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ON ALMOST REPRESENTATIONS OF GROUPS
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ABSTRACT. We say that a group G belongs to the class K if every nonunit
quotient group of G has an element of order two.

Let H be a Hilbert space and let U(H) be its group of unitary operators.
Suppose that groups A and B belong to the class K and the order of B is
more than two. Then the free product G = A * B has the following property.
For any £ > 0 there exists a mapping T : G — U(H) satisfying the following
conditions :

1) |T(2y) — T(@) - T()| <=, Va,Vy € Gy

2) for any representation 7 : G — U(H) the relation

sup{||T(z) — w(z)||,z € G} =2
holds.

The question “if we replace a given functional equation by a functional inequality,
then under what conditions can we state that the solutions of the inequality are
close to the solutions of the equation?” was posed for the functional equation
flay) = f(z) - f(y) for z,y in the group G in [11] in connection with the results of
the papers [6], [7], [8]

For a mapping f of the group G into a semigroup of linear transformations
of a vector space, the problem on sufficient conditions of the coincidence of the
solution of a functional inequality || f(zy) — f(z) - f(y)|| < ¢ with a solution of the
corresponding functional equation f(zy)— f(z)- f(y) = 0 was studied in [1], [10]. In
the papers [4], [5], [9] it was independently shown that if a continuous mapping f of
a compact group G into the algebra of endomorphisms of a Banach space satisfies
the relation || f(zy) — f(z)- f(y)|| < d for all x,y € G with a sufficiently small § > 0,
then it is e-close to a continuous representation g of the same group in the same
Banach space (i.e., we have || f(z) — g(x)|| < € for all x € G).

Let H be a Hilbert space and let U(H) be the group of unitary operators of H
endowed by operator-norm topology. If H is n-dimensional n € N, the group U(H)
is denoted by U(n).

Definition. Let 0 < ¢ < 2. Let T be a mapping of a group G into U(H). We say
that T is an e-representation if for any x,y from group G the relation

1T (zy) = T(@)T(y)| <e
holds.
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V. Milman raised the following question: Let p : G — U(H) be an e-represen-
tation with small . Is it true that p is near to an actual representation 7 of the
group G in H, i.e., does there exist some small 6 > 0 such that ||p(x) — w(z)|| <

for all z € G?
Answering this question Kazhdan [9] obtained the following:

Theorem. There is a group I' with the following property. For any 0 < € < 1
and any natural number n > % there exists an e-representation p such that for any
homomorphism 7 : G — U(n) the relation

lp =7l = sup{[lp(z) = x(x)[; = eT}> %

holds.

Note that the group I' has the following presentation in terms of generations and
defining relations: T' = (x,y,a,b| 2~y Lzya=tb~tab). The aim of this article is to
strengthen this result. Namely we establish the following:

Theorem 1. There exists a group C such that for any 0 < e < 2 and any Hilbert
space H there exists an e-representation t of the group C in H satisfying the fol-
lowing condition: for any representation w : C — U(H) the relation ||t — || = 2 is
valid.

Definition. A pseudocharacter of a group M is a real-valued function ¢ on M such
that:

1) the set {¢(zy) — o(x) — o(y) |z,y € M} is bounded;

2) p(z™) = np(x) for any integer n and any = from M.

We say that a pseudocharacter ¢ is nontrivial if it is not an additive real char-
acter of the group M. It is easy to see that property 2) from the definition of a
pseudocharacter implies that ¢(a) = 0 for every element a of finite order.

We say that a group M belongs to the class K if every nonunit quotient group
of M has an element of order two. Note that not only 2-groups belong to the class
K. Indeed, it is easy to verify that for any prime number p the group (a,b || a®> =
b? =1, a~tba = b~1) belongs to K. It is evident that the class K is closed under
free and direct products.

Lemma 1. Let G be a group from the class K and let f be a nontrivial pseudochar-
acter of G such that the range of the function f belongs to the set of rationals Q.
Let H be an arbitrary Hilbert space and let E be an identity operator of H. Then
the mapping

®:x— Ef(x) =exp(if(z)) - E

satisfies the following condition: For every unitary representation w of the group G
in H the relation ||® — x| = 2 holds.

Proof. Suppose that w(z) = F Va € G. Let us verify that ||® — E|| = 2. Let g be
an element from G such that f(g) # 0. Then there exists a natural number k& such
that f(g*) € Z\ {0}. Hence, the range of the function n — exp(if(g*")), n € Z, is
everywhere dense in the unit circle and we obtain the relation

1@ — E|| = sup{[|®(z) — E[; =€ G}=>sup{||®(s"") ~ Ell; neZ}
=sup{|exp(i-n- f(g")) —1; neZ}=2.
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Suppose that 7(z) # E for some x € G. The definition of the class I implies
that there exists a € G such that 7(a) = A # FE and A% = E. Then either ®(a) = E
or the subgroup generated by exp(i - f(a?)) is dense in the unit circle. In either
case, it is not difficult to show that |® — E| = 2.

The lemma is proved. a

Denote by G = A x B the free product of nonunit groups A and B . Let
Ag=A\1, Bp=B\1.

Definition. Let g be a nonunit element from the group G. By the canonical form
of an element g we mean its presentation in the form

(1) g=c1C - Ck,
where ¢; € Ay U By and ¢;c;i41 ¢ AU B.
Andweput g=c1,§=ck, |g/=k lfg=1weputg=g=1, |g|=0.

Definition. Let g # 1 and (1) be its canonical form. By a subdivision of g we
mean its presentation in the form

g =9192" " 9m,

where g;, i =1,2,...,m are canonical forms and §; - g;+1 ¢ AU B.

Now assume that the group B contains an element by of order more than two.
Let us define the function f as follows: f(bo) = 1, f(by') = —1 and f(c) = 0 if
c€ AUB\ {by, by'}.

Now extend f to the group G by setting

k
f(g) = Zf(cl)v
=1

where g has canonical form (1).
It is evident that for every g from the group G the equality f(g=') = —f(g)
holds. Note that if g = g1g2 - - - g is a subdivision of g, then

19) =3 £(g0).
=1

Denote by A(u,v) the number f(uv) — f(u) — f(v).
Lemma 2. For any u,v from G the relation
(2) Au,v)] <2
1s valid.

Proof. Tt is clear if |u| <1 or |v| < 1, then the relation |A(u,v)| < 2 holds.

Now we assume that |u| > 1, |v| > 1. It is obvious that if |ii - 0| = 2, then
A(u,v) = 0.

Let |ii - 0] = 1. Then either a) @ - 0,4%,v € A or b) 4 - 0,4, € B.

In the first case we obtain subdivisions ©v = w1 - a, v = « - vy, where a,a €
A; aa # 1. Hence A(u,v) = A(a,a) = 0.

In case b) we obtain subdivisions u = uy - b, v = 3 - v, where b, € B and
bs # 1. Hence |A(u,v)| = |A(b, 8)| < 2.
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Now consider the case |i - | = 0. There are four subcases:
1) u=1ui-t, v= t—1 - V1, |’U,1’01| =1;

2) u=t, v=t"1 vy

3) u=wuy-t, v=t1

4) uwv=1
where u =wu; -t, v=1t"1.v; are subdivisions.

In the first case we have |A(u,v)| = |A(u,v1)| < 2. In the other cases we have
A(u,v) =0.

The lemma is proved. a

Now we define the function ¢ by setting
1 n
o(z) = lim 2—nf(x2 ).

From [3] we know that the function ¢ is well-defined and is a pseudocharacter
of the group G, and for arbitrary elements x,y from the group G the relations

lp(z) — f(@)] <2, |p(zy) —¢(@) —p(y)] <6

hold.

Let us verify that ¢ is integer-valued. Lemma 2 from [2] implies that every
pseudocharacter of an arbitrary group is constant on the conjugacy classes. It is
evident that <p| aup = 0. Let D be the free subsemigroup of G, generated by the

set X = {abla € Ag,b € By}. It is clear that the function f}D is an additive

character of the semigroup D. This fact implies that <p| p =1 ‘ p- Indeed, let

v = a1by ---apby € D, then it is evident that v™ = v-v---v is a subdivision of
——

m
v™ for any m from N. Hence, f(v2") = 2" f(v). Now from the definition of the
function ¢ we obtain that p(v) = f(v). Since every element of the group G is
conjugate to some element from the set D U AU B we conclude that the function
@ is integer-valued.

Poof of Theorem 1. Suppose that groups A and B belong to the class K and assume
B has an element of order more than two. Then the group C' = Ax* B has a nontrivial
integer-valued pseudocharacter ¢. For each m € N we put ¢, = %g@. Then for
any elements z,y from the group G we have the relation

1

lom (2y) — om(T) — pm(y)| < —-6.

Let
P (2) = exp(iom () - E.

From Lemma 1 we obtain that for any Hilbert space H and every representation 7
of the group C in H the relation

[Py — 7| = 2

holds.
Furthermore, we have

| P (7y) — o (@) P (y)|| = || exp(iom (2y)) — exp(i(m(z) + ©m ()|l
= |exp(i(@m(zy) — om(®) — om(y))) — 1.
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And we obtain that for every ¢ > 0 there exists | = () such that if m > [, then
the relation

[P (2y) — P ()P (y)|| < €
holds.
This completes the proof of Theorem 1. O
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