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BOUNDEDNESS OF THE CESARO OPERATOR
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(Communicated by Theodore W. Gamelin)

ABSTRACT. In this note, the boundedness of the Cesaro operator on mixed
norm space Hp ¢(¢), 0 < p,q < oo, is proved.

1. INTRODUCTION

Let (a) = {an}52, isin P, 1 < p < 0o, then the sequence
cu={-Sul
al = a
n+1 k
k=0 n=0

p
p—1
Thus C' is a bounded linear operator on [P for 1 < p < co. This operator on [P has
been studied by many authors (see [1], [5]).

Let f be holomorphic on the unit disc U with Taylor expansion f(z)=3 -, anz",
call

has [P-norm satisfying

ICalll, < [lallp-

the Cesaro operator acting on f.

With the result of Hardy [3] on trigonometric series and M. Riesz’s theorem,
one can prove that the Cesaro operator C[f] is bounded on HP(U) for 1 < p <
00, where HP(U) is the usual Hardy space. Siskakis [7] studied the spectrum of
C[f] on HP(U), as a by-product he obtained that C[f] is bounded on H?(U),
1 < p < co. Recently he [8] gave another proof of the boundedness of C[f] on
HY(U), independent of spectrum theory. After that Jie [4] proved that C[f] is also
bounded on H?(U), 0 < p < 1. A natural question is whether the Cesaro operator
C[f] is bounded on Bergman space L?(U), 0 < p < oo, or weighted Bergman space
LP((1 = |2]?)*dm(z)), a > —1, where dm is the Lebesgue measure on C.
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In this note, we will consider the more general setting of, say, the mixed norm
space Hy, ,(¢), and prove that C[f] is bounded on H, ,(¢). As a particular case,
C|[f] is bounded on weighted Bergman space LE((1 —|z|?)*dm(z)), o > —1, and so
it is also bounded on Bergman space LE(U).

2. MAIN THEOREM

A positive continuous function ¢ on [0,1) is normal, if there exist 0 < a < b such
that

(i) (1“"_(2& is non-increasing in [0,1)  and  lim,_; % = 0;

(ii) (f_(:))b is non-decreasing in [0,1) and  lim,_ % = 00.

For a normal function ¢, 0 < p, ¢ < oo, the holomorphic function f on the unit
disc U is said to belong to the mixed norm space H, (), if

1 1/p
||f||p,q,¢={ / <1—r>-1wp<r>M5<r,f>dr} <o, 0<p< oo,

[ flloc.q.0 = sup @(r)Mg(r, f) < oo.
0<r<1

Here
1 27 X %
wnd) = {5 [ eenpa} . 0<q<s
27T 0

Moo (r, f) = | Sup | f(re')].

For any a > —1, ¢(r) = (1 — r)(@*D/P is a normal function. When p = ¢,
H, ,((1 —r2)@+1/P) is just the weighted Bergman space LE((1 — |z|?)*dm(z)). In
fact, this follows from the integral formula in polar coordinates

1
[ 1@PQ =Py =2 [ o =) (e,
U 0
and the monotonicity of My (r, f).

Our main result is the following theorem.

Theorem. Let 0 < p,q < o0, ¢ be a normal function. Then the Cesaro operator
C|[f] is bounded on H, 4(¢). In particular, C|[f] is bounded on LP((1—|z|*)*dm(z)),
0<p<oo, a>—1.

3. SOME LEMMAS

The following lemmas are needed in the proof of the theorem.

Lemma 1 ([2, p. 758]). Let 1 < k < oo, u>0,6 >0, h:(0,1) — [0,00) be
measurable. Then

/01(1 — r)kn=t {/Or(r — t)‘s‘lh(t)dt}

Here, and latter, K denotes a positive constant, not necessarily the same at each
occurrence.

k 1
dr < K/ (1 — r)krtko—Lpk () dp,
0

From this lemma, we can derive the following key lemma.
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Lemma 2. Let 1 <k < o0, >0, h:(0,1) — [0,00) be measurable, and ¢ be a
normal function. Then

1 r k
/ (1—7) """ (r) {/ (T—t)‘s_lh(t)dt} dr
) 0 U
<K [ (1 =r)* Lok )k (r)dr.
0

Proof. Taking ¢ > 0 sufficient small such that ¢/k < a, where a is the constant

in the definition of the normal function . If we set u = ¢/k and replace h(t) by

w(t)
(1—t)</*

h(t) in Lemma 1, then we get the following

(2) 1

<K [ (1 =) ok )k (r)dr.
0

On the other hand, since % is non-increasing, it follows that

k

/01(1 — )7L (r) {/OT(T - t)‘;_lh(t)dt} dr

< /01(1 — )t {/Or(r - t)‘s_l%h(t)dt}k dr.

Combining (2) and (3), we get the desired inequality (1).

3)

Lemma 3 ([6, Lemma 8]). Let h(t) be a positive non-decreasing continuous func-
tion of t. Then for any 0 < u < v < 00 and 0 < r < 1, the following inequality

holds
{/01(1 — t)”—lh”(rt)dt} <K {/01(1 — t)“_lh“(rt)dt}

Lemmad4. (1) If1<¢<o00,0<d<1,0<r <1, then

1/v 1/u

(4) ﬁmeWDSKA%=m“%MMm

where s (p) = 1455 My p, ).
(i) If1<qg<o0,0<p<1l,0<r<1, then

(5) 7M@mamSKA%umwwmw@

where ha(p) = ﬁMé’(p, ).

(1)) If0< ¢<1,0<d<q 0<r<1, then
(6) meQWSK/v—W*mwm
0

where hs(p) = = M{(p, f)-
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(w) f0<g<1,0<p<q, 0<d<p, 0<r<1, then
") PR CUD < K [ = ) halo)ip
where hy(p) = ﬁMé’(p, ).

Proof. A direct computation with power series gives

e =3 (g ) - [ {5k

0

(i) First assume 1 < ¢ < oo. Minkowsky’s inequality shows that

) 1/q
12| b f(tre®) a
M,(r,C[f]) = {%/0 et
1
<
0 < ), T=ghlen
! 1
<
fA( M )
< ié (r—p)°~ 1h1 (p)dp
r
This proves (4).
When ¢ = oo, note that
- ' v ' Moo(tr, f)
iy o [ LRreD] L M
cineen < [ e < [ a,
then
1
9) Mool Clf)) < [ 5 Macltr. i
o 1—tr

The remaining proof is the same as above.
(ii) We have proved in (i) that
1
1
Myfr,Clf) < [ g Myfor, f)dt.
o 1—

Taking u = p,v = 1 and h(t) = 2 M,(t, f) in Lemma 3 implies

1
MUY < [ = Mo

<K {/01(1 - t)p_lﬁMg(tr, f)dt}l/p

1 T 1 1/10
= K- {/ (r—p)~ hz(p)dp}
T Lo
This proves (5).

(iii) Let 0 < ¢ < 1, in [4] the following inequality is proved:

1
(10) A@mamSKAcvw“wmmmw
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where g(z) = £2)

- Since
—Zz

27 0\ |q
1 / |f (tre')] 40 < 1
0

M .
(tr 9) = 27 |1 —tre®|a™ — (1 —tr)e

M(tr, ),

we have

11 _ »g—1
My el < [ G gt

R L .
= KA 1- tT)q_g (1— t’l”)5 Mq (tr, f)dt
1
<K / (1 — )2 hy(tr)dt
0

K T
== | (r=p) "ha(p)dp.
0

=3
This proves (6).
(iv) Let 0 < ¢ < 1,0 < p < g. It follows from (10) and Lemma 3 that

1/q

w0t <k { [ - argir g

1/p
<K { (1 —1¢t)P~ 1Mp(tr g)dt}
1-tpr-t Y
<K{ =) Mq(tr,f)dt}
1-tpt 1 1/p
=K MP
{ (1 —tr)p=0 (1 —tr)° q(tT’g)dt}
1/p
<K{ (1—1)° 1h3(tr)dt}

<K{T /0(7'— p)° " 1ha(p )dp}l/p.

This proves (7), and completes the proof of Lemma 4.

4. PROOF OF THE THEOREM

Now we can give the proof of the theorem, which is divided into six cases.

Proof of the Theorem. Casel. 1 <g<o00,1 <p< 0.
Taking the transformation of variable ¢t = #?**1 in the following inequality

(11) NCT 7.0 /0 (1= 6) " ()M (¢, Cf])at,

due to the non-decreasing of the integral means and

(p(?"p6+l) _ (p(’r’pé—i_l)

e~ < G < K

(1—r)

3
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we obtain

1
ICIANE., = (05 + 1) / (1 — P H1) 1 gp (I AP (2O O]} dr

< K/O (1= ©) " P (1) MP (r, Cf])rPdr.

Then using (4) and Lemma 2, we have

p

110 < [ 1(1—7‘)_1<Pp(7“){ / T(r—mé-lhl(p)dp} ir

1
< K/ (1- r)_lcpp(r)M(f(r, fdr
= K||f1[},4,-

Case2. 1<qg<o0, 0<p<l.
Change the variable by t = 7P™! in the right side of (11) and use the same
approach as in Case 1 to get

1CTf] p)q¢<K/ 1 — 1)L gP (1) M2 (r, CLf))rPdr.

Taking § = p, k = 1, and replacing ¢(r) by ¢?(r) , h(t) by ha(t) in Lemma 2, we

obtain
1C1/] p,q<p<K/ 1—r)" " ){/ (T_P)p_lhz(/))dp}dr
0

<K [ 00 Mg e = KIS,

Case3. 0<qg<1, p>gq.
In this case p/q > 1. Take the integral transformation ¢t = radtl
side of (11), to get

in the right

1CLf] pW<K/ 1 — 1)1 gP (1) M2 (r, C[f])r 5 dr

It follows from (6) and Lemma 2 that
G100 < K/ 1= )L (@t )P (M, L)) dr
<K / -n ey [ p>6—1h3(p)dp}” "
< K/ L= 1) H0 L (1) (g ()9

_ K/ (1 — )P (r)MP(r, f)dr
- K||f||p,q,
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Cased4. 0<g<1, p<aq.

Taking the integral transformation ¢ = 79*! in the right side of (11) and using
(7) yields

ICLAIE.,o <K/ (1— )" g (1) MP (r, C ) dr

<K / (1- ) er(r) { [ = it an

1
< K/o (1- r)‘s_lcpp(r)h4(r)dr

= K/ (1- T)_lsop(T)M (r, f)dr = K||f||p7q7
0

Case 5. p=o00,1<qg < o0.
We claim that for 0 < u < oo,

bo(—e? K
(12) / S e S Gy

In fact,

o1 te! (L—r)oe [t (1—p)! K
/o s e SR / 0ty = Gy

Here we have used the inequality [6, p. 625]

1 u—1
1—
/ ( 2 dt < K .
o (1—tr)wtau (1 —r)ou
It follows from the claim, (8) and (9) that
1

M, (r,C[f]) < %Mq(m‘, )t

0
1
< K su rt
0<t51(<p ) 0 1—tr
1
< K su M,(s, .
O<S§1(s0() q( f))(p(r)

Namely
o(r)My(r, C[f]) < K sup @(s)Mqy(s, f) = K| flloc.q.¢-
0<s<1

This proves ||C[f][loc,q.0 < K[| fllo0,q,¢-
Case 6. p=00,0< g < 1.
From (10) and the claim, we have

C K 1 tq 1Mq d
<
(r, / =t q(tr,f) t

2

< K sup (¢7(s)M{] (Svf))/o %dt

0<s<1
K
<K a .
—= |Lf”axq#7@q(r)

Namely ||C[f]llso,q.0 < K||f]lo0,q,- This completes the proof of the Theorem.
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