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ABSTRACT. Let G be a o-compact locally compact nondiscrete group and let
Q be a G-invariant ideal of L°°(G). We denote the set of left invariant means
m on L*°(G) that are zero on Q (i.e. m(f) =0 for all f € Q) by LIMg. We
show that, when G is amenable as a discrete group and the closed G-invariant
subset of the spectrum of L°°(G) corresponding to @ is a Gs-set, LIMg is
very large in the sense that every nonempty Gs-subset of LIMg contains a
norm discrete copy of 8N, where N is the Stone-Cech compactification of the
set N of positive integers with the discrete topology. In particular, we prove
that LIMg has no exposed points in this case and every nonempty Gs-subset
of the set of left invariant means on L>°(G) contains a norm discrete copy of

SN.

1. INTRODUCTION AND NOTATIONS

Let G be a locally compact group with a fixed left Haar measure A. If G is
compact, we assume A(G) = 1. For f € L>®(G) and = € G, the left translation
of f by z is defined by ,f(y) = f(zy), y € G. A left invariant mean on L*(G)
is a positive linear functional on L>®°(G) with m(1) = 1 and m(,f) = m(f) for
all z € G and all f € L*°(G). We say that G is amenable if there exists a left
invariant mean on L (G). The set of left invariant means on L>°(G) is denoted by
LIM (see [4], [7] and [8] for details about amenable groups). For a subset  of G,
the characteristic function of €2 is denoted by 1g and the complement of  in G is
denoted by Q°¢ =G ~ Q.

It is well known that L>°(G) is a commutative Banach algebra under pointwise
multiplication. If S is the spectrum of L (@), then L*°(G) = C(S) by the Gelfand
isomorphism. The left action of G on L™ (@) induces an action of G on S; con-
sequently corresponding to any closed G-invariant ideal @ of L*>(G) is a closed
G-invariant subset Q of S where Q = {0 € S: 0(f) =0 for all f € Q} and vice
versa. We denote the set of left invariant means m on L*°(G) that are zero on Q
(i.e. m(f) =0for all f € Q) by LIM¢g. Then LIMg is a convex subset of LIM
and it can be identified with the set of probability measures on Q that are invariant
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under the action of G. By a Gs-subset of LIMg or LIM in this paper we mean a
Gs-subset of LIM¢g or LIM in the w*-topology of L>(G)*.

Let C be a convex subset of LIM. An element mg € C is called an exposed
point of C' if there exists an fo € L>°(G) such that Rem(fo) < Remgo(fo) whenever
m € C and m # mg, where Re«a denotes the real part of a complex number «.
The set of exposed points of C is denoted by Exp C. Let SN be the Stone-Cech
compactification of the set N of positive integers with the discrete topology. We say
C contains a norm discrete copy of SN if there is a linear map 1 : £°(N)* — L>(G)*
and a positive number « such that ||| < ||¢(9)| < ||0] for all 6 € £°(N)* and
P(F) C C, where

F={0€(®N)*:0>0, |0 =1and §(f) =0if f € £>°(N) with lim f(n) = 0}.

It is known that SN ~ N C F and consequently card F = 2¢.

In [1] Granirer asked whether LI Mg has any exposed points (also see Talagrand
[11]). The author proved in [5] that LIM has no exposed points if G is o-compact
and amenable as a discrete group. Talagrand [10] proved that LIM is large in the
sense that every nonempty Gs-subset of LIMg contains a norm discrete copy of
ON if G is a compact abelian group. Our main result of this paper is the following;:

Main Theorem. Let G be a o-compact locally compact nondiscrete group. Let
{fn} be any sequence in L*°(G), and A={m e LIM : m(f,) =0 for all n}.
If G is amenable as a discrete group, then A has no exposed points. If A # &, then
A contains a norm discrete copy of GN.

We will prove that every nonempty Gs-subset of LIM contains a nonempty
subset A as above. Hence we have the following corollary, which improves the main
result we obtained in [5] (see section 2 for the statement and proofs of Corollaries
1-3).

Corollary 1. Let G be a og-compact locally compact nondiscrete group. If G is
amenable as a discrete group, then every nonempty Gs-subset of LIM contains a
norm discrete copy of BN.

If Q is a Gs-subset of S, we will show that LIMg is a Gs-subset of LIM. So we
have the following:

Corollary 3. Let G be a o-compact locally compact nondiscrete group. Let Q) be a
closed G-invariant ideal of L*°(QG). If G is amenable as a discrete group and Qisa
Gs-subset of S, then every nonempty Gs-subset of LIMg contains a norm discrete
copy of BN. In particular, LIM¢g has no exposed points.

Remarks. (1) Talagrand [10] proved that if G is a compact abelian group and Q
is any closed G-invariant ideal of L*°(G), then LIMg is large in the sense that
every nonempty Gs-subset of LIM¢ contains a norm discrete copy of SN. We do
not assume that G is abelian in our corollary above (note that abelian groups are
amenable as discrete groups), but we do require that Q be a Gs-subset of S.

(2) Our Corollary 2 of the Main Theorem is also an LIM version of Granirer’s
Theorem (see Paterson [7], (7.28), or Granirer [1]):

Theorem (Granirer). Let G be a noncompact, o-compact locally compact group.
Let {fn} be a sequence in L>(G) and C a compact, Gs-subset of the spectrum of
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L>(G). Let
A={meTLIM : supp (m) CC, m(f,) =0, n=1,2,3,...},
where TLIM s the set of topologically invariant means on G (see [7]). If G is

amenable as a discrete group, then A has no exposed points. If A # &, then A is
not separable.

By taking the real part of a function, we can assume, without loss of generality,
all functions considered in this paper to be real valued.

2. THE MAIN RESULTS

To prove our main theorem, we need the following lemma. Its proof is a modifi-
cation of the proof of Theorem 6D of Talagrand [9].

Lemma. Let G be a o-compact nondiscrete locally compact group and let f,, €
L*(G), n = 1,2, .... Suppose A={m e LIM: m(f,) =0, n=1,2,...}. If
G is amenable as a discrete group and A # ¢, then for any fo € L°(G) and € > 0
there exists an open set Q C G such that \(Q) < € and sup{m(fp) : m € A} =
sup{m(1lafo) : m € A}.

Proof. Step 1.  We will prove that for any ¢ > 0 and any f € L*°(G), there exist
a pu € LIM and an open set 2 C G such that

AQ) <€, u(leg)=1and pu(f) > a=sup{m(f) :me LIM} —e.

For u = (u1,ua,...,up,) € G, let C, = {t € G+ L 3, f(t) > a}. By the
i=1
definition of the number a, A(Cy,) > 0. It follows from Lemma 6C of Talagrand [9]
q
that there is an open set €2, of G with A\(Q,,) < €271 such that A\(C,N ) £:2,) >
)

K2

0 for all w € G", g and t1,t2,...,t € G. Put @ = |J Q. Then A\(Q2) < ¢ and, for

n=1

q

all n, ¢ and all u € G™ and t € G9, we have \(C, N [ £:€2) > 0. It follows from the
i=1

proof of the step 1 of Theorem 6D in Talagrand [9] that such a u as above exists.

Step 2. Let 0 < € < 1 be fixed. Put

N.={m € LIM : there is an open subset Q2 C G
such that A(Q) < e and m(lg) =1}.
Let t € G and m € LIM. If Q is an open set of G with m(1lg) = 1 and A(Q2) < ¢,
then we have
1> m(lane) > m(le) — m(lie) =1 = m(lonw) = 1.
If G is not compact, then A(2 NtQ) — 0 when “t — 00”. If G is compact, then

inf \(QNtQ) < / MQNtQ) dt = / lo(z)lio(x) do dt = A\(Q)? < €%
teG G Iel
Therefore, for all u € N. and n > 0, there exists an open set Q of G such that
A(Q) <nand p(lg) =1.

If p1,p2 € N, then there exist open sets Q1,0 of G with A(Q1) < 1e and
AM€2) < e such that pi() = p2(Q) = 1. Hence, for any 0 < § < 1,
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(Spr + (1 — §)p2)(lo,un,) = 1 and A(Q1 U Q) < e So duy + (1 — d)u2 € Ne
and N, is convex. ) .

By the Hahn-Banach Theorem, LIM C N." , where N." is the closure of N,
in the w*-topology of L>°(G)*. (Otherwise, let mg € LIM ~ N*", there exist
numbers 71 and ro with r; < rg and f € L°(G) such that m(f) < r; < ra < mo(f)
for all m € N.*". This contradicts Step 1).

Step 8. Let o = sup{m(fo) : m € A}. Since A is w*-closed, there exists a v € A
such that v(fy) = a and v(f,) =0 for n =1,2,.... Let ¢ > 0 be given. For each
n, let €, = € 27"~ By Step 2, N, is w*-dense in LIM. Hence

N, m{mELIM: Im(fx) — v(fr)] < %, k=0,1,2,....,n} # 2.

Take an element j, from this set. Then |, (fx) — v(fi)| < L for k=0,1,2,...,n
and there exists an open subset 2, C G such that A\(Q,) < € 27" ! and pu,(1q,)

=1. Put Q= | Q,. Since LIM is compact in the w*-topology of L>(G)*, there
n=1

exists a cluster point u of {u,} in the w*-topology. Then A(R2) <€, u(lg) =1 and
w(fe) =v(f) =0for k=1,2.... Also, u(fo) = v(fo) = a. Hence p € A and

a = u(fo) = p(fole) + p(folae) = p(fole). O

In the proof of our Main Theorem below, we will use a Baire category argument
to split a function into infinitely many functions in L>°(G) such that each of them
supports an invariant mean in 4; then we use this to embed F into A (see the
following theorem for the definition of A).

Main Theorem. Let G be a o-compact locally compact nondiscrete group. Let
{fn} be any sequence in L°(G) and let

A={meLIM: m(f,)=0 for all n}.

If G is amenable as a discrete group, then Fxp A= @. If A # &, then A contains
a norm discrete copy of BN.

Proof. Let G = |J K, where each K is a compact subset of G and K; C K;1
g=1

for i = 1,2,.... We assume that {f;} is a dense subset of the linear span of {f;}

in L*°(G) without loss of generality. If f € L°°(G) and f is a real number,

Apg={me LIM: m(f)=p and m(f,) =0for all n }.

Assume that A # @. Let g € L°°(G) and let oo = sup{m(g) : m € A}. Then there
exists an mg € A with mg(g) = a by the w*-compactness of A. We will show that
Ay o contains a norm discrete copy of SN. Consequently, A has no exposed points.

To show that A contains a norm discrete copy of BN, we first observe that,
without loss of generality, for the set A4, . we may assume 0 < g <1 and a > 0,
since if we take

_ 149+ 19l L+ a+ |lgllo
11+ 9+ llglloclloo 11+ 9+ llglloolloc”

then Ag o = Agy,ao and ag > 0. We can also assume that A{t € G : ¢g(t) > 0} < cc.

90 and ag =sup{m(go): m € A} =
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In fact, it follows from our Lemma above that there exists an open set ) with
A(Q) < 1 and o = sup{m(gla) : m € A}. Then Ay1,)a € Ay and Mt € G :
(91a)(t) > 0} < oo. Therefore, we can assume that Mt € G : g(¢t) > 0} < oo,
m(lg) =1 for all m € Ay o and suppf, C Q without loss of generality (in fact, we
can take a subset of A, . consisting of all elements supported by Q. So we consider
fnlq only).

Next, we show that for such a ¢ and o we can find two functions g1, g2 and
mi,ma € Ay o such that
(a)0<gi <1,i=1,2;
(b) mi(gi) = a,i = 1,2
(c) 9= g1+ g2
(d) m1(g2) = ma(g1) = 0.
Let X = {f € L>®(G) : 0 < f < g}. Then (X, - |1) is a complete metric space.
Let [,n € N and n > 0 be fixed. For each p,q € N, put

Xip.a, :{ f € X : there exist z1,22,...,2p € Kgand 1 <75 <1

with /\{teG:%ZM(f(t)—kfj(t)) >a—%}=0 3

i=1
Using a Baire category argument, we will show, in the next three steps, that
there exists an f € X such that both f and g — f are not in X, , , for all [, p and
q.

Step 1. First, we show each X, 4 is closed. Suppose hy € X;, 4 and hy — h in

(X, - |l1)- By passing to a subsequence of {hy} if necessary we can assume that
there exists j € {1,2,...,1} such that for each k there exist ¥, x5, . ..,x]; € K,
such that

p

MteG: %wa(hk(t) F ) > a— %} 0.
=1

Since K, is compact, by passing to a subnet if necessary we may assume that, for
P
each 1 <4 < p, v¥ — ;. We claim A\{t € G : % oo (h(t)+ fi(t) >a—L}=0.1f

=1

not, let 6 > 0 be such that
1< 1
Mte@: Z;ZIi(h(t)ijj(t)) >a=— 40t =e>0.
i=1

Put

P

B:{teG:%ZM(h(t)—kfj(t)) >a—%+(5}.

i=1
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Then we have

/ 23T )+ £500) -

¢ P

p

D (he(t) + £5(t))] dt

i=1

D=

p p

1 ¢ 1
< [ i h0 - S hutolars | I—qufg ~ kil
1 P
<32/

1L 1L
+—Z/ |xh — prhi|dt + =
pimJde ' pPi3
k

as 7 — x; foreach 1 <14 <p.
On the other hand, since for each z € B,

wih — | dt

o B () = F (O] — 0

P
=D (ht) + 15(1) —%me (hi(t) + £5(8))] >
2 =1

we have

(7=
8
A
A
+
':h

’UI»—*

i

p
— = (ha(t) + £5(2)] dt
=1

p

i=1

S
Ti
’BH—‘

1 p
z/lg|—zwb<< 1500
> 0A

for all k. This is a contradiction. Therefore our claim is proved and it follows that
h e Xl,p,q.

Step 2. Also, X p 4 is nowhere dense. In fact, for any f € X and any € > 0, by our
Lemma, there is a subset € of G and an m € Ay o such that A\(Q) < e, m(1lg) =1
and m(glg) = a. Let f* = glg + flg~q. Then f* € X and ||f* — f|1 =
9l — flal1 < 2e. Since m(f*) = m(gla) = a > a — 2 and m € Ay 4, for any

1<j<l,

p
Mted: %Zmi(f*(t) L) > a— %} £ 0 for all (z1,23,...,2p) € K.
=1

Hence f* ¢ X p.q-

Step 3. For any I,p,q € N, let X —{feX g—fEXqu} Then X, 4

and X7,  are isometric in (X, [ - [lx ) So X7, . is also closed and nowhere dense in

(X, | -1l1)- Hence there exists an f € X ~ |J (X;,qUXf
L,p.q

£p.q) Dy the completeness

of X.

Next we will show that there exist mq,mo € Ag o with mq(f) = ma(g— f) = a.
Let

H = linear span of { F —,F': Fe€ L*(G)andt € G} U {f;}.
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For any € > 0, since {f;} is dense in the linear span of {f;} in L>°(G), there exists
an h in the linear span of { F' —F : F € L*>°(G) and ¢t € G } and j such that

inIf{ess sup (f(t) + s(t)) > esssup (f(t) + h(t) + f;(t)) —e.
s€ teG teG

Since G is amenable as a discrete group, by Fglner’s condition, there exist a k and

k
an x = (21,2,...,7;) € G* such that ||+ 3 4.k

| < € (see Granirer [3] for its
i=1

proof).

o0
Since G = | K, there is a ¢ € N such that z1,9,...,25 € K,. Thus, since
qg=1

k
[ ¢ Xikq for all I, we have Mt € G : & ;z(f(t) + fi(t)) > a— 1} £ 0 for all j.

By Proposition 5 in Granirer [2], we have

sup m(f) = inf ess sup (f(t) + s(t))
meA s€H  yeq

> ess sug (f(t) +h(t) + fi(t) — €

k
> esssup 13 (F(1) + (1) - 2

teG K

1
>a— = — 2.
n

Therefore, there exists an m,, € A such that m,(f) > a— 1. Similarly, since for all

P
x1,%2,...,xp € Gandall j, \{t € G : % > (9= +f;1) > a—1} £ 0, there

i=1

exists an M,, € A such that M,,(¢ — f) > o — % Let m and M be w* limit points
of m,, and M, respectively. Then m, M € A, m(f) > a and M(g— f) > «. Since
0<f<gand0<g—f<g,m(g) >aand M(g) > a. Hencem(f) = M(g—f) = «
and m,M € A, .. Therefore, if we take g1 = g — f, g2 = f, m1 = M, my = m,
then m;(g;) = a, 0 < g; < 1 and m; € Ay, for i = 1,2. We also have that
mi(g2) =0, ma(g1) =0 and g = g1 + go.

Now we are ready to embed F into A, .. By continuing the same argument as
above inductively (replace f by g2, and so on), we construct a sequence {g,} of
functions in L*>°(G) with the following properties.

(1) 0 < gp <gforall nand for any k, we have 0 < g1 +ga+ -+ gx < g.
(2) There exists a sequence {m,,} in A, , such that m,(g,) = a and m,(9—gn) =
0.

Define 7 : L>®(G) — £>*(N) by n(f)(n) = my(f) for f € L>®(G) and n € N.
Then it is clear that 7 is positive, 7(1) = 1 and ||«|| = 1. For any £ € ¢*°(N), let
f=01)g1+4(2)g2+... . Then f € L>=(G) and 7(f)(n) = mn(f) = mn(L(n)gn) =
al(n), ie., w(f) = af, and ||7(f)||co = asup|l(n)| = a||¢||ec- Hence 7 is onto and,

n>1

since 7(1) = 1, ||7*|| = 1. Thus, «||0]| < ||7*(0)| < ||6] for all § € £°(N)*. It is
clear that 7*F C LIM (see Miao [6], Theorem 2.5). We will show that 7*F C A, ,.
Let 6 € F. Then there exist a net {ng} in N such that ng — 6 in the w*-topology
of £>°(N)*. For any h € H, 7*0(h) = 0(wh) = lién (mh)(ng) = lién My, (h) = 0 and
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™0(g) = 0(rg) = lién (rg)(ng) = lién My, (g) = . So 70 € Ay o. For 61 and 63 in
F with 91 75 92, then ||91 — 92” = 2. Hence H7r*(91 — 92)” Z Oé||91 — 92” = 2a. O

Corollary 1. Let G be a o-compact locally compact nondiscrete group. If G is
amenable as a discrete group, then every nonempty Gs-subset of LIM contains a
norm discrete copy of BN.

Proof. Let O be a nonempty Gs-subset of LIM. Then O = [ Oy for some open

k=1
subsets Oy, of LIM. Let mg € O. By the definition of the w*-topology of LIM,
O contains a neighborhood of mg in the form of {m € LIM : «; < m(f;) <
B; fori=1,2,...,n}, where «;, 8; are numbers and f; € L*>°(G) fori=1,2,...,n.
For each k, we may assume, without loss of generality, that there are numbers a;, b;
such that Oy = {m € LIM : a; < m(h;) < b; for i = ng,ng + 1,..., 041}
where n1 < no < nz < ... is a sequence of natural numbers and hq, ho,... is
a sequence of elements of L>°(G). Let f; = h; — mo(h;) for all .. Then the set
{m e LIM: m(f;) =0for all i} contains mg and is a subset of O. By our Main
Theorem, it contains a norm discrete copy of GN. O

Remark. This improves the main result of Miao [5]. Corollary 2 below is a “LIM”
version of Granirer’s theorem in [1] (see [7], (7.28)).

Corollary 2. Let G be a o-compact locally compact nondiscrete group. Let C be a
compact, Gs-subset of the spectrum of L>°(G) and let { f.} be a sequence in L=(QG).
If

A={m e LIM : supp m CC, m(f,) =0 for alln > 1}

and G is amenable as a discrete group, then Fzp A = @. If A # &, then A contains
a norm discrete copy of BN. Consequently, A is not separable in the norm topology.

Proof. Since C is a Gs-set, we can find a sequence {C,} of open sets of S such that

o0

Cnt1 C Cp and C = () Cp. Since S is the maximal ideal space of L>®(G), it is
n=1

0-dimensional. So we can suppose that each C, is open and closed. Hence there

are subsets U,, of G such that U, = C, for all n, where U, is defined by 6 € Un if
and only if 0(1y, ) = 1. Thus,

A={me LIM: m(f,) =0 and m(lg~y,) =0 for all n}.

By our Main Theorm, Exp A = @ and if A # &, then A contains a norm discrete
copy of BN . O

Corollary 3. Let G be a o-compact locally compact nondiscrete group. Let Q be a
closed G-invariant ideal of L*°(QG). If G is amenable as a discrete group and Qisa
Gs-subset of S, then every nonempty Gs-subset of LIMg contains a norm discrete
copy of BN. In particular, LIM¢g has no exposed points.

Proof. As in the proof of Corollary 2, since C is a Gs-set, we can find a sequence
{C,} of open subsets of S such that C,+1 C C, and C = () Cy; there are subsets

n=1

U, of G such that U, = C, for all n, where U, is defined by 6 € U, if and only
if (1y,) = 1. Thus, the set {m € LIM : m(lg~y,) = 0 for all n} is equal to
LIMq.
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Let O be a nonempty Gs-subset of LIM¢g. As in the proof of Corollary 1, we

can assume that there is a sequence {f,} in L>°(G) such that

O={meLIM: m(f,)=0 forall n}NLIMg.
Hence O = {m € LIM : m(f,) =0 and m(lg~y,) =0 for all n} contains a

norm discrete copy of SN by our Main Theorem. O
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