PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 127, Number 1, January 1999, Pages 167-172
S 0002-9939(99)04748-6

REMARKS ON BLOW-UP BEHAVIOR
FOR A NONLINEAR DIFFUSION EQUATION
WITH NEUMANN BOUNDARY CONDITIONS

KENG DENG AND MINGXI XU

(Communicated by Jeffrey B. Rauch)

ABSTRACT. We establish the blow-up rate for the solution of a nonlinear diffu-
sion equation (u™)¢ = uga, 0 < x < 1, t > 0, subject to Neumann boundary
conditions uz(0,t) = 0, ug(1,t) = u®(1,1).

1. INTRODUCTION

In this paper, we consider the initial-boundary value problem

(um)t:uwwa O<z< 1, t>07
(1.1) uz(0,t) =0, ug(1,t) = u*(1,¢), t>0,
u(z,0) = up(z) > 6 >0, 0<z<1.

Here 0 < m, a < oo, ug € C?*T7([0,1]) for some 0 < v < 1, and u{(0) = 0,

up(1) = ug (1).
Such a problem was previously studied in [5], wherein the following results were
established.

Case 1. 0 <m < 1. If a < m, every solution of problem (1.1) exists globally while
the solution blows up in a finite time 7" for a > m. Moreover, if m < a < 1, blow-up
occurs on the whole interval [0, 1], and there exist two positive constants C; and
(5 such that

(1.2)

CL(T — )Y (M=) < y(x,t) < Co(T — )M/ (M=) for (z,t) € [0,1] x [0, 7).
If m < 1 < a, blow-up occurs only at z = 1.
Case 2. m > 1. If 2a < m + 1, problem (1.1) possesses a global solution, whereas
for 2a > m + 1, every solution must blow up in a finite time 7. Furthermore, if

« > m, blow-up occurs only at x = 1. And for 2a > m + 1, under an additional
condition, the solution w satisfies

(1.3)  C(T —t)/(mH1=20=¢) < (1, 1) < O(T — t)"/(m+1-2a) for t € [0,T)
with € € (0,1) and C¢, C' > 0. The condition is as follows.
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(H) For some A > 0, ug(z) € C*°([0,1]) is a positive solution of the problem
f(x) = dxmfrrel(z)  0<x<1,
fr(0)=0, f/(1) = f*(Q1).

Later, it was shown in [8] that the critical case 2a = m + 1 belongs to the global
existence part. When m = 1, the nonlinear diffusion equation reduces to the heat
equation, and (1.1) has been extensively studied (see [4], [6] and the literature cited
therein).

Several questions remain open: What is the blow-up rate for the case m < 1 < a?
Compared to the result for m = 1 in [4], can the lower bound in (1.3) be improved?
And where does blow-up occur for the case (m+1)/2 < o < m?

Our objective in this paper is to answer all the above questions. For convenience,
letting a(u) = (1/m)ul=™ and g(u) = u®, in the sequel we shall mainly concentrate
on the equivalent problem

ur = a(u)Ugy, O<z<l, 0<t<T,
(1.4) uz(0,1) =0, uy(1,t) = g(u), 0<t<T,
u(z,0) = uo(z), 0<z<I1.

2. BLOW-UP RATE FOR THE CASE m < 1 < «

In this section we establish bounds on the blow-up rate for m < 1 < a. We first
present the lower bound.

Theorem 2.1. Let m < 1 < « and ug(x) > 0 on [0,1]. Then there exists a positive
constant Cs such that

(2.1) u(1,t) > Cs(T — t)Y/ (m+1-2e) fort €[0,7).

Proof. Since ug(z) > 0 for 0 < 2 < 1, the maximum principle yields that u,(x,t) >
0 on [0,1] x [0,T). Inspired by [1], [3], we define a function ®(x,t) = u,(z,t) —
o(x)g(u(x,t)) in (0,1) x (0,T), where ¢(z) is a nonnegative function to be deter-
mined. Through a routine calculation, we obtain

O, = a(u)Pu +a (u)u, P,
(2.2) +o(@)(a’ (u)g' (u) + alu)g” (u))uz

+¢' (2)(a (w)g(u) + 2a(u)g (u))us + ¢" (z)a(u)g(w).

Since @’ (u)g' (u)+a(u)g” (u) = (a/m)(a—m)u®"™"t > 0 and a’(u)g(u)+2a(u)g’(u)
= (2a—m+1)/m)u*=™ > 0, if p(z) satisfies ¢’ > 0 and ¢” > 0 on (0, 1), then
® cannot attain its negative minimum in (0,1) x (0,7).

Because u((1) = u§ (1), ug(z) > 0 near z = 1, we can construct ¢(z) as follows:
@(x) =0 for 0 < z < x¢ with some 29 < 1 and ¢(z) = (z — 0)"/(1 — 70)" on
(wo,1], where [ (> 3) is chosen so large that ¢(z) < ug(z)ug *(x) for o < x < 1.
Then ®(0,¢) = ®(1,¢t) = 0, and ®(x,0) > 0. By the maximum principle, we have
®(x,t) > 0, that is,

(2.3) ug(z,t) > o(x)g(u(zx,t)) for (z,t) € [0,1] x [0,T).
Moreover, ®,(1,t) < 0, which means
ur(1,t) = alu(l,t))ug(1,t)

(2.4) < a(u(1,0))g(u(l, )@ (1) + ¢'(u(1, 1)) < cou®*T™(2).
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Integrating (2.4) from ¢ to T yields the asserted result.

We then give the upper bound, the derivation of which is in the spirit of [2].

Theorem 2.2. Let m < 1 < a and uj(x), ug(x) > 0 on [0,1]. Then there exists a
positive constant Cy such that

(2.5) u(1,t) < Cy(T — t)V/(mF1-22) fort €[0,7).

Proof. Since ufj(x) > 0 for 0 < 2 < 1, by the maximum principle one can see that
Uz (z,t) and wi(x,t) are positive on [0,1] x [r,T) for any 7 € (0,T). Letting 7
be close to T, consider ¥ (z,t) = u(x,t) — ed(u(z,t))u2=(z,t) in (1 —T + 7,1)
x (1,T), where € is a positive constant, (m + 1)/a < o < (m + «)/«, and d(u) =
a(u)g’(u)g° 1 (u). By a tedious computation we find that

U, = a(u)V,p + C(z, )V + eR(z, t)ul™c,

where
_ 4@ e2—0)(1—-0 d—u)u_" U
i @] o
(2.6) +e [(4 20)d (u) — (1 — o) () ] 2
2
+e2(2 —0)(1 — a)i((;‘)) u=%
and
R(z,t) = a(u)d"(u)+e€[(c —1)d'(u)d(u) + 2(2 — o)a(u)d (u)] %uw ’
(2.7) +e2(2 - o) (1 — o)%u;%.
Since a(u) = (1/m)ul=™ and d(u) = (a/m)u*° =™, we have
R(z,t) = % {(aa —m)(ac —m —1) + ea[(c — 1)(1 — m)
(2.8) 122 - o)(ao —m) L 4 2022 — o) (1 — o)) :2(;‘) } e 2m=l,
Recalling (2.3) we observe that if 1 — T + 7 > xq,
(2.9) ug(z,t) > kg(u(z,t)) for (z,t) e [1 =T +7,1] x [1,T)

with k a positive constant. Consequently, R(x,t) > 0 for small e, which implies
(2.10) Uy > a(u)¥,, + C(x, t)¥ in(1-T+47,1) x(r,7T).

On the parabolic boundary, since = 1 is the only blow-up point, if € is small
enough, then both ¥(1 — T + 7,t) and ¥(z,7) are nonnegative. At z = 1,

(2.11) U, (1,8) = b(1, )T (1,) + eg® 7 (u(1, £))Q(u(1, 1)),

where
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and
2(u
Qu) = d(w)g'(u) — d'(u)g(w) — (2 - a%u))gl-a(u)
(2.12) = %(a +m—ao —ea(2 —o))uotemL

Since o < (m+a)/a, if € is sufficiently small, then Q(u(1,¢)) > 0, which means that
U, (1,t) > b(1,6)¥(1,¢) for 7 <t < T. Thus ¥(z,¢t) >0on [1 =T+ 7,1] x [7,T).
In particular, ¥(1,¢) > 0, that is ,

(2.13) ue(1,t) > ea(u(l,t))g(u(l,t)g (u(l,t)) = %uzo‘_m(l,t).

Integration of (2.13) over (¢,7T) then leads to (2.5).

3. BLOW-UP RATE AND SET FOR THE CASE 1 <m < 2a —1

We begin this section by presenting the lower bound on the blow-up rate for
2a > m + 1. Here we use a modification of an argument from [5].

Theorem 3.1. Let 1 < m < 2a — 1 and ugy(z), ug(x) > 0 on [0,1]. Then there
exists a positive constant Cs such that

(3.1) u(1,t) > Cs(T — t)V/(mF1-22) fort €10,T).

Proof. Tt suffices to prove (3.1) for ¢ € [, T) with some 7 such that u(1,7) > 1. Set
1

3.2 =u"(1, u™(z,t)dz
(32 v =0 [ e
with

(33 £0) = (1- ul=(1,0),

where 0 < e < 1, (1—¢€)/e™ < 2/(a—1),and a—m—1 < v < (a—1)[1—m(1—€)/2¢™].
A straightforward computation gives

1
() = wv-l(u)ut(u)/ W™ (1) da

1-€(¢)
+uY (1,8) (ugp(1,t) — ux (1 — &(2), 1))
(3.4) +(1—€e)(1 —a)u”=*(1, t)u™(1 — &(t), )u(1,¢)

< =T (1,0 I(t) +u (1,1,

where I(t) = (o — Du™(1 — &(¢),t)E(t) — ’yfll_g(t) u™(z,t)dz. Since u, > 0 and
Uge > 01n [0,1] X [, T), we find

(3.5) eu(l,t) <u(l—£&(t),t) <wulx,t) <u(l,t)

for any x € [1 —&(¢),1] and ¢ € [, T). Moreover, by (3.2), (3.3), and (3.5), we have
(3.6) (1= e TmHIa(1 1) < y(t) < (1— QurmTIe (1),

or equivalently,

(3.7) cru(l,t) < yl/(V+m+1_o‘)(t) < cou(l,t) for t € [, T).
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We now show that I(t) >0 on [n,T).
0 = 0-a) [ e w0
1
+a—v-1) /1_£(t) u™(z,t)dx
1
(3.8) S| D D0, 0 €)1

1
+a—v-— 1)/ u™(z,t)dx,
1-¢()

where 1 — £(t) < ¢(t) < 1. Because a,m > 1, a — v —1 > 0, uy, uge > 0, and
fl e @+ &) — 1)dz = (1/2)(1—6)2112 2a(1,t), we can see that

m(l—a)(1 —e)+ (a—vy—1)e™ | u™7(1,t) > 0.

DN | =

(39) 1) (1-0 [

From (3.4), (3.7), and (3.9), it then follows that
(3.10) (1) SuT (L) < Oy e )

)

since 7 + a > 2a —m — 1 > 0. Integrating the above inequality from ¢ to T, we
obtain

20 —m —1
(m+1-2a)/(y+m+1—a) 1) < ey
Y ()*7+m+1—o<cl ( )
that is,
yl/('y+m+1—o¢) (t) > Cg(T _ t)l/(m+1—2a)’
which in conjunction with (3.7) leads to (3.1).
Based on the general idea of [7], we then locate the blow-up point for the case
(m+1)/2<a<m.

Theorem 3.2. Suppose that condition (H) holds. Then for (m +1)/2 < a < m,
blow-up occurs only at x = 1.

Proof. Introduce a function w(z) € C%([0,1]) defined by

h(x) OSQTS%,
(3.11) W= 0 1e<

with w'(0) = 0 and w'(z) < 0 for 0 < z < 1. Let v(x,t) = Colw(z) + B(T —t)] 77,
where Cy and B are positive constants to be determined, and p = 1/(2a —m — 1).
Then v(x,t) satisfies

(3.12) mu™ vy — vz = Coplw(x) + B(T — )] 7P~ J (x,t) in (0,1) x (0,7).
Here J(z,t) = Bmu™ ! — (p+1)(w'(2))?/[w(z) + B(T —t)] +w" (). Since uo(z) >
d >0 and u; >0, for (x,t) € (1/2,1) x (0,7,

A(p+ 1A —x)?
(1—-2)24+B(T —1)
(3.13) > Bmd™ ' —4p-2>0

J(z,t) = Bmu™ ' - +2
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if B> (4p +2)/mdé™1; for (z,t) € (0,1/2] x (0,T),
(p+ Dh
h(3)
if B> [(p+ 1)h/h(1/2) + ho]/md™", where hy = maxgc,<1 [I'(2)| and hy =

(3.14) J(x,t) > Bmé™ ! — —hy >0

maXg, <1 |h ()] .
On the parabolic boundary, v, (0,t) = u,(0,¢) = 0. By (1.3), if Cy > B*C, then
v(1,t) = CoB~P(T —t)~? > u(1,t); and when t = 0, Cy can be chosen so large that

v(z,0) > Co[w(0) + BT~ > Jmax uo(x) > up(x).

Then the maximum principle implies
u(z,t) < v(z,t) for (z,t) € [0,1] x [0,T),
which shows that for any = € [0,1),
u(z,t) < Cow™ P (x) < oo.

Thus the proof is completed.
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