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(Communicated by Christopher Croke)

ABSTRACT. We characterize a large family of codimension two euclidean con-
formally flat submanifolds in the class of isometrically rigid ones and construct
explicit examples.

In [DF] we showed that generic conformally flat submanifolds with codimension
two in euclidean space, f: M™ — R"™2 n > 5, can be divided into three classes,
namely, the surface-like ones, those which admit locally a continuous 1-parameter
family of isometric deformations, and those which are locally isometrically rigid. In
addition, we generated explicit examples of elements in the first and second classes.
On the other hand, no example came out from our rather elaborate descriptions of
submanifolds in the third class, thus naturally raising the question of whether such
submanifolds really exist. Our main achievement here is give a positive answer to
this question. In what follows we make free use of definitions and results in [DF].

Our approach is the following. First we give a parametric description of a large
family of generic conformally flat submanifolds, each of which is completely de-
termined by two curves and two functions in one variable. Then, we prove that
almost all elements in the family are locally isometrically rigid. Next, we give a
brief indication of how they can be obtained by a geometric procedure, namely,
as intersections starting from two flat hypersurfaces. We conclude this note by
showing that a particular selection of curves and functions yields explicit examples.

Consider a pair of smooth curves a;: I; C R — R"2, 1 < j < 2, with
|1 (u)|| > 1 everywhere. Now take V2 = I; x I, small enough so that

(1) O(u,v) = 0(u,0) + /Ov 0, (u, 8)ds,  0(u,0) = +/[|a1(uw)||®> -1,

is positive, 6, being the unique (and necessarily smooth) solution of the integral
equation of Volterra type

6,(u.v) = — {1 (u), aa(v)) — 6(1,0) / " (an(v), as(0)) dt

_ /0 ’ < / U(m(v),w(t))dt) 0, (i, 5)ds.

Received by the editors January 26, 1996 and, in revised form, April 30, 1997.
1991 Mathematics Subject Classification. Primary 53B25; Secondary 53C25.
Key words and phrases. Conformally flat submanifolds in codimension two.

(2)

©1999 American Mathematical Society

265



266 MARCOS DAJCZER AND LUIS FLORIT

We claim that h: V2 — R"2, parametrized by

3) ps0) = s () + [ 00 an(s) ds).

satisfies h(V) € SPH € R"2. In fact, this is equivalent to
14 6%(u,v) = |Ja;(u / (u, s)aa(s) ds||>.

Taking derivatives with respect to v yields

(4) 0, (u,v) = (a1 (u), aa(v)) + /(Jv<a2(v),oc2(s)>9(u,s) ds.

Now it is not difficult to see, using (1) and Fubini’s theorem, that (2) and (4) are

equivalent. Thus the claim follows easily.
Define 3: V2 — R"+2 as

B = pbh — / / 0(s,t)b(s)aa(t )dsdt—/ a(t)ozg(t)dt—/Oub(s)oq(s)ds

where p € C*°(V) is given by

©) plue) = s () + [ o009 )

and a(u),b(v) are arbitrary smooth functions. Finally, consider V2 endowed with
the metric induced by h, and let ©* stand for the adjoint to the tensor ©: TV —
TV defined as

00, = %au, 00, = —00,.

Theorem. The map ¢: N — R"'2, defined on the unit normal bundle Ny in
S of hoas in (3), and given by

¢(n) = B—©*grad p+ /p2 — ||©* grad p|2 n,

is, along the open subset of reqular points, a parametrization of a generic n-—
dimensional conformally flat submanifold.

Assume, in addition, that aq(u) is not locally contained in any subspace R* C
R"*2 and that on no open subset of V* do the curves ai(u), az(v) satisfy

(7) o1 (u) = ag(u) + V/[1 — [lao(w)[?] &, & € R,

with (ag(u), &) = {ao(u),az(v)) = 0. Then the submanifold parametrized by ¢ is
locally isometrically rigid.

Proof. First, notice that ||a1(u)|| > 1 implies that ||ag(u)|| # 1. Now set 7(u,v) =
—02%(u,v). A straightforward computation yields

Ty Tu 27Tuw + (27 — D) 7uTo

2(1 —7) fru + 27(1 —7) vt 47(1 — 7)2

Hence, the coordinates (u,v) are conjugate and 7 is a negative solution of
Ty = 227(1 — 1),
T, =2 (1 — 1),

(8) how = h.

9)
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where I'!, I'? are the Christoffel symbols defined by V;Lu hy = 'Y hy+T2h,,. Moreover,
a straightforward computation shows that 5(u,v) in (5) is a solution of the system

- _ Pu
Bu = Ophu — 51,

61} = _ghv + 9;%}%

and our first statement follows from Theorem 10 in [DF].

We have from our assumption on «; that the image h(V) of any open subset
Vo C V can never be contained in a totally geodesic sphere S3 C S?H. Thus, by
[DF] the submanifold is nowhere surface-like. From (8),

2TTyw + (27 — 1) 7y Ty

F={00,00) = = 4r(1 —7)2 ’

which is easily seen to imply that h satisfies the additional condition
(10) LTI+ F=0.
Then (9) and (10) yield

(%) =20-n)r2—2r'T2).

T /v

By definition, h is of first type if and only if I'2 — 2I''T'? = 0. Hence, being of first
type is equivalent to the existence of functions U(u) and V (v) satisfying

(11) O(u, v) = ZEZ%
Substituting (11) in (3) gives
(12) U?(u) + V() = |U(u) ay(u) + /OU V(s) az(s) ds||*.

It follows easily that
((U(u) o (u)), aa(v)) = 0.
Hence, we have that
1
Ulu)
where (ap(u), &) = (ao(u), az) = 0. From (12) and (13),

(13) ar(u) = ap(u) + &, & eRM

U?(u)(1 = [lao(u)[[*) + V*(v) — [I&0 + /OU V(s) az(s) ds|* = 0.

Thus, there exists a constant k # 0 such that

: X VQ(U)=—k+||€o+/UV(S)5(S)d8||2-
0

W g

In view of (11), we can assume without loss of generality that k = 1. To conclude
the proof we have to show that the second equation in (14) always has a solution.
By a procedure similar to the one used above, this is equivalent to proving that a
certain integral equation of Volterra type in V’(v) can be solved. The rest of the
proof follows from Theorem 7 in [DF]. |
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Remark. One can easily conclude from the Theorem that there exist connected
generic conformally flat submanifolds M™ in R™*2 which are locally rigid on one
open subset and admit a l-parameter family of local isometric deformations on
another open subset.

By arguments similar to those used in [DFT], one can show that the conformally
flat submanifolds given in the first part of the Theorem are precisely the ones which
can be obtained by the following geometric procedure.

Consider a pair of embedded flat hypersurfaces in flat Lorentzian space F': U; C
R™2 — L3 and G: Uy C L"2 — L"*3 of rank one, i.e., free of totally geo-
desic points, so that their (n 4+ 1)-dimensional relative nullity spaces Ap, Ag are
transversal at any point of N1 = F(U;) N G(Uz). Now, set

FO = (F|p-1(nn+1y) " N™T = U C R™H?
and

G° = (G|G*1(N"+1))_13 Nt U, ¢ L2,
Then, the intersection

M™ = GO(N" T nvrHt
of GO(N™*1) with the light cone V"1 C L"*2 yields, generically, a conformally
flat submanifold f: M™ — U; C R™*2 given by the construction in the Theorem
as
fi= (FOlpoy-1(amy) ™1 M™ — R"2,
We conclude this note showing that our Theorem can be used to construct ex-

plicit examples.

Examples. Let v: I; — R™t! be a smooth curve parametrized by arclength, not
locally contained in R3, which satisfies ||y(u)||?> = 2. Define ay: I; — R"*2 by

a1 (u) = v(u) +sinh(u) e, e = e,qo.

Take ag: I — R*2 as
as(v) =e.
An easy computation shows that
0(u,v) = cosh(u + v).

Choose a(v) =1, b(u) =0 in (6). Hence,

h(u,v) = p(u,v)(y(u) + sinh(u + v) e)
and

B(u,v) = pbh(u,v) — ve,
where p(u,v) = (14 0%(u,v))"/2. A straightforward computation yields
O*gradp = % p20(1 — 0%y — 0.y + p?00, e.
Thus,
r=p?— 0" grad p|? = %(4 _30%) = %(1 — 3sinh?(u + v))

is positive for small V2 = I; x I,. The unit normal bundle of h in S?’Ll is

Ni(u,v) = {n € 7™ C R"™: 5 L span{y(u), " (u), e} }.
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Then, on the open subset & C N of regular points, the map ¢: N; — R"*2 given
by

1
() = 5 cosh(u +v) v+ sinh(u +v)7/ —ve+ /iy

is a parametrization of a generic n-dimensional conformally flat submanifold in
R™*2 which, by the second part of the Theorem, is locally isometrically rigid.
It remains to show that U/ is not empty. We have that

Yy = 2%/;(2\/7" (m,~") = 30)(Oun — V') + &,

where £ € Ty7, V. € L 7. On the other hand,
Py, =0—e, 6 Le.
We easily conclude that
U={neNi: 2¢/r(n~")—30#0},
as we wished.
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