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ON A CONJECTURE OF F. MORICZ

G. BROWN AND K. Y. WANG

(Communicated by J. Marshall Ash)

ABSTRACT. F. Moéricz has investigated the integrability of double lacunary
sine series. His result, valid for special lacunary sequences, does not extend in
the form originally conjectured, but we establish a suitably modified result.

1. INTRODUCTION

Let a;5,1,j € N, be real numbers satisfying the condition

1

2

(1) o=3SY">"a}p <oo

i=1 j=1

Suppose ¢ > 1 and m;, n; are positive numbers satisfying

m- n‘ . .
(2) —H>q, 2>y my=n;=1,14j€cN
Define
o0 o0
flz,y) = Z Zaij sinm,z sinn;y,
i=1j=1

o0 o0
gj(z) = Zaij sin m;x, hi(y) = Zaij sinn;y.
i=1 j=1

In the general case these limits are to be understood in the sense of L?-convergence
and, as Lemma 1 shows, there is no inherent ambiguity in the definition.

F. Méricz [3] considered the special case when m; = n; = 271, i € N. In this
case he proved that the condition

o0 o0 o0 o0 2

3) 2D |2 ak]| <
i=1j=1 \ k=i l=j

is equivalent to

(4) f@y) L(0,1)2, %x) e L(0,1),

Ty

hi(y)

€ L(0,1), 1€ N.
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He proposed that in the general case when m;,n; are positive integers satisfying
condition (2) and the integrability condition, then (4) is satisfied if and only if

1

2

(5) ZZlog Mitt nj“ ZZakl < 0.

i=1j=1 k=i l=j
Our result is the following

Theorem. Let a;j,m;,n; satisfy (1) and (2). Let f,g;, hi be as above. Define

SNl T=33 o m(i ) ’
k

[N

i=1 j=1 i=1 j=1 =it1
1
n i ’
ZZ 1 Z
U 10 it azzl y
=1 j=1 l=j5+1
1
n oo oo 2
1 i+1
V= ZZlog Shllog T ST YT a,
T
i=1 j=1 J k=i+11=j+1

Then the condition (4) is equivalent to the condition
(6) S+T+U+V < oo.

We point out that in our theorem, m;, m; need not be integers. If m; =n; =
2i=1 then (5) is equivalent to (6). But in general, as the following example shows,
(5) is stronger than (6) and they are not equivalent.

First we note that the one-dimensional case is subsumed by the two-dimensional
case. If we set a;; = b; for j =1 and a;; = 0 for j > 1, then (5) reads

2

(5) Z log Z ¥l <o

and (6) reads

N

(6" i“ﬂ—l—ilog% i b | < oo.
i=1 i=1

v j=i+1

-1

Let by = {e 2" — e 2 }/2 and m; = [[._, e . Then we see that (6') holds
but (5') does not.
We present the proof of the Theorem in two parts:

Theorem 1. Letd =1+ (q_41)2 + (qzl)q/(q e + 8. Then
o0 o0 oo %
Mit1
RN RCTT RN SIS s SO A
i=1 i=1 *

k=i+1
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(SIS

d o] oo 00
dy n;
O A O T DOITRD DIy I DT I
0 Yy j=1 j=1 J I=j+1
d pd
dxd
) | [ el <e(s+1+U+v).
0o Jo Yy

This theorem demonstrates that (6) implies (4).
Theorem 2. (4) implies (6).
We point out that the number d =d(q) in Theorem 1 is just the positive root of

the equation: §(d — 1) — = 1)2 (d+1)— R )2 = 0. This particular definition of
d will be retained throughout the paper.

2. PROOF OF THEOREM 1

Lemma 1. Let a,b be arbitrary real numbers and Q = (a,a+d) x (b,b+d). Then
0.0010 < {35 Jo (@ y)da dy}z <o.

Proof. Let I;ji = fQ sinm;z sin myx sinn;y sin nyy dedy. We have fQ Az, y) dzdy
= > ajjamlijr, where the sum ) is taken over N%. If i # k and j # 1, then

1 1 1 1
[ Lijki| < + + .
|m; —mg|  m; + my Inj —ng|  nj+mny

Let S; denote the subset of N* defined by S1 = {(i,j, k,1) € N*: i # k,j # ([} and
let >, denote the sum taken over S;. By Schwarz’s inequality |, Sijaniijuil
{3 lagau?Y2{3, Ifjkl}l/Q. Applying condition (2) we find >3, I7,
16(1_2,2)2((1 L )2 and hence

71
4 2
1> -1aijarilijrl < T

ININA

where Qg = m

If i = k and j # [, then [[ju| < G (10 + ). Applying condition (2)
again we find 3, |aijan Lijn| < {?édtl — bg}o?, where Y, denotes the sum over

the set {i # k,j =1} U {i = k,j # I} and by = 5y

Finally, if (¢,7) = (k,1), then by condition (2) we have

2
1 1
{d—max<|sind|,—>} < Liju < (d—i—l)
q

2 < ZZ%LM < d+ 1)%0

=1 j=1

=~ |

(10)

1

Combining the estimates for }_;, >, and (10), noticing §(d—1)%— ?;‘i)lg - ﬁ -

0weget \/aq+ba<{fo2 z,y)dedy}: <do. If 1 < ¢ < 31, then \/a, + by >

o% and hence {|Q| fQ (z,y) dzdy}s > 555+ 1f ¢ > 31, then d < 1.2 and hence

Liji; > %(d —sin1.2)2. So we modify (10) to get

/ [ (@,y) dzdy > {ag + by + 0.034}0?
Q
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and hence for ¢ > 31 we have {H@ fQ f2(z,y)dxdy}z > 0.0280. The combination
of these estimates completes the proof. O

The following lemma is a direct corollary of Lemma 1.

Lemma 2. Let a; be real numbers satisfying A = (Z;O 1 aj)l/2 < oo and let m;
be numbers satisfying the condition:

(11) my=1, s>

%

Define ¢(z) = EJ 1 ajsinmjz. Then for any a € R

= { [ } <oa

Proof of Theorem 1. We first prove (7). For fixed j € N, we omit the subscript 7,
and write g = g;, a; = a;; for simplicity. Then we have

(12) [ wg|w<z/ o HISi@)] + ITi(o)]} do

where S;(x) = ZZ—lak sinmygz, T;(z) = Z,;“;Hl a sinmgz. Since |sinmgx| <

my|z| we see J” |S( e < dS ) Jak

Mit

(13) ZL/ r S (@) dz < ¢ 3 lag]-
it i=1

1
P and

Mitk

Simultaneously, writing cx = aitx,j, ur = oy We get
3
_d_ it
i dz Mg a1 .
|Ti(x)|— = E cr sinugpx| —
T
i1 d k=1

Let m = [T and ¢ (x) = 5.2 ek sinugz. Then

mi+1

/ mi Z/lH_l)d dCC

d

By Lemma 2 we have fljgﬂ)d ()% < 2 (i at;)'/? and hence

d 00 1/2
mg dx mi+1 2
) < .
(14) /dmmu_%mnv{Ewm ,

il v k=i+1

d/m; o o0 1/2
_ M1
(15) E /d 2 HTi(z) | de < ¢ E log# ( E a%) .

/it i=1 v \k=it+1

Combining (12), (13) and (15) we get (7). By symmetry (8) follows.
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d d_
’VTL,L’ 7

Now we write I;; =[5 [") |f(z,y)| %% and define

Ok (z,y) = ag sinmyx sin nyy,

i g 00 J
A@y) =YY ouly), @y = > > éuly),
k=11=1 k=i+1 l=1
f3($,y): Z (bkl(xuy)v f4($,y): Z Z (bkl(xvy)
k=11=j+1 k=i+1i=j+1

Then define I = [{/™ [ |f,(2,y)| 2%, » = 1,2,3,4. We see I} <

d/mit1 Jd/njia zy

d® Zk:l Zz:1 |akl|ﬁ : qj%z and hence

(16) Z Zji(jl) S ¢ Z Z lai;| = ¢qS.

i=1 j=1 i=1 j=1
d
Secondly, I};) < 327, —Lr [0 |00, amsinmya| 92, So by (14)
mi4q
1
e > dx m; > ’
Z ap sinmpz| — < ¢qlog il Z a%l .
™ k=i+1 k=i+1
Therefore
2)
o D

=1 j=1
Symmetrically we have
® DPIHEL
=1 j=1

Finally, to estimate Ii(;l ) we change the integrating variables by writing x =
s/m;y1, y =t/njt1. Then we get

(mig1/mi)d  p(njpr/n;)d | 00 o0 dsdt
Ii(;‘l) :/ / Zzbkl sinugs sinvjt| —— o
d d k=1 =1

_ _ Mtk _ Mj4l mit1 _ [Mj+1
where by = itk j+i, Uk = m;l, v = ;]% Let m = [7;1—+] and n = [~ ] Define

(A+w)d  p(1+v)d
[,

Applying Lemma 1 we get 0, < ﬁ(zzll 2, b2)Y2, and hence

(19) ZZI4><CV

=1 j=1

OOOO

E bpr sinug s sin vt
k=1 l=1

dsdt

A combination of (16)—(19) yields (9). The proof is complete. O
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3. PROOF OF THEOREM 2
To prove Theorem 2 we need more integral estimates.

Lemma 3. Let m;,cij,4,5 € N, be real numbers satisfying condition (11) and B =
(g €ii)® + 30320 X052, ¢y < 00. Define

h(z) = Z Z cij cos(m; —myj)z.

i=1 j=1

Then, for any a € R, f;+d h?(z)dx < c,B, where, and throughout this paper, c,
denotes a constant depending only on q.

Proof. Define

oo i—1 0o j—1
hi(z) = Z Z ¢ij cos(m; —mj)x, ho(z) = Z Z cij cos(m; — mj)z.
=2 j=1 j=2i=1

V\;e see h?(x) < 3{h3(x) +h3(x) + (1272, ci1)?}. We have hf(x) = 3{g1(z) + g2(2)}
whnere

g1(x) = Z Z CijCr cos(m; —mj —my, + my)z,
i>75 k>l
g2(x) = Z Z CijCri cos(m; —mj +my — my).
i>75 k>l
By condition (11) for ¢ > j, k > [, we have m; — m; + mip —m; > 2(¢ — 1) -
/mi—1 - mi_1. Hence by Schwarz’s inequality we get

a+d oo o0
(20) /d g2(z) dz < cq Z Z C?j.

i=1 j=1

Choose n € N such that 1 — % - qln = > 0. Then define subsets J,, of
(i,5,k,1) € N* by

J={i>ji>k+nk>I} Jo={i>ji<k—nk>I}
Js={k+n>i>k>1,i>j+n},
Jy={k+n>i>k>1,i>j>i—n},
Js={i+n>k>i>jk>I}, Jo={i=k>jk>1}

and define g1, (z) = Y, ¢ijcr cos(m; —m;—my+my)z, v =1,...,6, where the sum
>, denotes ;) e - Then we see g1 = S0 g1, First we have f:+d g1(z) dx

<> leijer|(1 — % - %)_1%. So by Schwarz’s inequality

a+d 0o o0
(21) / g11(z)dx < chZcfj.

a i=1 j=1
Symmetrically

a+d 0o o0
(22) / g12(x) dz < cq Z Z C?j.

i=1 j=1
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If (i,7,k,1) € Js, then m; —m; —my, +my > dm;. Hence we have

a+d oo k—1 ) i—n
2 |cij]
[ @< Sl S 3
k=21=1 i=max(n+1,k+1) j=1
The using Schwarz’s inequality we get
a+d
(23) / gs(a) e < ¢, B.

For (i,7,k,1) € Jy let ey = |fa+d cos(m; —mj — my, +my)x dz|. Then

a

k—1 k+n i—1

a+d >
/ gua(z)de <Y > S Jeijenleijn-
a

=2 I=1 i=k+1 j=max(1l,i—n)

=

If we define €51 = ¢;;j = 0 when ¢ < 0 or j <0, then we get

a+d n n—1 oo k—1
JARTCTEED 3D D) DUCHSN) S SHINTI)
a s=1 t=0 k=2 =1

where n;(k, $,t) = €kts kts—n+t.k,; Will be written as n; for simplicity. Write oy =
k—1 k—1 k—1
Zl:l kil Then oy < {21:1 Ciz 21:1 7712}1/2- Define
. 1 1
lo:mln lE{l,...,/{J—l}Z|mk+5—mk+s_n+1—mk+ml|<§ 1—5 my ¢,

lop = 0 for the case that the minimum does not exist. As a convention we let
mo = 0. Then for all | # lg, |Mitrs — Mpts—ntt — Mi +my| > %(1 — %)ml. Hence
we have n; < cqm%, for I #1p, 1 <1< k-1, and n, < d. Consequently we get

{SSF Y2 < ey, and oy < e {307 €2, 11/2. Now we derive

a+d
(24) / g1a(z) dr < ¢¢B.

Since J5 is symmetrically related to Js U J4 we conclude

a+d
(25) / g5 dz < ¢, B.
By a direct calculation we get
a+d
(26) / gi6(x) dr < ¢¢B.
A combination of (21)—(26) yields
a+d
(27) / gi(z)dz < c4B.
Then we combine (20) and (27) to get f;+d h3(z)dr < c¢,B. Symmetrically we

conclude fj+d h3(z)dr < c¢yB. And at last we derive f;+d h?(z)dz < c,B as
required. O
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Lemma 4. Under the assumptions of Lemma 8 define

oo o0

g(z) = Z Z ¢ij cos(m; + myj)zx.

i=1 j=1
Then f;+d g*(z) dx < ¢, B.
The proof is completely similar to that of Lemma 3. We omit it.

Lemma 5. Under the conditions of Lemma 1

{ /Q fA(z,y) da:dy} < ¢q0.

Proof. For i € N and y € R fixed we define b; = EJ 1

fA(z,y) = ${h(z) + g(x)} where h, g are defined respectively as in Lemma 3 and
Lemma 4 with coeflicients c¢;; = b;b;. Then by these lemmas we conclude

ai;sinnjy. Then we see

b+d

(28) / Az, y) dedy < chZ/ {bib;}? dy.

=1 j=1

Since b;b; = % Yooy Yooq ijaji{cos(ng —ng)y —cos(ny +n;)y} we apply Lemmas 3
and 4 again to get [ b7b3 dy < cq o5y Ay, oy azy. Substituting this into (28)
we complete the proof. O

The following two estimates follow from Lemma 1 and Lemma 5.

Lemma 6. Under the conditions of Lemma 1 cq fQ |f(x,y)| dedy > 0.

Lemma 7. Under the assumptions of Lemma 2 c, f:+d |t(z)|dx > A.
The following lemma is the essence of Méricz’s Lemmas 2 and 3 of [3].

Lemma 8. Leta; > 0,47 € N. Then for anyr € N andn > r

1/2
n 1 n—1 n
(29) a; < — a?

Proof of Theorem 2. By Lemma 1, (4) is equivalent to
i h; .
(4) %yy) € L(0,\d)?, @ € L(0,\d), % € L(0,Md), €N,

where A = max(1, q—) > 1 and d is the value defined in Theorem 1. Now assume
(4") holds; we are going to prove (6).

Let Aj; = log =224 (377 ) uij)l, Bi; = log =t (Zl i1 a2)z. We first prove
Do Akj < 00, Zl 1 l<00(’J€N)

For n big enough and j fixed, let I,, = f e lgj(z)|4. Then I, > J,, — R,
where

i

E ag; sin mgx

k=1

(Ad/m;)

= ; ‘/)‘d/mlﬂ) —<q Z |aij]
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and

dx

E Ay sin mrx

k=i+1

Applying Lemma 7 we get

n

1
m 1 o0 2
Jn > 2
M <Z>

where m = [(%:2 — 1)A] € N. It is now clear why we take Ad instead of d. We
obtain, in fact, J, > ¢, z;;;:l Ajj and hence Y71 Ajj < ¢, >0 ai| + )T, If
S22 Aij = oo, noticing [ ]g;(2)| % < co we derive

1< nlgnooc Z la <Z Aw)

But by Lemma 8 we conclude the right part of this inequality should be zero. This
contradiction shows 7%, A;; < co. Symmetrically we know 7% Bj; < oo.
Next we define f,, v = 1,2, 3,4, as in the proof of Theorem 1 and define

(\d/mi)  p(Ad/nj) dd

Efj',’):/ / (e, )| =Yy =1,2,3,4, 4,5 € N.
(Ad/mig1) J (Ad/njy) Yy

For big s,t € N let

(v) s ) Ad/m; \d/n; |
US’tZZZEU ) Ust—ZZ/ A dzdy.

i=1 j=1 i=1 j=1 Y A/mit1 JAd/njiq

—1

We have o4, > og) — (Ug) (2) + 0(3)) By an argument similar to that used in

the proof of Theorem 1 we get mequahtles similar to (16)—(18), viz.

s t oo
1 my; mit1
SIS 3 SITENRCITS 3 ity D SRt A I
i=1 j=1 i=1 j=1 k=j+1
1
00 2
e Y s (3
i=1 j=1 " 1=j+1
We now estimate agf) applying Lemma 6. Let m = [(“2* — 1)A] and n =

[(nrjz_jl —1)A]. Then m € N,n € N and

4) Ad+pd Ad+vd
55) 50 9 9 SN SN REamPs

i=1 j=1 p=1v=1 d+(p—1)d J Ad+(v—1)d
where

ny
Y-
TL]+1

Sij(z,y) =yt Z Z aklsm

k=i+11l=75+1

ZIJ sin
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Hence by Lemma 6 we get

[N

(30) >chZIOg il ) og DIHL i i az,

i=1 j=1 K k=i+11l=5+1

Then applying Lemma 8, by an argument similar to that for the proof of > 7=, A;; <
oo we conclude V' < co. Then noticing

T = ZA11+ZZAZJ<ZA“+C¢I

1= 1] 2

EDSLI 3O IEIED I
Jj=1 =2

S = Z|aw|+2|azl|+|azl|+ZZ|aw|

1=2 j=2

< quBlj +CqZAi1 + lan| + ¢4V,

j=1 i=1

we derive (6). The proof is complete. |

Remarks. (a) In our argument the series by which we define functions need not be
trigonometric series because the coefficients m;, n; need not be integers. We must
understand such series in the sense of L2-convergence. For example, if conditions
(1) and (2) are satisfied, then the “partial sums”

[T

S (x,y) = Z Z a;; sinm;x sinnjy

i=1 j=1

converge in L?(Q) for any compact set Q C R2. This is a consequence of Lemma 1.
Meanwhile we can easily demonstrate that the convergence of S, in L?(Q) does
not depend on the manner in which g and v tend to infinity. For a discussion of
different kinds of multiple limits we refer the reader to [4].

(b) Since S,,,, can be non-trigonometric sums it does not appear to be a trivial
question whether the convergence of S, in L? implies almost everywhere conver-
gence.

(¢) Our result can be extended to higher dimensional cases in a quite straight-
forward manner.

(d) Since this paper was submitted in June, 1993, two related papers of interest
have appeared, viz. [1], [2]. We thank the referee for providing the details.
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