
PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 127, Number 1, January 1999, Pages 117–123
S 0002-9939(99)04519-0

A LIOUVILLE-TYPE THEOREM ON HALFSPACES
FOR THE KOHN LAPLACIAN

FRANCESCO UGUZZONI

(Communicated by Jeffrey B. Rauch)

Abstract. Let ∆Hn be the Kohn Laplacian on the Heisenberg group Hn and
let Ω be a halfspace of Hn whose boundary is parallel to the center of Hn. In
this paper we prove that if u is a non-negative ∆Hn -superharmonic function

such that

u ∈ L1(Ω),

then u ≡ 0 in Ω.

1. Introduction

Let ∆Hn be the Kohn Laplacian on the Heisenberg group Hn. In this note we
prove the following result.

Theorem 1.1. Let Ω be a halfspace of Hn whose boundary is parallel to the center
of Hn. If u is a non-negative ∆Hn-superharmonic function such that u ∈ L1(Ω),
then u ≡ 0 in Ω.

From this theorem the next corollary follows.

Corollary 1.2. If u ∈ L1(Ω) ∩C2(Ω), u ≥ 0 and ∆Hnu ≤ 0, then u ≡ 0 in Ω.

While we refer to the next section for the notation and definitions used in the the-
orem above, here we would like to briefly comment on the result and the technique
used for its proof.

Theorem 1.1 cannot be improved in the “scale” of the Heisenberg group Hn. As
a matter of fact, for every p > 1 and n > 1

p−1 , there exist ∆Hn -superharmonic
functions on Hn that belong to Lp(Ω) and are strictly positive everywhere (see
Remark 3.5).

Our technique strongly relies on the use of a mean value operator suitably
adapted to the geometry of Ω, and it is not applicable if the boundary of Ω is
not parallel to the center of Hn. Nevertheless, this technique can easily be used to
prove an analogous result for the classical Laplace operator ∆ on Rn.

Theorem 1.3. Let Ω be a halfspace of Rn. If u is a non-negative ∆-superharmonic
function such that u ∈ L1(Ω), then u ≡ 0 in Ω.
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We emphasize that our proof does not require any knowledge of the Poisson
kernel.

Liouville theorems on halfspaces of the Heisenberg group for semilinear ∆Hn -
inequalities have recently been proved by Birindelli-Capuzzo Dolcetta-Cutr̀ı [BCDC]
by different techniques. It should be mentioned that our result cannot be deduced
from those in [BCDC]. Liouville theorems for functions with polynomial growth
have been proved by Korányi-Stanton [KS] for the complex Kohn Laplacian and by
Geller [Ge] for homogeneous left-invariant hypoelliptic operators on homogeneous
groups.

This paper is organized as follows. In Section 2 we fix the notation and the main
definitions, and we recall some known results. Section 3 is devoted to the proof of
Theorem 1.1 and its corollary. The proof of Theorem 1.3 closely follows the lines
of that of Theorem 1.1; therefore it is omitted.

2. Some known results on the Heisenberg group

and the Kohn Laplacian

The Heisenberg group Hn, whose points will be denoted by ξ = (z, t) = (x, y, t),
is the Lie group (R2n+1, ◦), with composition law defined by

ξ ◦ ξ′ = (z + z′, t+ t′ + 2(〈x′, y〉 − 〈x, y′〉)),
where 〈 , 〉 denotes the inner product in Rn. The t-axis, i.e. the set {(0, 0, t)|t ∈ R},
is called the center of Hn. A halfspace of Hn is merely a halfspace of R2n+1. The
Kohn Laplacian on Hn is the operator

∆Hn =
n∑

j=1

(Xj
2 + Yj

2),

where for all j ∈ {1, . . . , n}
Xj = ∂xj + 2yj∂t , Yj = ∂yj − 2xj∂t.

The operator ∆Hn has positive semidefinite characteristic form, and it is not elliptic
at any point of Hn. A natural group of dilations on Hn is given by

δλ(ξ) = (λz, λ2t) , λ > 0.

The Jacobian determinant of δλ is λQ, where

Q = 2n+ 2

is called the homogeneous dimension of Hn. The operator ∆Hn is invariant with
respect to left translations of Hn and homogeneous of degree two with respect to
the dilations δλ. More precisely, if we set

τξ(ξ′) = ξ ◦ ξ′,
we have

∆Hn(u ◦ τξ) = (∆Hnu) ◦ τξ , ∆Hn(u ◦ δλ) = λ2(∆Hnu) ◦ δλ.
A remarkable analogy between the Kohn Laplacian and the classical Laplace

operator is that a fundamental solution of −∆Hn with pole at zero is given by

Γ(ξ) =
cQ

d(ξ)Q−2
,
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where cQ is a suitable positive constant and

d(ξ) = (|z|4 + t2)1/4(2.1)

(see [F]). Moreover, if we define d(ξ, ξ′) = d(ξ′−1 ◦ ξ), then d is a distance on Hn;
see [C] for a complete proof of this statement. If we denote by Bd(ξ, r) the d-ball
of center ξ and radius r, then, due to the left translation invariance of the distance
d, we have

τξ(Bd(0, r)) = Bd(ξ, r).

Moreover, since d is homogeneous of degree 1 with respect to the dilation δλ,

δλ(Bd(0, r)) = Bd(0, λr)

and

|Bd(ξ, r)| = rQ|Bd(0, 1)|.
Here | · | denotes the Lebesgue measure on R2n+1. We also recall that the Lebesgue
measure is a Haar measure on Hn. If u = u(d) is a smooth radial function (i.e. u
only depends on the function d in (2.1)) then, as it has been noticed by Garofalo
and Lanconelli in [GL],

∆Hnu = ψ
(
u′′(d) +

Q− 1
d

u′(d)
)
,(2.2)

where

ψ(ξ) =
|z|2
d(ξ)2

.

In [GL] the following mean value formula was also shown (see also Gaveau [G]): if
Ω is an open subset of Hn, u ∈ C2(Ω) and Bd(ξ, r) ⊆ Ω, then

u(ξ) = (Mru)(ξ)− Q

rQ

r∫
0

%Q−1

∫
Bd(ξ,%)

(
Γ(ξ, ξ′)− cQ

%Q−2

)
∆Hnu(ξ′)dξ′d%,(2.3)

where Mr is the mean value operator defined by

(Mru)(ξ) =
1

αQrQ

∫
Bd(ξ,r)

ψ(ξ, ξ′)u(ξ′)dξ′.(2.4)

Here we have set ψ(ξ, ξ′) = ψ(ξ′−1 ◦ ξ) and Γ(ξ, ξ′) = Γ(ξ′−1 ◦ ξ). Moreover,

αQ =
∫

Bd(0,1)

ψ(ξ)dξ.

For more details on the Heisenberg group one can see, for example, [FS].

Definition 2.1. A function u : Ω →]−∞,+∞] is ∆Hn -superharmonic if

(i) u is lower semicontinuous,

(ii) u ∈ L1
loc(Ω), and

(iii) u(ξ) ≥ (Mru)(ξ) for every d-ball Bd(ξ, r) with closure contained in Ω;

here Mr is the mean value operator (2.4).
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Remark 2.2. From (2.3) we immediately get that if u ∈ C2(Ω) and ∆Hnu ≤ 0 in
Ω, then u is ∆Hn -superharmonic in Ω.

Definition 2.3. A mapping % : Hn → Hn is a rotation around the t-axis if there
exists a complex unitary transformation F : Cn → Cn such that

%(z, t) = (F (z), t).

It is easy to verify that the superarmonicity property is invariant with respect
to left translations and rotations around the t-axis. Moreover it is well known that
the operator ∆Hn has the same invariance properties.

The following proposition can be proved with simple geometric arguments.

Proposition 2.4. Let Ω be a halfspace of Hn, and define

Ωt = {(x, y, t) ∈ R2n+1 | t > 0}, Ω1 = {(x, y, t) ∈ R2n+1 | x1 > 0}.
Then, one of the two following cases always occurs:

(i) There exists ξ0 ∈ Hn such that either Ω = τξ0(Ωt) or Ω = τξ0(−Ωt).
(ii) There exist ξ0 ∈ Hn and a rotation % around the t-axis such that

Ω = %τξ0(Ω1).

The first case occurs when ∂Ω is transverse to the t-axis, the second when they
are parallel.

3. Proof of Theorem 1.1 and its corollary

In light of the results of section 2 we only need to prove Theorem 1.1 when
Ω = {x1 > 0}. Hence, from now on, we will assume Ω = Ω1. Let us introduce
the following notation for the point ξ ∈ Hn: ξ = (z, t) = (x1; ẑ, t), where ẑ =
(x2, . . . , xn, y). For every ξ ∈ Ω we set

r(ξ) =
x1

2
, Bξ = Bd(ξ, r(ξ))

and

Aξ = {η ∈ Ω | d(ξ, η) < r(η)}.
We explicitly remark that χBξ

(η) = χAη
(ξ), where χBξ

and χAη
denote, respec-

tively, the characteristic functions of the sets Bξ and Aη. We also define

K : Ω× Ω → R, K(ξ, ξ′) =
ψ(ξ, ξ′)
αQr(ξ)Q

χ
Bξ

(ξ′)

and, for u ∈ L1
loc(Ω),

Tu : Ω → R, (Tu)(ξ) = (Mr(ξ)u)(ξ) =
∫
Ω

K(ξ, ξ′)u(ξ′)dξ′.

Finally we set

η0 = (1; 0, 0) and β =
∫
Ω

K(η, η0)dη.
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If u is a ∆Hn -harmonic function, i.e. if ∆Hnu = 0, from (2.3) it straightforwardly
follows that Tu = u. In particular T (1) = 1, which means∫

Ω

K(ξ, ξ′)dξ′ = 1 ∀ξ ∈ Ω.(3.1)

It is not obvious that the integration of K(ξ, ξ′) with respect to the variable ξ also
yields a constant value. This fact will be crucial in the proof of Theorem 1.1.

Lemma 3.1. We have ∫
Ω

K(ξ, ξ0)dξ = β

for every ξ0 ∈ Ω.

Proof. We fix ξ0 = (x1
0; ẑ0, t0) ∈ Ω and we set ξ0 = ξ0 ◦ (−x1

0; 0, 0) = τξ0(δx1
0
η0)−1.

For sake of brevity, we also set τ = τξ0
and δ = δx1

0
. Then ξ0 = τδη0. Moreover

Aξ0 = τδAη0 . Indeed, if η ∈ Ω we have

d(τδη, ξ0) = d(ξ−1
0 ◦ ξ0 ◦ δη) = d((δη0)−1 ◦ δη)

= d(δ(η−1
0 ◦ η)) = x1

0d(η, η0)

and

r(τδη) = r(ξ0 ◦ δη) =
(ξ0 ◦ δη)1

2
=

(δη)1
2

= x1
0

η1
2

= x1
0r(η).

It is worthwhile noticing that δ(Ω) ⊆ Ω and τ(Ω) ⊆ Ω. Hence

η ∈ Aη0 ⇐⇒ d(η, η0) < r(η) ⇐⇒ d(τδη, ξ0) < r(τδη) ⇐⇒ τδη ∈ Aξ0 .

Therefore we have

β =
∫
Ω

K(η, η0)dη =
∫

Aη0

ψ(η, η0)
αQr(η)Q

dη = (x1
0)
−Q

∫
δAη0

ψ(δ−1ζ, η0)
αQr(δ−1ζ)Q

dζ

= (x1
0)
−Q

∫
δAη0

ψ(ζ, δη0)
αQ((x1

0)−1r(ζ))Q
dζ =

∫
δAη0

ψ(ζ, δη0)
αQr(ζ)Q

dζ

(ψ is homogeneous of degree zero with respect to the dilation δ)

=
∫

τδAη0

ψ(ξ0
−1 ◦ ξ, δη0)

αQr(ξ0
−1 ◦ ξ)Q

dξ

=
∫

Aξ0

ψ(ξ, ξ0 ◦ δη0)
αQr(ξ)Q

dξ =
∫

Aξ0

ψ(ξ, ξ0)
αQr(ξ)Q

dξ =
∫
Ω

K(ξ, ξ0)dξ

(r(ξ0
−1 ◦ ξ) = r(ξ) for x1

0 = 0).

Remark 3.2. The technique used in the proof of the previous lemma does not work
when Ω = Ωt since Ωt is not invariant with respect to the left translations “parallel”
to the hyperplane {t = 0}.

The next corollary easily follows from Lemma 3.1 and the identity (3.1) by
standard arguments.
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Corollary 3.3. T is a bounded linear operator in Lp(Ω) for every p ∈ [1,+∞].
More precisely:

‖ Tu ‖∞≤‖ u ‖∞ ∀u ∈ L∞(Ω),(3.2)

‖ Tu ‖p
p≤ β ‖ u ‖p

p ∀u ∈ Lp(Ω), ∀p ∈ [1,+∞[.(3.3)

Moreover, ∫
Ω

Tu = β

∫
Ω

u ∀u ∈ L1(Ω).(3.4)

Lemma 3.4. In the notation of Lemma 3.1, β > 1.

Proof. Let us consider the function

v = d−Q ◦ τη0 .

Then v ∈ C∞(Ω) ∩ L2(Ω). Moreover,

∆Hnv = (2Qψd−Q−2) ◦ τη0 > 0 in Ω,

since, by (2.2),

∆Hn(d−Q) = ψ
(
Q(Q+ 1)d−Q−2 +

Q − 1
d

(−Q)d−Q−1
)
.

On the other hand, by the mean value formula (2.3),

Tv(ξ)− v(ξ) = (Mr(ξ)v)(ξ) − v(ξ)

=
Q

r(ξ)Q

r(ξ)∫
0

%Q−1
( ∫

Bd(ξ,%)

(Γ(ξ, ·)− cQ
%Q−2

)∆Hnv
)
d%

for every ξ ∈ Ω. As a consequence, if we choose a compact subset K of Ω, with
|K| > 0, there exists ε > 0 such that Tv ≥ v + ε in K. Hence, from (3.3),

β ‖ v ‖2
L2(Ω) ≥ ‖ Tv ‖2

L2(Ω) =
∫
K

|Tv|2 +
∫

Ω\K

|Tv|2

≥
∫
K

|v + ε|2 +
∫

Ω\K

|v|2 ≥ ε2|K|+
∫
Ω

|v|2 >‖ v ‖2
L2(Ω),

and so β > 1.

Proof of Theorem 1.1. Since u is a ∆Hn -superharmonic function we have u ≥ Tu.
Then ∫

Ω

u ≥
∫
Ω

Tu = (from (3.4)) = β

∫
Ω

u.

On the other hand, u ∈ L1(Ω) by hypothesis and β > 1 by Lemma 3.4. Therefore,
if u ≥ 0, it must be u = 0 a.e. in Ω. Recalling that u is lower semicontinuous, we
get u ≡ 0.

Proof of Corollary 1.2. The proof immediately follows from Theorem 1.1 and Re-
mark 2.2.
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Remark 3.5. Theorem 1.1 no longer holds on every Hn if we replace the hypothesis
u ∈ L1(Ω) with u ∈ Lp(Ω). Indeed, if p ∈ ]1,+∞] and n > 1

p−1 , the fundamental
solution of −∆Hn with pole outside Ω is a strictly positive harmonic function on Ω
which belongs to Lp(Ω).

Note. We do not know if Theorem 1.1 holds for halfspaces that are not parallel to
the center of Hn. However the following interesting borderline example has been
pointed out to us by the referee: the function −∂t(d(ξ)2−Q) = nt(|z|4 + t2)−1−n

2 is
∆Hn -harmonic away from the origin, and in the halfspace {t > 1} it is positive and
belongs to Lp for all p > 1 as well as to weak L1.
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