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A CHARACTERIZATION OF UNIFORM CONTINUITY
FOR VOLTERRA EQUATIONS IN HILBERT SPACES
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ABSTRACT. We show that the norm continuity of the resolvent for a Volterra
equation of scalar type is equivalent to the decay to zero of a holomorphic
operator family along some imaginary axis.

1. INTRODUCTION

Let X be a complex Banach space. In this work we consider the following
Volterra equation of scalar type

(1.1) u(t) = /0 a(t — s)Au(s)ds + f(t), te J:=[0,T],

where A is a closed linear, densely defined operator in X, and a € L}, .(R) a scalar
kernel. A continuous function u : J — X is called a strong solution of (1.1) on J
if u(t) € D(A) for all t € J , Au(t) is continuous, and (1.1) holds on J. The basic
concept concerning (1.1) is that of well-posedness which is the direct extension of
the corresponding notion usually employed for the abstract Cauchy problem (of
first order)

(1.2) u(t) = Au(t),  u(0) = up.

In [4] it is shown that well-posedness is equivalent to the existence of a resolvent
{S(t)}+>0 C B(X) for (1.1), i.e. a strongly continuous family of bounded linear
operators in X which commutes with A and satisfies the resolvent equation

(1.3) St)r =x + /Ota(t —5)AS(s)xds, t>0, xe€ D(A).

The resolvent is the central object to be studied in the theory of Volterra equa-
tions; it corresponds to the strongly continuous semigroup generated by A in the
special case a(t) = 1, i.e. for (1.2). The importance of the resolvent S(t) is shown
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by the variation of parameters formula

(1.4) u(t) = S(t)f(0) + /0 S(t—s)f(s)ds, telJ,

where f € WH1(J; X).
Due to the time invariance of (1.1), Laplace transform methods can be employed.
Formally the Laplace transform H(X\) = S(A) of the resolvent is represented by

(1.5) H\) = (A — Aa(\)A)~L.

This formula leads to a characterization of Hille-Yosida type for existence of
an at most exponentially growing resolvent for (1.1) in terms of properties of the
holomorphic operator family H()) . For a general exposition of the theory, we refer
to J. Priiss [4].

In this article we characterize the uniform continuity of the resolvent S(t) for
(1.1) on Hilbert spaces in terms of (1.5). We show that the norm continuity of S(¥)
for t > 0 is equivalent to the decay to zero of H()\) along some imaginary axis.
For the special case a(t) = 1 and A generator of a Cy-semigroup T'(¢) in H, we
have S(t) = T'(t) and the result reduces to a characterization of eventually norm
continuous semigroups obtained recently by P. You [5] (see also [1] and [3]).

2. A CHARACTERIZATION IN HILBERT SPACES

Let H be a complex Hilbert space, A a closed linear unbounded operator in H
with dense domain D(A), and a € L}, (Ry) a scalar kernel # 0 . We consider the
Volterra equation

(2.1) u(t) = f(t) —|—/O a(t — s)Au(s)ds, teJ,

where f € C(J; H),J :=[0,T].

Since (2.1) is a convolution equation on the halfline it is natural to employ the
Laplace transform for its study. Besides the standing assumptions on a(t) and A
we therefore suppose that a(t) is Laplace transformable, i.e. there is w € R such
that [ e™“a(t)|dt < co. But we also have to restrict the class of resolvents.

We recall that S(t) is called exponentially bounded of type (M, w), if there are
constants M > 1 and w € R such that

[|S(t)|| < Me**, for all t > 0.
We will also need the following definition from [4].

Definition 2.1. Let a € L}, (R;) be Laplace transformable and k € N. a(t) is

loc

called k-regular if there is a constant C' > 0 such that
e ()] < Cla(v)]
for all ReA >w , 0 < n <k.

Convolutions of k-regular kernels are again k-regular. Moreover, integration and
differentiation are operations which preserve k-regularity as well. See [4], p. 70.
Our main result in this article is the following characterization.

Theorem 2.2. Let A be a closed linear unbounded operator in a Hilbert space H
with dense domain D(A) and let a € Li,.(Ry) satisfy [;° e “!|a(t)|dt < oo for

some w € R. Assume (2.1) admits a resolvent S(t) of type (M,w), and a(t) is
2-regular. Then the following conditions are equivalent.



UNIFORM CONTINUITY FOR VOLTERRA EQUATIONS 3583

(a) (S(£))e>0 is continuous in B(H) for ¢t >0,
(b) limy,| oo [|[H (o +ip)|| = 0 for some po > w.

The above theorem reduces for the case a(t) = 1 to the following result of P.
You [5].
Corollary 2.3. Let A be the generator of a strongly continuous semigroup T(t) on
a Hilbert space H. Then the following conditions are equivalent.

(a) (T'(t))e=0 is norm continuous fort >0,

(b) limy, oo [|R(p1 +ip; A)|| = 0 for some py > w.

Uniform continuity of the resolvent S(¢) has a number of important conse-
quences. For example, u(t) defined by (1.4) in general is a solution of (1.1) if
Af € WHY(J;H) or f = ax g with g € WHI(J; H); if S(t) is B(H)-continuous,
then Af € BV(J;H) or f = axg with g € BV (J; H) are already sufficient.

Another type of application concerns stability of (1.1) or, in other terms, inte-
grability of S(t) (see [4], section 10).

For example, suppose b € L}, (R} ) satisfies fo (t)|e=Ptdt < oo for some 3 > 0,
and assume there is a resolvent Sy(t) for

/bt—SAv )ds, teRy,

such that wy, = lim;_, oot ~10g|Sy(t)| < occ.
Let c(t) be a completely positive function with associated creep function

t
k(t) =k +wt+/ k1(s)ds, t >0,
0

where k,w > 0,k1(¢t) > 0 nonincreasing with lim;_. k1(t) = 0, and let « = w +
k1(0%). According to [4], Theorem 4.1, there is a resolvent S, (¢) for (1.1), where
a € L}, (R;) is defined by a(\) = b(1/¢(N)), for Re sufficiently large.

As a direct consequence of Theorem 2.2 and [4], Theorem 10.4, we obtain the
following result.

Theorem 2.4. Let H be a Hilbert space. Suppose the function

9(zw) = w (b(z) /b(z + 2w) — 1)
is analytic at (00,0), let 1/k + a < 0o and assume o > wy, and b(t) is 2-regular.

Then S, (t) is uniformly integrable if So(t) is integrable and

e [Hy(po +ip)|| =0

for some sufficiently large pg.
In order to prove Theorem 2.2 we will need the following lemmas.

Lemma 2.5. Let a € L}, (Ry) be Laplace transformable and assume that
H\) =M= xa\)A)™!
exists for all ReX > w. Then there are functions ki(\), k2(X) and hi(X\), ha(X),
hs(\) such that
() H'A) = ki(NH) + k2 M) H(N)?, Re) > w,
(i) H"(A) = hi(NHA) + ha(A)H(N)? + hs(\)H(N)?, Rel > w.
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Proof. First, we observe that a(\) # 0 for ReA > w because A is unbounded ([4],
p. 43). Next, let H(\) = p(\)(q(\) — A)~! where p()\) := )\alo\) and ¢()\) = &(1)\).
Then,

/ PN 7\ 2
H'()\) p(}\)H()\)—p(/\)H()\) , Rex>w,
and
iy ') 2¢(Mp'N) ") 2 2¢'(V)? 5 Re s w
H"(\) o) H(\) + ] RV o JH(N) D2 H()\)?, Re)>w.

Remark. A calculation shows us that

1L dW NN
and
. 2a’(N\) 2 2?1/()\)2 a"(\)
(2.3) hi(X) := NV + 2 + Az Al Rel > w,
o 24’ (N)  Aa”(N) o —2)\251/()\)2 . w

As a direct consequence of formulae (2.2)-(2.4) we obtain the following:

Lemma 2.6. Let a € L} _(R.) be Laplace transformable and 2-regular, then there

loc
exists a constant M > 0 such that

(1) (M k14N < M for all ReX > w; j=0,1,
(i) fuzn hi(uo +ip)ldu < M for all po >w and N > 1;j = 1,2,
(iii) Supju>nlhs(po +in)| < M for all o > w and N > 1.

We will need also the following result from [1].

Lemma 2.7. Let X be a Banach space and let R : [0,00) — X be a function which
is continuous for t > 0. Moreover, assume thalz there exist M > 0,w € R such that
|R(t)|| < Me®*. Then the Laplace transform R(X) := [ e R(t)dt exists for all
A € C satisfying ReA > w and

lim R(uo +ip) =0

|| —o0
for every po > w.

We can now prove our main result. The proof is inspired by the proof of O. El
Mennaoui and K.-J. Engel [1] for the semigroup case.

Proof of Theorem 2.2. (a) implies (b). We use Lemma 2.7 choosing X = B(H) and
R(t) = S(¥).

(b) implies (a). Let x € H be fixed. Because ||S(t)e Hotz|| < Mewot||z|| with
wo = w — po < 0, the function ¢t — x[o,00)(t)e ! S(t)z is in L*(R; H), where
X[0,00)(t) denotes the characteristic.
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Since H is a Hilbert space, by Plancherel’s theorem the Fourier transform is a
unitary operator on L?(R; H). Thus we obtain

F(X[0,00)()eHS()) = H(po +ip)z.

Hence,
1 e
(2.5) S(t)e Moty = %/ e H (o + ip)zdp,

for ¢ > 0 and each x € H. Clearly, the resolvent S(t) is continuous in B(H) for
t > 0 if and only if S, (t) := S(¢t)e#°* is continuous in B(H) for ¢t > 0 . Next, note
that for € D(A) we have

H ‘i) =a +au)H +iu)Ax + — .
(1o +ip) (po +ip) H (po + ipe) S

Observe that a(po + ip) — 0 as |u] — oo by the Riemann-Lebesgue lemma. In
particular limy,| o H(po + ip)z = 0. Using this and integrating by parts in (2.5)
we obtain

-1 o

= omi | H o i)

SMO (t)(E

for all z € D(A),t > 0. Next, by Lemma 2.5(i) and Lemma 2.6(1) we also get
lim| oo H'(pto + ipp)x = 0. Using this and again integration by parts we obtain
the formula

1 o0

—5 | €MH (o + ip)ady

(2.6) Sy (1) =

o0

for all x € D(A),t > 0.
Next we show that the operator family (¢25,,,(¢)) is continuous in B(H) for ¢ > 0.
In fact, formula (2.6) shows

1 oo . ,
162810 (1) — 875 (5)]| = —li / (e — e )H" (o + ip)wdpl|

1 , - .
< -l (e — e )H" (o + ip)zdpl|
T Jiu|=N
1

41 / ekt — e || H (o + ipt)al|ds
T JIul<N

= [,(N) + Iy(N).
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Let € > 0. We show that I; (V) < ¢||z|| for N sufficiently large. To this end take
x* € H and observe that by Lemma 2.5(ii) we have

1 , .
§|</ (et — e ) H" (po + ip)zdp, )|
[u|=N
< / [(h1(po + ip) H (po + ip)w, x)|dp
|u|>N
+ / [(ha(po + ip) H (po + ip)a, ) |dp
lul>N

+ / (s (o + i) H (o + i)z, ) ds
|| >N

< Supju>n|[H (po +ip)|| ((/ |h1(po + ip)|dp) ||| [|2*|]
nl=N

H ([ G el P 2o+ i Py
lu[=N lu|=N

+ Suppus nlha (o + ip)|( /| G+ el
pl>

X (/ |[H (ko +iu)*x*ll2du)”2>
|u|>N

where we used the Cauchy-Schwartz and Holder inequalities. Next, by the
Plancherel theorem for the Hilbert space valued Fourier transform (see [2], Lemma
2) and Lemma 2.6(ii) and (iii) , we get the estimate

< Supwzzvlll‘f(uo+iu)||(Mllflfll||33*||+(27TM/0 1S o (t)]2dt) /2|27

b aren [ 1Sy el Pty 2 ||su0<t>*x*||2dt>l/2).
0 0

Since (Sy, (t))¢>0 and the adjoint (S, (t)*)s>0 are exponentially bounded of type
(M, wyp) for some wy < 0, there exists a constant C' > 0 such that

oo

o / 15,0 (t)z]2dE < C?[z]| and  2x / 16,0 (827 |2dt < O[]
0 0

Combining this with the above estimate we obtain a constant K > 0 such that

V) = Supeal( [ e o i)
ul>

2K Sup)u>n|[H (o + ip)|| |]2]]-

IN

Since lim|,| o0 || H (o + ipt)|| = 0 there exists N > 0 such that
2K Sup|u>N|[H (o +ip)|| <€

which yields the desired estimate I1 (V) < €||z|| for every € D(A).
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In order to estimate Iy(N) we observe that |e™'® — 1|2 = 4sin*(a/2),a € R.

Therefore, for the above fixed N we have

/| T S o i
pl<
. (s—=1t)u .
<2 f <N|sm<%>| 1 (o + ipt)al|du
pl<

<|[s—tN |H" (o + ip)z||dp.
[ul<N

Using these estimates for I (IV), Io(N) and the fact that D(A) is dense in H

yields [|t2S,, (t) — %S, (s)]| < 2¢ for all |s — t| < §. This completes the proof. O
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