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(Communicated by David R. Larson)

Abstract. The purpose of this article is to give a characterization of an upper
hemicontinuous mapping with non-empty convex values being upper demicon-

tinuous, i.e., we show that an upper hemicontinuous set-valued mapping with
non-empty convex values (not necessarily compact-valued) is upper demicon-
tinuous if and only if the set-valued mapping has no interior asymptotic plane.

1. Introduction

When we study nonlinear set-value problems such as existence of fixed points
for set-valued mappings, the existence of solutions for differential inclusions, and
others, we often face the problem of dealing with different kinds of continuity for set-
valued mappings. In the case of the single-valued mapping, the continuity defined
by neighborhood is equivalent with that definition by using language of sequences
or nets. However, in the case of strict set-valued mappings, these two definitions
are no longer equivalent. As a result, a few concepts about continuity of set-valued
mappings, for example, upper semicontinuity, upper demicontinuity, and upper
hemicontinuity, have been introduced and often used in the study of non-linear set-
valued analysis (e.g., see Aubin and Ekeland [1], Aubin and Frankowska [2], Fan
[3], Klein and Thompson [4] and related references therein). Thus, it is necessary
to illustrate the distinction of intrinsic quality among these different continuities.
In order to bring readers to the problem we wish to study, we first recall three
concepts of continuity for set-valued mappings.

Let X and Y be two topological spaces and F : X → 2Y a set-valued mapping.
As usual, we say that F is upper semicontinuous (in short, USC) on X if for
each x ∈ X and for each open set G in Y with F (x) ⊂ G, there exists an open
neighborhood Nx of x in X such that F (z) ⊂ G for all z ∈ Nx. Let E∗ be the dual
space (i.e., the vector space of all continuous linear functionals) of a real Hausdorff
topological vector space E. According to Fan [3], a set-valued mapping F : X → 2E

is said to be upper demicontinuous (in short, UDC) on X if for each x ∈ X and any
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open half-space (or, say, hyper-plane) H in E containing F (x), i.e., F (x) ⊂ H , there
exists an open neighborhood Nx of x in X such that F (z) ⊂ H for all z ∈ Nx. We
recall that an open half-plane H in E is a set of the form H := {x ∈ E : φ(x) < λ}
for some φ ∈ E∗ and λ ∈ R. By following Aubin and Ekeland [1, p.122], a set-
valued mapping F : X → 2E is said to be upper hemicontinuous on X (in short,
UHC) if for each φ ∈ E∗ and for each λ ∈ R, the set {x ∈ X : supu∈F (x) φ(u) < λ}
is open in X .

From the definitions, it is obvious that each upper semicontinuous set-valued
mapping is upper demicontinuous and each upper demicontinuous set-valued map-
ping is upper hemicontinuous, but the converse is not true in general. However,
if a set-valued mapping is compact-valued, the upper hemicontinuity implies the
upper demicontinuity. In this case, the concepts of upper demicontinuity and up-
per hemicontinuity coincide. Furthermore, when the image space of a set-valued
mapping with compact-value is compact, all three definitions above are equivalent,
e.g., see Proposition 2 of Shih and Tan [5, p.238] or some other discussion from
books of Aubin and Ekeland [1], Aubin and Frankowska [2] and Klein and Thomp-
son [4]. But, under what kind of conditions is the upper hemicontinuity equivalent
to the upper demicontinuity without the assumption of compactness for set-valued
mappings? To the best of our knowledge, there is no result which is available so
far in this direction. It is our aim to study this question. In this paper we give
a characterization of an upper hemicontinuous mapping with non-empty convex
values (not necessarily compact-valued) being upper demicontinuous, i.e., we show
that an upper hemicontinuous set-valued mapping with non-empty convex values
is upper demicontinuous if and only if the mapping F has no interior asymptotic
plane. As applications, corresponding results in the literature have been improved
or derived in a shorter form.

2. The definition of asymptotic planes

Throughout this article, let X be a Hausdorff topological space and E a real
Hausdorff locally convex topological linear space. For the sake of convenience, we
first introduce the definition of asymptotic plane which could give us the characteri-
zation of upper hemicontinuity being upper demicontinuous for set-valued mappings
with no compact values.

Definition 1. Let E∗ be the dual space of a Hausdorff locally convex topological
linear space E and A a non-empty subset of E. For each given φ ∈ E∗ and λ ∈ R,
the set Mφ,λ = {x ∈ E : φ(x) = λ} is said to be an asymptotic plane of A respective
to (φ, λ) ∈ E∗ × R (in short, Mφ,λ is said to be an asymptotic plane of A if there
is no confusion in the content) if Mφ,λ ∩ A = ∅ and there exists a positive number
δ ∈ R such that Mφ,µ ∩A 6= ∅ for all µ ∈ (λ− δ, λ).

Remark 1. By Definition 1 above, we know that all compact sets and weakly convex
compact sets in the locally topological vector space E have no asymptotic planes
(see the proofs of Corollaries 1 and 2 below for details).

Definition 2. Let X be a Hausdorff topological space, E a Hausdorff locally con-
vex topological linear space, and F : X → 2E \ {∅} a set-valued mapping with
non-empty values. For any given point x0 ∈ X , the asymptotic plane Mφ,λ of
F (x0) is said to be a boundary asymptotic plane of F at x0, if there exists an open
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neighborhood N(x0) of x0 such that

F (x) ⊂ Hφ,λ = {y ∈ E : φ(y) < λ}
for all x ∈ N(x0). The asymptotic plane Mφ,λ of F (x0) is said to be an interior
asymptotic plane of F at x0, if for any neighborhood N(x0) of x0, there exists
x ∈ N(x0) such that

F (x) 6⊂ Hφ,λ := {y ∈ E : φ(y) < λ}.
If for all x ∈ X , the set F (x) has no interior asymptotic plane, then the mapping
F is said to have no interior asymptotic plane.

Remark 2. From the definition, it follows that each asymptotic plane of a given
set A in E is either a boundary or interior asymptotic plane. Now we have the
following characterization for a set-valued upper hemicontinuous mapping being
upper demicontinuous.

Theorem 1. Let X be a Hausdorff topological space and E a Hausdorff locally
convex topological linear space. Suppose F : X → 2E is an upper hemicontinuous
set-valued mapping with non-empty convex values (not necessarily compact-valued).
Then F is upper demicontinuous if and only if the mapping F has no interior
asymptotic plane on X.

Proof. Necessity: Suppose the conclusion is false. Then there exist x0 ∈ X and
an asymptotic plane Mφ,λ at x0 such that Mφ,λ is an interior asymptotic plane
of F (x0) for some φ ∈ E∗ and λ ∈ R. By Definition 1, there exists some δ > 0,
such that for any µ ∈ (λ − δ, λ), we have that Hφ,λ ∩ F (x0) ⊃ Mφ,µ ∩ F (x0) 6= ∅.
Next we want to show that F (x0) ⊂ Hφ,λ. In fact, if there exists y ∈ F (x0) such
that y /∈ Hφ,λ, it follows that φ(y) ≥ λ. Taking y0 ∈ Hφ,λ ∩ F (x0), we have that
φ(y0) < λ. Let

y1 :=
φ(y) − λ

φ(y)− φ(y0)
y0 +

λ− φ(y0)
φ(y)− φ(y0)

y.

We know that y1 ∈ F (x0) and φ(y1) = λ. Thus Mφ,λ∩F (x0) 6= ∅. This contradicts
our assumption that Mφ,λ is an asymptotic plane of F (x0). Therefore, we must
have that F (x0) ⊂ Hφ,λ. Secondly, by the definition of interior asymptotic planes,
for neighborhood N(x0) of x0, there exists x ∈ N(x0) such that F (x) 6⊂ Mφ,λ. This
contradicts our assumption that F is demicontinuous at x0 ∈ X . Hence, F has no
interior asymptotic plane at x0.

Sufficiency: Suppose that F is not demicontinuous on X . Then there exists
x0 ∈ X and an open half-space Hφ,λ = {y ∈ E : φ(y) < λ} with F (x0) ⊂ Hφ,λ

for some φ ∈ E∗ and λ ∈ R, such that for any neighborhood N(x0) of x0, there
exists x ∈ N(x0) such that F (x) 6⊂ Hφ,λ. Therefore, for any neighborhood N(x0)
of x0, there exist xN(x0) ∈ N(x0) and yN(x0) ∈ F (xN(x0)) such that φ(yN(x0)) ≥ λ.
In what follows, we want to show that Mφ,λ is not a boundary asymptotic plane
of F (x0). In order to do so, it suffices to show that Mφ,λ is an asymptotic plane
of F (x0). Now let the net {xv}v∈V be a direct family of the set {NV (x0)}v∈V with
limv∈V xv := x0, where {Nv(x0)}v∈V is the family of all neighborhoods N(x0) at
the point x0. As we just discussed above, for each neighborhood Nv(x0) of x0,
there exist xv ∈ Nv(x0) and yv ∈ F (xv) such that

Supu∈F (xv) φ(u) ≥ φ(yv) ≥ λ.
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By the hemicontinuity of F , we do have that Supu∈F (x0)(u) ≥ limv supu∈F (xv) φ(u)
≥ λ. Note that F (x0) ⊂ Hφ,λ; it follows that supu∈F (x0) φ(u) = λ. Now take
y0 ∈ F (x0); it follows that φ(y0) < λ as F (x0) ⊂ Hφ,λ. Let δ = λ−φ(y0). We then
have that δ > 0 and (λ− δ, λ) = (φ(y0), λ). For any µ ∈ (λ− δ, λ) and σ ∈ (µ, λ),
as Supu∈F (x0) φ(u) = λ, there exists y1 ∈ F (x0) such that φ(y1) > σ. This implies
that µ ∈ (φ(y0), φ(y1)). By the convexity of F (x0), we know that F (x0) is a path
connected set. By the intermediate-value theorem, there exists x̂ ∈ F (x0) such that
φ(x̂) = µ. It follows that Mφ,µ ∩ F (x0) 6= ∅ for all µ ∈ (λ − δ, λ), i.e., Mφ,λ is an
asymptotic plane of F (x0). Therefore the set Mφ,λ is not a boundary asymptotic
plane of F at x0 and thus Mφ,λ is an interior asymptotic plane of F at x0. This
contradicts our assumption that F has no any interior asymptotic plane on X and
thus the proof is completed.

Example 1. Let E := R2, X := [0, 1] and define a set-valued mapping from X
to E by F (x) = {(u, v) : u > x, v ≥ 1/(u − x)} for each x ∈ [0, 1]. Then F :
X → 2E is a set-valued mapping with non-empty and convex values. For any given
φ ∈ E∗, without loss of generality, we might assume that the functional φ has the
form φ(u, v) := au + bv, where both a and b are two constants determined by the
functional φ. If either a or b is positive, it is clear that sup(u,v)∈F (x) φ(u, v) = +∞.
In the case both a and b are negative, we can also check that sup(u,v)∈F (x) φ(u, v) =
ax−2

√
ab. Thus the function x 7→ Sup(u,v)∈F (x) φ(u, v) is continuous, which means

that the set-valued mapping F is upper hemicontinuous. However, for any x ∈ X ,
let u := x. Then u is an interior asymptotic plane of F (x). By applying Theorem
1, F is not upper demicontinuous.

Corollary 1. Let X be a Hausdorff topological space and E a Hausdorff locally
convex topological vector space. If the set-valued mapping F : X → 2E \ {∅} is
upper hemicontinuous with non-empty and compact convex values, then F is upper
demicontinuous.

Proof. We first show that each compact set A of E has no asymptotic plane as
pointed out in the previous Remark 1. Indeed, if A has an asymptotic plane Mφ,λ,
where φ ∈ E∗ and λ ∈ R, by Definition 1, for any u ∈ A, we have that φ(u) 6= λ
and there exists δ > 0 such that for any µ ∈ (λ − δ, λ), there is x̂ ∈ A such that
φ(x̂) = µ. Now define B := {u ∈ A : φ(u) ≤ λ}. Then B is also a compact
subset of E. Therefore, there exists u0 ∈ B such that φ(u0) = supu∈B φ(u). By
the arbitrariness of µ ∈ (λ− δ, λ), it follows that φ(u0) = λ. Note that Mφ,λ is an
asymptotic plane of A, and by the definition of the set B, it follows that for each
u ∈ B, φ(u) < λ. Therefore φ(u0) < λ. This is impossible as we just showed that
φ(u0) = λ. Thus, the compact set A in E has no asymptotic planes. By Theorem
1, F is upper demicontinuous and the proof is completed.

As another application of Theorem 1, we have the following result which says
that upper hemicontinuous mappings with non-empty convex and weakly compact
values are also upper demicontinuous.

Corollary 2. Let X be a Hausdorff topological space and E a Hausdorff locally
convex topological vector space. If the set-valued mapping F : X → 2E \ {∅} is
hemicontinuous with non-empty weakly compact convex values, then F is demicon-
tinuous.
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Proof. If there exists x ∈ X such that F (x) has an asymptotic plane Mφ,λ, then
for any u ∈ F (x), we have that φ(u) 6= λ and secondly, there exists δ > 0 such that
for each µ ∈ (λ− δ, λ), there is u ∈ F (x) such that φ(u) = µ. Now define a set

B := {u ∈ F (x) : φ(u) ≤ λ}.
Then for any u ∈ B, it follows that φ(u) < λ. Let {µn}n∈N be a sequence of
the set (λ − δ, λ) such that limn→∞ µn = λ. Then by the definition of the set B
and our discussion above, there exists {un} ⊂ B such that φ(un) = µn. As each
weakly compact set in the Hausdorff locally convex topological vector space E is
weakly closed, B is also convex weakly compact, and thus there exists a directed
sub-family {uv}v∈D ⊂ {un} and a point u0 ∈ B such that for any φ ∈ E∗, we have
that limv φ(uv) = φ(u0). Therefore,

φ(u0) = lim
v

φ(uv) = lim
v

µv = λ.

This contradicts that for each u ∈ B, φ(u) < λ as shown above. Therefore F
has no asymptotic planes. By Theorem 1, F is demicontinuous and the proof is
completed.

Corollary 3. Let X be a Hausdorff topological space and E a reflexive Banach
space. If the set-valued mapping F : X → 2E \ {∅} is hemicontinuous with non-
empty bounded and closed convex set, then F is demicontinuous.

Proof. Indeed, this is a special case of Corollary 2. But here we can also give a
short proof by using Theorem 1. If there exists x ∈ X such that F (x) has an
asymptotic plane Mφ,λ, then on one hand, we know that the sets F (x) and Mφ,λ

cannot be strongly separated by any real hyper-plane; on the other hand, note that
E is a reflexive Banach space, F (x) is bounded closed convex and so is Mφ,λ, then
the sets F (x) and Mφ,λ can be strongly separated by a real hyper-plane. This is
impossible. Finally the conclusion is derived by Theorem 1.

Remark 3. Finally we would like to note that both Corollaries 1 and 2 improve
corresponding results of Proposition 2 of Shih and Tan [5]. Also all results still hold
if the locally topological vector space E is replaced by a topological vector space
(not necessarily having locally convex structure) with many sufficient continuous
linear functionals.
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