
PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 127, Number 1, January 1999, Pages 57–61
S 0002-9939(99)04539-6

ON ALMOST REPRESENTATIONS OF GROUPS
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Abstract. We say that a group G belongs to the class K if every nonunit
quotient group of G has an element of order two.

Let H be a Hilbert space and let U(H) be its group of unitary operators.
Suppose that groups A and B belong to the class K and the order of B is
more than two. Then the free product G = A ∗B has the following property.
For any ε > 0 there exists a mapping T : G → U(H) satisfying the following
conditions :

1) ‖T (xy) − T (x) · T (y)‖ ≤ ε, ∀x,∀y ∈ G;
2) for any representation π : G → U(H) the relation

sup{‖T (x) − π(x)‖ , x ∈ G} = 2

holds.

The question “if we replace a given functional equation by a functional inequality,
then under what conditions can we state that the solutions of the inequality are
close to the solutions of the equation?” was posed for the functional equation
f(xy) = f(x) · f(y) for x, y in the group G in [11] in connection with the results of
the papers [6], [7], [8].

For a mapping f of the group G into a semigroup of linear transformations
of a vector space, the problem on sufficient conditions of the coincidence of the
solution of a functional inequality ‖f(xy)− f(x) · f(y)‖ < c with a solution of the
corresponding functional equation f(xy)−f(x)·f(y) = 0 was studied in [1], [10]. In
the papers [4], [5], [9] it was independently shown that if a continuous mapping f of
a compact group G into the algebra of endomorphisms of a Banach space satisfies
the relation ‖f(xy)−f(x) ·f(y)‖ < δ for all x, y ∈ G with a sufficiently small δ > 0,
then it is ε-close to a continuous representation g of the same group in the same
Banach space (i.e., we have ‖f(x)− g(x)‖ < ε for all x ∈ G).

Let H be a Hilbert space and let U(H) be the group of unitary operators of H
endowed by operator-norm topology. If H is n-dimensional n ∈ N , the group U(H)
is denoted by U(n).

Definition. Let 0 < ε < 2. Let T be a mapping of a group G into U(H). We say
that T is an ε-representation if for any x, y from group G the relation

‖T (xy)− T (x)T (y)‖ < ε

holds.
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V. Milman raised the following question: Let ρ : G → U(H) be an ε-represen-
tation with small ε. Is it true that ρ is near to an actual representation π of the
group G in H , i.e., does there exist some small δ > 0 such that ‖ρ(x)− π(x)‖ < δ
for all x ∈ G?

Answering this question Kazhdan [9] obtained the following:

Theorem. There is a group Γ with the following property. For any 0 < ε < 1
and any natural number n > 3

ε there exists an ε-representation ρ such that for any
homomorphism π : G → U(n) the relation

‖ρ− π‖ = sup{‖ρ(x)− π(x)‖; x ∈ Γ} >
1
10

holds.

Note that the group Γ has the following presentation in terms of generations and
defining relations: Γ = 〈x, y, a, b ‖ x−1y−1xya−1b−1ab〉. The aim of this article is to
strengthen this result. Namely we establish the following:

Theorem 1. There exists a group C such that for any 0 < ε < 2 and any Hilbert
space H there exists an ε–representation t of the group C in H satisfying the fol-
lowing condition: for any representation π : C → U(H) the relation ‖t− π‖ = 2 is
valid.

Definition. A pseudocharacter of a group M is a real-valued function ϕ on M such
that:

1) the set {ϕ(xy)− ϕ(x) − ϕ(y) |x, y ∈ M} is bounded;
2) ϕ(xn) = nϕ(x) for any integer n and any x from M .

We say that a pseudocharacter ϕ is nontrivial if it is not an additive real char-
acter of the group M . It is easy to see that property 2) from the definition of a
pseudocharacter implies that ϕ(a) = 0 for every element a of finite order.

We say that a group M belongs to the class K if every nonunit quotient group
of M has an element of order two. Note that not only 2-groups belong to the class
K. Indeed, it is easy to verify that for any prime number p the group 〈a, b || a2 =
bp = 1, a−1ba = b−1〉 belongs to K. It is evident that the class K is closed under
free and direct products.

Lemma 1. Let G be a group from the class K and let f be a nontrivial pseudochar-
acter of G such that the range of the function f belongs to the set of rationals Q.
Let H be an arbitrary Hilbert space and let E be an identity operator of H. Then
the mapping

Φ : x → Ef (x) = exp(if(x)) ·E
satisfies the following condition: For every unitary representation π of the group G
in H the relation ‖Φ− π‖ = 2 holds.

Proof. Suppose that π(x) = E ∀x ∈ G. Let us verify that ‖Φ− E‖ = 2. Let g be
an element from G such that f(g) 6= 0. Then there exists a natural number k such
that f(gk) ∈ Z \ {0}. Hence, the range of the function n → exp(if(gkn)), n ∈ Z, is
everywhere dense in the unit circle and we obtain the relation

‖Φ− E‖ = sup{‖Φ(x)− E‖; x ∈ G} ≥ sup{‖Φ(gk·n)− E‖; n ∈ Z}
= sup{| exp(i · n · f(gk))− 1|; n ∈ Z} = 2.
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Suppose that π(x) 6= E for some x ∈ G. The definition of the class K implies
that there exists a ∈ G such that π(a) = A 6= E and A2 = E. Then either Φ(a) = E
or the subgroup generated by exp(i · f(a2)) is dense in the unit circle. In either
case, it is not difficult to show that ‖Φ− E‖ = 2.

The lemma is proved.

Denote by G = A ∗ B the free product of nonunit groups A and B . Let
A0 = A \ 1, B0 = B \ 1.

Definition. Let g be a nonunit element from the group G. By the canonical form
of an element g we mean its presentation in the form

g = c1c2 · · · ck,(1)

where ci ∈ A0 ∪B0 and cici+1 /∈ A ∪B.

And we put ġ = c1, g̈ = ck, |g| = k. If g = 1 we put ġ = g̈ = 1, |g| = 0.

Definition. Let g 6= 1 and (1) be its canonical form. By a subdivision of g we
mean its presentation in the form

g = g1g2 · · · gm,

where gi, i = 1, 2, . . . , m are canonical forms and g̈i · ġi+1 /∈ A ∪B.

Now assume that the group B contains an element b0 of order more than two.
Let us define the function f as follows: f(b0) = 1, f(b−1

0 ) = −1 and f(c) = 0 if
c ∈ A ∪B \ {b0, b−1

0 }.
Now extend f to the group G by setting

f(g) =
k∑

i=1

f(ci),

where g has canonical form (1).
It is evident that for every g from the group G the equality f(g−1) = −f(g)

holds. Note that if g = g1g2 · · · gm is a subdivision of g, then

f(g) =
m∑

i=1

f(gi).

Denote by ∆(u, v) the number f(uv)− f(u)− f(v).

Lemma 2. For any u, v from G the relation

|∆(u, v)| ≤ 2(2)

is valid.

Proof. It is clear if |u| ≤ 1 or |v| ≤ 1, then the relation |∆(u, v)| ≤ 2 holds.
Now we assume that |u| ≥ 1, |v| ≥ 1. It is obvious that if |ü · v̇| = 2, then

∆(u, v) = 0.
Let |ü · v̇| = 1. Then either a) ü · v̇, ü, v̇ ∈ A or b) ü · v̇, ü, v̇ ∈ B.
In the first case we obtain subdivisions u = u1 · a, v = α · v1, where a, α ∈

A; aα 6= 1. Hence ∆(u, v) = ∆(a, α) = 0.
In case b) we obtain subdivisions u = u1 · b, v = β · v1, where b, β ∈ B and

bβ 6= 1. Hence |∆(u, v)| = |∆(b, β)| ≤ 2.
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Now consider the case |ü · v̇| = 0. There are four subcases:
1) u = u1 · t, v = t−1 · v1, |ü1v̇1| = 1;
2) u = t, v = t−1 · v1;
3) u = u1 · t, v = t−1;
4) uv = 1

where u = u1 · t, v = t−1 · v1 are subdivisions.
In the first case we have |∆(u, v)| = |∆(u1, v1)| ≤ 2. In the other cases we have

∆(u, v) = 0.
The lemma is proved.

Now we define the function ϕ by setting

ϕ(x) = lim
n→∞

1
2n

f(x2n

).

From [3] we know that the function ϕ is well-defined and is a pseudocharacter
of the group G, and for arbitrary elements x, y from the group G the relations

|ϕ(x) − f(x)| ≤ 2, |ϕ(xy)− ϕ(x) − ϕ(y)| ≤ 6

hold.
Let us verify that ϕ is integer-valued. Lemma 2 from [2] implies that every

pseudocharacter of an arbitrary group is constant on the conjugacy classes. It is
evident that ϕ

∣∣
A∪B

≡ 0. Let D be the free subsemigroup of G, generated by the
set X = {ab | a ∈ A0, b ∈ B0}. It is clear that the function f

∣∣
D

is an additive
character of the semigroup D. This fact implies that ϕ

∣∣
D

= f
∣∣
D

. Indeed, let
v = a1b1 · · · akbk ∈ D, then it is evident that vm = v · v · · · v︸ ︷︷ ︸

m

is a subdivision of

vm for any m from N . Hence, f(v2n

) = 2nf(v). Now from the definition of the
function ϕ we obtain that ϕ(v) = f(v). Since every element of the group G is
conjugate to some element from the set D ∪ A ∪ B we conclude that the function
ϕ is integer-valued.

Poof of Theorem 1. Suppose that groups A and B belong to the class K and assume
B has an element of order more than two. Then the group C = A∗B has a nontrivial
integer-valued pseudocharacter ϕ. For each m ∈ N we put ϕm = 1

mϕ. Then for
any elements x, y from the group G we have the relation

|ϕm(xy)− ϕm(x) − ϕm(y)| ≤ 1
m

· 6.

Let

Φm(x) = exp(iϕm(x)) · E.

From Lemma 1 we obtain that for any Hilbert space H and every representation π
of the group C in H the relation

‖Φm − π‖ = 2

holds.
Furthermore, we have

‖Φm(xy)− Φm(x)Φm(y)‖ = ‖ exp(iϕm(xy)) − exp(i(ϕm(x) + ϕm(y)))‖
= | exp

(
i(ϕm(xy)− ϕm(x) − ϕm(y))

)− 1|.
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And we obtain that for every ε > 0 there exists l = l(ε) such that if m > l, then
the relation

‖Φm(xy)− Φm(x)Φm(y)‖ < ε

holds.
This completes the proof of Theorem 1.
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