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ABSTRACT. In the present paper, we study the existence of solutions to the
problem

u >0 in D

Au+ f(z,u) =0 inD
u=0 on 0D

where D is an unbounded domain in R? with a compact nonempty boundary
0D consisting of finitely many Jordan curves. The goal is to prove an existence
theorem for the above problem in a general setting by using Brownian path
integration and potential theory.

1. INTRODUCTION

In the present paper, we study the existence of solutions to the problem

Au+ f(z,u)=0 in D
(1.1) u>0 in D
u=0 on 0D

where D is an unbounded domain in R? with a compact nonempty boundary 0D
consisting of finitely many Jordan curves. The goal is to prove an existence theorem
for problem (1.1) in a general setting by using Brownian path integration and
potential theory.

For D C R", n > 3, D unbounded and with a compact Lipschitz boundary,
Z. Zhao [13] proved the following problem:

Au+ K(x)f(u)=0 inD

(1.2) u >0 in D
u=>0 on 0D

if K is a Borel measurable function in D satisfying that the family {%} is
uniformly integrable over D with a parameter x € D, and f is a continuous function
in (0,b) for some 0 < b < oo satisfying that:

lim M

w—0t W

=0.
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Then the problem (1.2) has infinitely many bounded solutions. More precisely,
there exists by € (0, b] such that for each ¢ € (0, bg] there exists a solution u of (1.2)
satisfying
| llim u(z) = c.
A similar nonlinear problem for the second order ordinary differential equations
is studied in [14]. We state our main result as

Theorem 1.1 (The Main Theorem). Let D be an unbounded domain in R? with a
compact nonempty boundary 0D consisting of finitely many Jordan curves. Suppose
that f(x,s) is a Borel measurable function in R? x RY and f(x,-) is a continuous
function in RT for each fizred x € R2. If there exists a positive, convex and contin-
uously differentiable function F(x,s) in R? x RT satisfying the conditions

(1.3) |f(z,8)| < F(z,s), (r,5)€R*xRT,
(1.4) F(x,0) = Fs(2,0) =0,

and

(1.5) Fo(z,In(|z| + 1)) € K5°,

then the problem

Au+ f(z,u)=0 inD
(1.6) u >0 in D
u=0 on 0D

has infinitely many solutions. More precisely there exists a number b > 0 such that
for each ¢ € (0,b], (1.6) has a solution u satisfying

u(x) _

(1.7)

Remark. A special case of the above general setting is the semilinear problem for
any V in Ky, and p > 1: If we take f(z,s) = V(x)s? and F(z,s) = |V (z)|s?,
then problem (1.1) becomes the corresponding problem for the semilinear elliptic
equation
Au+V(z)u? =0 inD
(1.8) u>0 in D
u=20 on dD.

Then f and F satisfy (1.3) and (1.4) obviously. Condition (1.5) on F' is equivalent
to

|V (2)|[In(1 + |z|)]Pdz < co.

|| =1

2. GREEN FUNCTIONS AND h-CONDITIONAL BROWNIAN MOTION

In this section we collect the results on Green functions in R? and h-conditional
Brownian motion.
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The Kato class K> is defined to be the set of all Borel measurable functions on
R? satisfying

1
2.1 lim | sup / In ——|q(y)|dy| =0
(2.1) | |y—x|| ®)]
y—z|<a

where ¢ : R2 — R is measurable. K is an important class of the potential functions
for the Schrédinger operator. Another potential class K$° which was introduced in
[5] is as follows:

(22 K@ ={aekes [ mlyloldy <oc
ly|>1

Let {X;} be 2-dimensional Brownian motion (see [2]). For any open or closed set
A in R2, let

Ty(w) =inf{t > 0: X;(w) € A}
This is called the hitting time of A. The hitting time of A€ is called the exit time
from A and denoted by 74. We shall use P* to denote the probability measure on
the Brownian continuous paths starting at . E7® is the expectation on P®. Let

Gp(z,y) be the Green function for D. We list some known results.
For any Borel function ¢ in D the Green operator is defined as

Goeta) = £ | [ x|
=D/GD(1?,y)w(y)dy,
and

(2.3) A(Gpp) = —2¢.

Proposition 2.1. Let D be an unbounded domain in R? with a compact nonempty
boundary 0D consisting of finitely many Jordan curves. Then there exists a har-
monic function h > 0 in D such that

(2.4) Dglglﬁliz h(z) =0 VzedD,
and
. h(z)
2.5 lim =1
Proof. Pick a point a € R?\D and r > 0 (small enough) such that B(a,r) C R?\D.
Let 2% = a + r? ‘(5__5‘)2 be the Kelvin inversion from D U {co} onto D*, where

D* = {z* € B(a,r) : « € DU{c0}}. Since the Kelvin inversion preserves harmonic
functions and D* is bounded Jordan domain, we have

Gp(z,y) = Gp-(x*,y"), Va,yin D.
Let
h(z) = 7Gp~(z*, a).
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Thus, we have
(2.6) lim 7Gp(z,y) = lim 7Gp~(z*,y") = 7Gp«(z*, a).
Y—00 y*—a

The rest of the proof is just the properties of the Green function in the bounded
domain. 0

Now we can develop the notion of conditional Brownian motion introduced by
Doob for a general theory. Let h > 0 be a harmonic function in D. We define

pf(t; x,y) = h(x)_lpD(t;x,y)h(y), t>0, x,y€D,

where pP is the transition density of the killed Brownian motion. pf (t;z,y) sat-
isfies the conditions for a transition density. Let P and Ej denote respectively
the probability and expectation determined by the h-conditional Brownian motion
starting at 2. Then we have for all f € BT(D):

Eft < mp; f(Xy)] = h(z) " E*[t < 7p; f(X1)h(Xy)], =€ D.

Theorem 2.2 (3-G). Let D C R? be as in Proposition 2.1. Then there exists a
constant C > 0 depending on D only such that Vx,y, and z € D :

GD (1’, y)GD (yu Z)
GD (J:a Z)
Proof. We used Kelvin transformation to reduce to the bounded Jordan domain

case (see [2]). For n > 3, the 3-G theorem for the unbounded Lipschitz domain was
proved by Herbst and Zhao [6] based on [4]. |

(2.7) < C[Gp(z,y) +Gp(y,2) +1].

Proposition 2.3. If ¢ € K5°, then q € L'(R?).

Proof. Let ¢ € K$°. Then by definition of K$5°, ¢ € K3. So there exists a; > 0
such that

1
2.8 sup / In —q(y)|dy < 1
(2.8) sup |z_y|| )|
ly—z|<a:
and
(2.9) [ mlawlay < .
ly|>e

Let a = min (a1, e™!). For the compact set B = B(0, ¢), there exists finite points
L
x;, i =1,...,L, such that B C |J B(x;,a) and Vi = 1,...,L, y € B(z;,) we

i=1
have In —— > In e%l = 1. Then by (2.8)

|zi—y]
L
/Iq(y)ldyﬁz / la(y)ldy

ly<e =1B(@,a)

L

1
< In ——|g(y)|d
<> / n Wl

ile(mi,a)
< L.

(2.10)
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Since ¢ € K3°, we have

(2.11) / l9(y)ldy < / In [yla(y)ldy < oo.

lyl>e ly|>e

Thus, by (2.10) and (2.11)

/Iq |dy</|q )dy 4 L < oo.

ly|>e

3. UNIFORMLY INTEGRABLE FUNCTIONS

This is the main technical section in which we investigate uniform integrability
of the family of the functions {Gp(z,.)|q(.)|} and {h(w) p(z, )h()]qe()]}

Since D O B; = R?\B(a,r), using the explicit formula of Gg:(.,.) and the
definition of K$°, we can prove:

Proposition 3.1. For q € K35°, the family of functions {Gp(x,-)|q(-)|} with pa-
rameter x € D is uniformly integrable over D.

We define
(3.1) lallp = sup / Gz, y)la(w)|dy,
xT€E 5
and
(3.2) lall: = / la(v)|dy.
D

Proposition 3.2. Let D and h be as in Proposition 2.1. Then for any q € KS°,
we have

(a) {ﬁGD(x, Jh()|q(-)| - & € D} is uniformly integrable.
(b) There exists a constant cp such that Vx € D :

(33) / Gl y)h(w)la(v)ldy < eolllllo+ el

Proof. By Theorem (3-G), there exists C > 0 such that

Gp(r,y)Gp(y, 2)|q(y)]
Gplx,z)

Recalling h(z) = lim,_,o 7Gp(x, 2), and using Proposition 3.1 and the fact ¢ €
LY(D), we can obtain that {ﬁGD(ZE, Jh()|q()| : € D} is uniformly integrable.
Thus, (a) follows.
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By taking the integral of (3.4) with respect to y, we have

1

a;zzzy/chﬂ@yxnxywnq@ﬂdy

D

(3.5) scdbMam¢M@+/Gm%m¢mw+/mmw>
D D D

< cp(llallp + llallv),

where ¢cp = 2C. By taking the limit of (3.5) as 2z — oo, we have by Fatou’s lemma:

ﬁl[%(x,y)h(y)lq(y)ldy < ep(llallp + llgll)-

Proposition 3.3. Let D and h be as in Proposition 2.1. Let q € K3°. If

TD 1
(36) sup 5 | [ laxolar| < 3.
xeD 0

then the function
(3.7) w(z) = h(z)E? [efOTD 4<Xs>d5] , VzeD,

is well defined in D and satisfies that Vo € D

(3.8) e~ 2h(z) < w(z) < 2h(x),

and

(3.9) zwwzmw+/GMamammw@.
D

Proof. By Khas’minskii’s lemma, we have by (3.6),
(3.10) ES [efJD Wfﬁﬂ <2
By Jensen’s inequality and (3.6), we have

(3.11) e < EY [e. o” q(Xs)ds} .

Thus, it follows by (3.7), (3.10), and (3.11) that

N

h(z)e™? <w(zx) < 2h(x).
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The equality (3.9) will be obtained by calculation on the conditional Brownian
paths:

w(z) — h(z) = h(z)E [elo a(X.)ds _ 1}
= h(z)E} {/TD q(X,)elt " aXs )dsdt:|
0
= h(x) /OO EY [t <7Tp: q(Xt)ejf (X )ds] dt
0

:h(a:)/OOOEh [t<TD o(X)EYX [Jo q(Xs)dS”dt

(by the Markov property for the conditional Brownian motion)
_ / E* [t < 701 q(X)h(X)EX" {elo a(X. >dSH dt
0

:Amyﬁ<mmuwmxmh
— g [ /O ” q(Xt)w(Xt)dt]

_ / G (2, y)a(y)w(y)dy.
D

4. PROOF OF THE MAIN THEOREM
Let D* = D U {oc} be the compactification of D. Let
(4.1) P(D)={yeC(D): lirélaDw(x) and ‘ 1‘im P(x) exist and are finite}.

Obviously P(D) is isometric to C(D*°). P(D) is a Banach space, with the norm
[4[] = sup [ (2)].
xeD
Let ¢o be a positive function belonging to K5°, and let

(4.2) Qo = {q € K37 : |q(x)| < qo(z), Yz € D}.

Proposition 4.1. For a fized qo > 0 and qo € K35°, and the harmonic function h
as defined in Proposition 2.1, the family of the functions

G [Qo] = /GD Vaw)dy : g € Qo

is uniformly bounded and equicontinuous in D, and consequently it is relatively
compact in P(D).

Remark. In order to imply the relative compactness of the family in the supremum
norm, the equicontinuity of the family in P (D) should include that the two limits
in (4.1) converge uniformly for all functions in the family. This is a modification of
the classical Ascoli-Arzela theorem.
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Proof. The uniform integrability of {ﬁG(m, Yh()g()| :z € D}, by Proposition
3.2, justifies the interchange of the limit and integration, hence we obtain that the
function

1
=— | G h d
0= 707 [ Gole k)
D
is continuous. lim|| o Lg(2) and lim,..cop Ly(7) exist and are finite. Thus, L,
belongs to P(D). For any g € Qo, by (4.2) and 3.2 we have

sup C:D (CE, y)

(z y
h dy < d
") 7o) (Wla(y)ldy < Sup/ e Y)qo(y)dy

< cp(llaollp + llgoll)-

Thus, Gb[Qo] is uniformly bounded. By using the uniform integrability of
{ﬁGD(xa Jh(-)qo(+)}, we have
i) Vg € Qo,Vz €D, as z,2’ — z:

/%ﬁ’)y)h(y)q(y)dy—/wh(y)qw)dy

D D

since x — 2’ — 0.

11) Vq S QOa
/%h@ﬂq@n@ < /%ﬁ’)y)h(y)qo(y)dy —0

D D
as |x| — oc.
Thus, G% [Qo] is equicontinuous in P (D), and the limits in (4.1) converge uniformly

for all functions in G7[Qo]. Then by the Ascoli-Arzeld theorem G [Qo] is relatively
compact in P (D). O

Proof of the Main Theorem. Let b > 0 be the real number determined later and,
for ¢ € (0,b], let

(4.4) A= {v e P(D): ce® < v(z) <2, Vzxe D}.
For each v € A define
(4.5) Tu(x) = cEy [efOTD q”(X‘)dt} , YrxeD
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where
f(z, v(x)h(z))
4.6 w(T) = =
(49) ) = ()
For each x € D, by using condition (1.3), (1.4) and the mean value theorem we
showed that

(4.7) ‘%’ < Fy(z, 2enln(|z] + 1)).

We now have

i [ o] = g [ [ M o,

_ 1 Gp(z, y)hW)|f(y, v(y)h(y))]
B W! 20(y)h(y) v
(by (4.7) and the 3-G Theorem)
(4.8) <C / (Gp(z,y) + h(y) + 1) Fs(y, 2enIn(y| + 1))dy.
D

Since Fs(y,In(Jy| + 1)) € K5° C Ko, there exists a € (0,1) such that
1 1

4.9 sup — / In ——

(4.9) =

zeD T £E|

ly—z| <o
By using F(y,In(|y| + 1)) € K$° again, we have by Proposition 2.3

1

{h(y) +1+ % [Cr + lné +2Inly — a@ } Fi(y,In(|y| + 1)) € LY(D).

Thus, using the monotone convergence theorem and noting that F(y,0) = 0 and
that Fs(y,-) is a nondecreasing function, there exists v € (0,1) such that

1 1 1
(4.10) / {h(y) +1+ p (C’r +1na +2In|y — a|>} Fs(y,vIn(Jy| + 1))dy < c
D

Now, we determine b by letting

Y
4.11 b= —.
(111) e
Thus, Vo € D, for ¢ € (0,b], 2nc <~ < 1, we have
(4.12)

/Gp(x,y)Fs(yﬂncln(lyl +1))dy < /GB;m)(x,y)Fs(yryln(lyl +1))dy
D D

1 -
<2 [(C+ 2ty — al + Info — g ).y sl + D)y
D
by (4.9)
<! +1/ Co 4 2Infy—a| +1n L) Fu(y, v In(ly| +1))d
Si1c 7 T njy—a na s\Y, v In{jy Y-
D
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It follows from (4.8), (4.10), and (4.12) that

TD 1
(4.13 sup 5 | [ x| < 3.
zeD 0 2
Similarly,
TD 1
(4.14) sup E} [/ Fo(Xy, 2enn(|a| + 1))} < -
xeD 0 2
Thus by (4.5), (4.13) and Proposition 3.3 we have
(4.15) ce”? < Tv(z) < 2¢,
and
1
(4.16) To(w) = o+ 7 [ Gole. M) Tolw)dy.
D

By (4.15) and the uniform integrability of {ﬁGD(:z:, Jh()g(s) 1z € D}, we see
that lim, ..cop Tv(x) and lim,| o Tv(z) exist and are finite. T'v is continuous in
D. Thus, Tv € P(D) and Tv € A, so

(4.17) TA C A.
For any v € A, by (4.7):
() Tv(y)| < 2cFs(y, In(|y| + 1))
Let go(y) = 2¢Fs(y,In(Jy| + 1)) and let Qo be given as in (4.1). It follows that
(4.18) 00 ()T(-) € Qo,

and
h(') 9 v 1 . S 1& 7: GD 0]

We thus have by Proposition 4.1 that T'A is a relatively compact set in P(D). We
shall prove the continuity of T in A in the supremum norm. Let v, — v in A as
n — 00. Since T < oo for P*—almost Brownian paths, we have by the continuity of
function f and the bounded convergence theorem that for almost every Brownian
path:

™ f(Xt,Un(Xt)h(Xt))dt - (X, v(Xe)h(Xh))
0 2’Un(Xt)h(Xt) 0 2U(Xt)h(Xt)

Since {v,} C A, each term of the sequence in (4.19) is bounded by

dt.

(4.19)

TD
/ Fy(X¢, 2neln(| Xe| + 1))dt.
0
By (4.14) and Khas'minskii’s lemma
(4.20) B [efOTD FS(Xt,anln(|Xt|+1))dt} <2< oo,

and hence it follows from (4.19), (4.20), and the dominated convergence theorem
that Vo € D

E} [e.foTD Ton (Xt)dt} — B {efJD qv(Xt)dt} i
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Thus by (4.5)
(4.21) Tup(x) — To(z)

as n — o0o. We have proved that T'A is a relatively compact family, therefore the
pointwise convergence in (4.21) implies the uniform convergence, namely,
| Tv, — Tv|| — 0 as n — oo. Thus, we proved that T is a compact and continuous
mapping from A to itself. By the definition of A, A is obviously a nonempty, closed,
bounded, and convex set in P(D). Hence by the Schauder fixed-point theorem,
there exists a function v € A such that

(4.22) Tv=w.

It follows from (4.16) and (4.22) that

(4.23) o) = e+ 7= [ Gola)hlu)a )l
D

Now let

(4.24) u(x) = h(x)v(x).

Since v > ce2 and h > 0in D, v > 0 in D. By (4.6), (4.23), and (4.24), we have

(1.25) u(w) = ch(a) + 5 [ Gl 9)f (o, u(w)dy.
D

Since h is harmonic in D, applying A to both sides of (4.25) and using A(Gp f) =
—2f, we have

Au(r) = 1A / Gz, y) f(y, uy))dy

(4.26)
= —f(z,u(2)).
By the property of i and the boundedness of v, we have
(4.27) wEIgDu(x) =0
and
(4.28) lm A2y, M@
|z|—oo In|2|  |2|—00 In|z]

We thus complete the proof. O
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