m|| oo (mny < 1 and

||Nj||L1(Rn) < HNJHK?U*U‘Z)J(RM <1.

Let us first prove

9 Timall e < C,

) Tl o <

where C is independent of a and a is a central (1, ¢) atom with suppa C B(0,1).
We write

o0

— kn(1-1/q)
Tl oy = 30 20Tl
2 00
k=—o0 k=3

Since m is a bounded multiplier of L4(R™) by Corollary 2 in [BS, page 22], we have

2 2
L <C Z 2kn(1=1/9)]|g|| po(mny < C Z onk(1-1/a) < .

k=—o0 k=—oc0
On the other hand, by (8), we have
L= 2"V (Tya) xul| o en)

k=3

<30S 2maokn VO (N w b;) (27 ) xa ()| o)
k=3 j=—o00

= Y 3 2OV (N« 0) (xa () parny
j=—o00l=j+3

0 ) 00 00
— Z Z —I—Z Z o =1Ia1 + Ios.

j=—o00 l=j+3 j=11=;j+3
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Let us first estimate I» ;. By Lemma 1, N; can be expressed as

oo

Nj(w) =D Mep (),

k=0

where each ei is a central (n(1 —1/¢), 1) unit of restrict type supported on By and

oo

inf (37 1) ~ I8l jepoa0 o
k=0

Thus,

0 00
La= Y > 20D (N b)) () () oy

j=—o0l=j+3
0 00 o ) .
< Z Z 2”1(1_1/Q)Z|/\i|'H(ei*bj)XzHLq(R")
j=—o0l=j+3 k=0
0 0o max{l—2,0} ‘ .
=2 D 2 S Nl bl
j=—o00l=35+3 k=0
0 00 0 . .
Y 2 S e by aloeceny
j=—o00l=35+3 k=max{l—1,0}
=1l +12,.
2,1 2,1

By (iii) in Lemma 3 with d =n +¢, 0 < e < 1, we have

. o 1/q
1(ed % b)xall pogen) < 02J||e§€||L1(Rn)(/ 2] ~1dz)

Ay

S O2j2—l(n+€) 2ln/q'

Thus, we obtain

0 00 oo
La<C 32 3 27 N
j=—o00 1=j+3 k=0

0
<C Y 212—3‘6||Nj||KY<171/q>,1(Rn)

j=—00

0
<C Z 2i(1=9) < .

j=—00
By (iii) in Lemma 3 again, we have

(e, * bi)xall Lageny < llefllLrn) 1bsllLageny < C27|B(0,2%)[~0=1/9)
< C2i9—kn(1-1/q9)
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Thus, we obtain

0 e} [eS)
12271 <C Z 97 Z onl(1-1/q) Z |/\i|2—kn(1—1/q)
j=—o00 1=j+3 k=max{l—1,0}
k+1
<C Z 2JZ|AJ 2 kn(1—1/q) Z 2nl (1-1/q)
j=—o00 l=—0c0
0
<C Z 23||Nj||K?<171/q>,1(Rn) <C.
j=—o00

Hence, we obtain Ir; < C.
We now estimate Iz 2. Let x € A;, | > j + 3. Then,

Nj*xbj)(z) = N;(y)bj(x —y)d
o) = [ Nyt -y
) el + [ N

where A; = Aj_; U A U Ajy1. Note that if |y| <272 and 2 € A;, [ > j + 3, then
|z —y| > 27! and |z — y| > |x|/2. Thus, it follows from (ii) in Lemma 3 that

|bj(x —y)| < Cdg—nj(l—l/Q)|x|—d < CdQ—nj(l—l/Q)g—ld.

Also, note that if |y| > 273 and = € A;, | > j + 3, then |z —y| > 277! and
|z —y| > |y|/2. Also, it follows from (ii) in Lemma 3 that

bj(z —y)| < Cg2 =)y =4 < 0y a—mi(1=1/a)g—ld,
Thus, when x € A;, | > j + 3, we have
(N #bj)(@)] < Ca2™™ O D27 NG| Ly + [(Nyx 5,) * by ()]
< Q27U DT L |(Nyx 5 ) by ().

Applying these estimates and (i) in Lemma 3 with d = n + ¢ to I 2, we obtain

L=y > 20D (N« by) (Dl g
j=11=j+3
<Y S onl-lagniti-1/a)g=ldgin/s
j=11=j+3
+30 3 2OV (Nyx g, ) b () zageny
j—ll—j+3
< 022 j(d—n/q) +Z Z 2ln (1-1/q) ||N]XAL||L1 Rn) ||b ||L‘1(]R”
j=11=j+3
<C+ OZTnj(l_l/q)||NJ'||K{L<1*1/‘“*1(R7L) <O+ CZQ—nj(l—l/q) <C.
j=1 J=1

Now, (9) follows from the above estimates on I1,I>1 and Iz .
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Actually, it is easy to prove that (9) is true for any central (1,q) atom. That is,
the inequality

10 Tmal e <
(10) Tl <

holds for any central (1,q) atom a. In fact, let us assume that suppa C B(0,r).
Obviously, there exists a kg € Z such that 2% < < 2Fo+1 If I} and I, in the
proof of (9) are now replaced by

ko+2
> 2 OYD(Ta@) x| o)

k=—oc0
and
Z 2kn(1—1/¢1)H(Tma’)kaLq(Rn)
k=ko+3
respectively, then (10) can be proved by a method similar to that of proving (9).

To prove (7), by the characterization of HK ;(R™) in terms of Riesz transforms
(see [Y]), it suffices to show

(11) _Z;HRmea)n o <0
J:

where C' is independent of a and R; is the j-th Riesz transform. Since Riesz
transforms are bounded on HK,(R") (see [Y]), we have
Rja(z) = Z )\ia{c(x)
k

and

J .
ij Nl < ClRjall 5 o) <G

where each ai is a central (1, ¢) atom and C is independent of a. Thus, it follows
from (10) that

) _ J J
SR Ta)lz =D | oM Tma)
j=1 7j=1 k
<2 M ITmailly o SCDDINISC
j=1 k j=1 k
Thus, (11) holds. This completes the proof of Theorem 1. O

Let us now point out that if a linear operator 7' commutes with translations, then
L]
the boundedness of T' on H K ,(R") implies its boundedness on H'(R"). Precisely,
we have
Theorem 2. Let T be a linear operator that commutes with translations. If T is
L]
bounded on HK ,(R™), 1 < q < 0o, then T is also bounded on H'(R™).
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Proof. By the atomic decomposition of H!(R") (see [CW]), it suffices to prove that
the inequality

| Tall g gny < C

holds for any (1,q) atom a. Let a(z) be a (1,q) atom supported on B(zo,r).
That is, a(x) satisfies the following conditions: suppa C B(xo,7),|lal|pe@mn) <
|B(wo,)["/971, and [, a(z)dz = 0. Let a(z) = 7_za(z) = a(z + zo). It is easy to
see that @ is a central (1, ¢) atom supported on B(0,r). Thus, from the conditions
of the theorem, it follows that

ITal| <C,
HEKq(R™)

where C' is independent of @. Since T' commutes with translations, we have

I Talnery < IreeTall s =T sl ¢

a(R™) a(R™)
~1Tal, o <

Thus, 7_,,Ta € H'(R") and

T_zyTa(x) = Z Aja;(),

where each a; is a (1,¢) atom, and 3, |N;| ~ [|7—zTal| 1 (gn). Since H'(R") is
translation invariant, we then have T'a € H'(R") and

|Tall g1 (rry < Z |\ < C.
J
This finishes the proof of Theorem 2. O

Note that if ¢ € (1,00), then o = n(1 — 1/q) € (0,n). As a simple corollary of
Theorem 1 and Theorem 2, we have

Corollary 2. Let 0 < € < n. If m satisfies

S%P ||”%||Kfv1(Rn) < 09,

then m is a bounded multiplier of H'(R™).

Finally, we point out that it is still an open problem whether (6) is a necessary

condition for an L>°(R™) function m to be a bounded multiplier of HK,(R") in
any sense (see [BS]). And we will discuss the similar problems of multipliers on

L]
general Herz type Hardy spaces HK Z‘J’(R”) in a future paper.
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