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ABSTRACT. Inner product structures are given for realizations of the positive
spin ladder representations over the generalized unit disk Dy ¢ = U(p,q)/K.
This is accomplished by combining previous results of the author with the con-
struction of a family of holomorphic polynomials on Dy, 4. These polynomials,
which play a crucial role in the present work, are shown to be orthogonal with
respect to Lebesgue measure, and their norms are computed. The orthogonal
family is then used to invert a certain integral transform, giving the desired
inner product structures.

1. INTRODUCTION

The postive spin ladder representations of U(p, q), which occur naturally on a
Fock space, can each be realized within a space of polynomial-valued functions on
the generalized unit disk D, , = {¢ € CP*? | I, — ¢*( > 0}. This is achieved by
an integral transform @ constructed by Mantini in [13]. In the case p = 1, where
the generalized disk is simply the unit ball in C9, unitary structures for these
polynomial-valued realizations have been constructed by inverting the transform ®
(see [11]). The purpose of this work is to generalize the methods and results of [11]
in order to obtain unitary structures for all values of p.

A key role is played by a family of holomorphic polynomials which are con-
structed on D, ,. We show that the polynomials are orthogonal with respect to
Lebesgue measure, and we compute their norms. This family of polynomials proves
to be a natural generalization of the set of holomorphic monomials on the unit ball
B"™ C C", whose norms and orthogonality are well-known (see [18]). The main
results concerning the polynomials are discussed in section 2, culminating in The-
orem 2.4. In section 3, the polynomials, along with the machinery developed in
[11], are used to invert the integral transform @, giving the desired inner product
structures for the geometric realizations of the ladder representations.

Historically, the orthogonal polynomials of Laguerre, Hermite, Jacobi, and oth-
ers have been widely applied in harmonic analysis, probability, and physics. For
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a thorough account of the classical orthogonal polynomials, see [19] or [3]. As op-
posed to the classical case, we analyze polynomials in the complex domain D,, 4,
which parameterizes the homogeneous space U(p,q)/(U(p) x U(q)). In general,
homogeneous spaces of the form G/K, where G is a semisimple Lie group and K
is a maximal compact subgroup of G, have been of interest to representation the-
orists due to the rich collection of representations of GG that occur as sections of a
homogeneous, holomorphic vector bundle over G/K (for example, see [7], [15], [16],
or [1]). As a result, a substantial body of work has been devoted to the geometry
and analysis of such spaces, as in [9], [17], [8], and [6]. Of particular interest to us
are the results of Faraut and Koranyi in [6], where norms of spherical vectors on
G/K are computed. In a forthcoming paper concerning geometric realizations of
representations of G = U(p, q), the author will use the orthogonal family presented
in this paper in conjunction with the results of [6] to compute the norms of certain
highest weight vectors (see [12]).

The author would like to thank L. Mantini and E. Dunne for numerous helpful
conversations.

2. A FAMILY OF ORTHOGONAL FUNCTIONS ON D, ,

Here we present a certain family of polynomials on the generalized unit disk D,, 4
that are orthogonal with respect to Lebesgue measure. The orthogonal family is
composed of basis elements for certain irreducible components of a natural action of
GL(p,C) x GL(q,C) on the space P(D,,4) of holomorphic polynomials over D,, 4.
In the special case p = 1, the orthogonal family consists of holomorphic monomials
(see [11)).

2.1. The orthogonal family. The generalized unit disk, on which the desired
polynomials are defined, is given by

(1) Dy :={C€C” |1, —("(> 0}
The domain D,, 4 is bounded in CP*9, and is naturally diffeomorphic to U(p, ¢)/K
(see [4] or [11]). In the case p =1, D 4 is simply the unit ball in C9.

Notation 2.1. (a) For r,s,m € N, let Nj and N§*® denote the set of r-tuples of

nonnegative integers and r X s matrices of nonnegative integers, respectively, and

let Nj(m) denote the elements (41, jo, . . . , jr) of N{ such that j1 +ja+- - -+ j = m.
(b) For @ € N} and p € N{, let

MP*(p,a) = {y € Ng™ | ¢(7) = a and 7(7) = p},

where ¢(7y) and r(y) denote the column and row sums of +.
(c) If v € N§*? and ¢ = ((;;) € Dp,q, we write

P q P q
¢V = H H C;Yj” and v! = H H'yij!.
i=1j=1 i=1j=1

Notice that M(p, «) is nonempty only when |p| = |a|. When p and ¢ are under-
stood, we write M (p, «) for MP*9(p,«). We are now ready to define the desired
functions.
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Definition 2.2. Fix p,¢q,m € N, and suppose « € Njj and p € N{ with |o] = |p|.
For ¢ € CP*4, define

1
@PQ(C) = Z _'CV’
YEM (p,c) '
and put
Om = {pa | @ € NB(m), p € Ni(m)}.

For illustration, suppose p = ¢ = 3, and m = 2. One computes the elements of O,
according to the following example. We claim that for p = (1,1,0) and o = (1, 1,0),
©1,1,001,1,0)(¢) = C11C22 + ¢21¢12. To verify this, we see from Definition 2.2 that
we need to compute the elements of M((1,1,0),(1,1,0)). Recall from Notation
2.1 that M((1,1,0), (1,1,0)) consists of all 3 x 3 matrices with nonnegative integer
entries whose row sum is (1,1,0) and whose column sum is (1,1,0). We conclude
that

1 0 0 0 1 0
M((1,1,0),(1,1,0)) = 01 0],{1 00 )
0 0 0 0 0 0
and hence by Definition 2.2, we have that ¢(11,0y(1,1,0)(¢) = C11¢22 + (21 (12

2.2. Integration and summation results. The major results of this section are
as follows.

Proposition 2.3. The mapping of CP*? into C given by

p q
Croexp | DD Gy

i=1 j=1

possesses the series expansion

exp ZZC” :Z Z sta(C)

i=1 j=1 m=0 | peNg(m)
aeNF(m)
Proof. Given that
m
P4 < 4 P q
b (DD G| =D | 2G|
i=1 j=1 m=0 """ \i=1j=1

we prove Proposition 2.3 by showing that

1 p q
Y. #plO)=— 212_24

PENG(m)
aeNFP(m)

m
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Applying Definition 2.2 and the generalized binomial theorem, we obtain

DORN( B DR St

pENE(m) pENE(m) veM(p,c) v
a€NG(m) aENE(m)

m

1 p q
= (2> - O

i=1 j=1

Theorem 2.4. Fiz m € Ng, and suppose that @pa, o3 € Op,. Then

/ e (O)rs () dm(C)
D

P,q

L U2t (g— 1) m! 1
= Oprlap 121 (p+q—2)! (m+p+q—-1) alp!

where, given v,y € N§, 0, =1 if v =7 and 0, , = 0 otherwise.

Proof. For ¢ = ((;;) € Dp 4, one may show that the monomial (7} is a highest
weight vector for an action L x R of gl(p, C) @ gl(¢q, C) on P(m,D, ,) determined

1 0
2 LEP) = Cier
) (E5) =3 g,
and

P )
3 R(EL) = i—
3) () = 3 digg,

where Ej; is the r x r elementary matrix supported in the ij-th entry.

We then observe that ©,, forms a basis of weight vectors (with distinct weights)
of the irreducible gl(p, C) @ gl(g, C)-module V,, obtained by applying lowering
operators to the highest weight vector (}7. In fact, due to Theorem 4.4 of [13],
we may conclude that each element of ©,, is a scalar multiple of some R*LY((J}),
where R®LY is the lowering operator given by

RL’ = R*™(B§))R™ (EY,) - - R (Eg) )L™ (B3, )R™ (EY,) - -- L (Ey)),

for a = (ag,...,aq) € Ng_l, b= (bg,...,bpy) € Ng_l, and R, L as in equations (2)
and (3), respectively (see [10]).

Since Lebesgue measure on D,, 4 is invariant under the action of K = U(p)xU(q),
and the elements of ©,, are all of distinct weight, we conclude that the elements of
0O,, are orthogonal with respect to Lebesgue measure. With this structure in place,
we may inductively compute

/ a2 dim(Q)
D

P,q
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for ¢,n € Oy, by computing the value of

(4) /D 722 dm(C)

P,q

for the highest weight vector (7} and applying lowering operators.

It remains to compute the value of the integral (4). Using a theorem of Hua and
certain elementary combinatorical results (see [9] and [10]), we reduce the integral
in (4) to an integral over the unit ball Dy ;. We then use [18] to obtain

/ 2 dm(C)
D

p,q

" -

B mlcpq
(m+p—1+q)V

/D R = [Gul® =+ — 1Gug2P dmi(¢y)

120 (p— 1)ILI2!- - (g — 1)
120 (p+q—2)

where C(l) = (Ci1,--- 7C1q)7 and ¢pq =

3. INVERSION FORMULA AND UNITARY STRUCTURES

We produce an inversion formula for an integral transform ®,, for each pair
of natural numbers p and ¢. In addition to the inversion formula, we will give an
assignment of unitary structure to the image of ®,, with the property that geometric
realizations of the ladder representations of U(p,q) will be unitary. For notation,
see [11].

3.1. An integral transform.

Proposition 3.1 ([13]). Suppose n € No and f € F}9. Then there is an integral
transform @, : F29 — O(D, 4, P(n, C?)) given by

(@uf)Go) = | F(Cw,w)e” ve 1" dm(w),

where v € CY and (D, f)(¢,v) depends holomorphically on ¢ € Dy, 4.

In [13], Mantini gives a geometric construction of the positive spin ladder rep-
resentations of U(p,q) via the transforms ®,,, which carry a Fock space FP4 of
(p, ¢)-holomorphic functions on CP*4 into the set O(D, 4, P(n, C?)) of polynomial-
valued holomorphic functions on D, 4. In general, the inner product structure on
this realization has been previously unknown, as opposed to the structure on the
Fock space, which is well-known (see [2] or [4]). We provide an inversion formula
for @,,, and then use the machinery surrounding the inversion formula to develop
unitary structures for the geometric realizations of the ladder representations oc-
curing on ¥, (FP?). This task has already been accomplished in the case p = 1
(see [11]). For further details regarding ®,,, see [13], [14], or [10].
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3.2. Inversion formula and unitary structures. For a € N{ and § € N{ with
18] — |a| = n, write ¢pag = Ppfap, Where fop(z) = zj’ézg. Applying Lemma 2.5 of
[11] and Definition 2.2, we may write

oM
(5) bap(C0) = D alBlpg_y.alQ)
neNg (n) "
n<p

Observe from (5) and Proposition 2.3 that we have now succeeded in expressing
dap and exp(d_ D ¢;;) in terms the functions ¢,q, whose norms and orthogonality
were established in the previous section. Hence we obtain the following extension
to the (p, q) case of the inversion formula for ®,,.

Theorem 3.2. Fiz p,q € N and n € Ny. Suppose that ¢ € ©,(FE) and ¢ =
D, f, where f € FP9. Then for z € CP9,

) = tim [’f”

t—1- dtrta—1| ¢

+ : /D /c (L) (t¢, v)eFRET Dz =10 dm(v)dm(Q) |

Proof. The argument is analogous to the proof of Theorem 3.12 in [11]. By Propo-
sition 2.3 and Theorem 2.4, we may use the functions ¢, in the expansion of
the exponential function, and to fill the role that the monomials play in the case
p=1. O

Now we explicitly describe a Hilbert space structure on ®,,(F2-?) with the prop-
erty that the oscillator representation o, on F?? will be unitarily equivalent to
the geometric realization w,, via ®,,. Using this Hilbert space structure and certain
differential operators, we then apply the results of [5] to characterize ®,,(FE7).

Definition 3.3. For ¢, ¢ € O(D, 4, P(n, C?)), define
(91, P2)n

. drta—1 {tpﬂ—l

. tl—lglfW —/qu/(;q(£¢1)(t<av)¢2(CaU)€_|v2 dm(v)dm(()}

Cp,q

dpta—1 [¢pt+a-1

= lim ——|—
t—1- dtpta-1

[ (oo dm<<>]
D

p.q p.a
whenever the integral above converges.
For ¢ € O(D, 4, P(n,C9)), put ||¢||? := (¢,#)n. Note that on the set {¢ €

O(Dy.q,P(n,C?) | |#]|? < oo}, the form ((-,)), is Hermitian and positive semi-
definite. We next examine its behavior on ®,,(F29).

Theorem 3.4. Let ¢1, o € @, (FP9), with o1 = @, f1 and ¢ = Dy, fo for fi1, fo €
FP4. Then

((¢17 qb?))” = <f15 f2>
Hence ((-,-))n defines an Hermitian inner product on @, (FE7).

Proof. One follows the proof of Theorem 4.2 in [11], using Proposition 2.3 and
Theorem 2.4 to let the ¢,,’s play the role that the holomorphic monomials play in
the case p = 1. O
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Corollary 3.5. The vector space @, (FE?) endowed with the inner product ((-,-)
is a Hilbert space.

Corollary 3.6. The representation wy, on ®,(FE?) is irreducible and unitary, and
is unitarily equivalent to o, via @,.

At this point one may wonder whether the inner product ((-,-)), characterizes
®,,(FP1). In general, this inner product is not enough to characterize ®,,(FE9).
However, when we put the inner product together with a set of differential operators,
with the aid of [5] we are able to obtain a complete characterization of ®,,(FE9).

Definition 3.7. Let D, , denote the set of differential operators consisting of all
2 x 2 minors of the matrix of differential operators

9 0

9Ci1 7T 0Ciq

Up,q = 9 9
9¢p1 e 9pq

0 e

07 o 074

In the case that ¢ = 1, we will say that D, 1 = 0.

Definition 3.8. For p,q € N, let
xP1=1{pc OD,,, P(n,C)||¢|2 < ocand Dé = 0forall D € D, ,}.

Theorem 3.9. Fizn € Ng and p,q € N. Then ®,(FP9) = XP1.

Proof. Using Theorem 3.4 and the results of [4], we obtain &, (FF9) C AP?. An
argument analogous to that in [11] gives the opposite inclusion. |
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