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(Communicated by Frederick W. Gehring)

Abstract. In this paper, we introduce a multi-parameter family of general-
ized power means, and use their special properties to provide a new method
of interpolating inequalities. We give a different refinement of an inequality of
Ky Fan as a particular application of our method.

1. Introduction

Interpolation of inequalities extends known inequalities in a systematic way
by inserting inequalities between the extremes, or introducing parameters into
some functions with special values at those extremes. For example, the λ-method
by D. S. Mitrinović and P. M. Vasić, and the functional equation approach by
S. Iwamoto are discussed in [12]. Due to numerous references on inequalities and
the large variety of methods, we shall recommend to the interested reader the ex-
cellent books [3, 4, 5, 11, 12, 13] and further relevant articles therein.

Let a = (a1, · · · , an) ∈ Rn
+, where R+ denotes the set of all positive real num-

bers, and

An(a) =
1
n

n∑
i=1

ai and Gn(a) =

[
n∏

i=1

ai

] 1
n

denote the arithmetic mean and the geometric mean of a1, · · · , an, respectively. One
of the most important inequalities, perhaps a keystone of the theory of inequalities,
is the arithmetic mean–geometric mean inequality ([3, p. 3]), that is,

Gn(a) ≤ An(a)(1)

with equality if and only if a1 = a2 = · · · = an.
Furthermore, let Hn(a) = n[

∑n
i=1 1/ai]−1 be the harmonic mean of a1, · · · , an.

It is also known that ([12])

Hn(a) ≤ Gn(a) ≤ An(a),(2)

where, in either case, equality holds if and only if a1 = a2 = · · · = an.
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A simple example of interpolating inequality (2) is to introduce the so-called
symmetric means. For a = (a1, · · · , an) ∈ Rn

+, denote 1/a = (1/a1, · · · , 1/an), and
let

σr(a) =
∑

1≤i1<···<ir≤n

ai1 · · · air ,

be the rth elementary symmetric function of a1, · · · , an; the summation is taken
over all possible permutations of {i1, · · · , ir}, r = 1, · · · , n. Define the rth symmet-
ric mean of a as

P [r]
n (a) =

{[
n
r

]−1

σr(a)

}1/r

, r = 1, 2, · · · , n.

Moreover we define

P [−r]
n (a) =

{
P [r]

n (
1
a

)
}−1

, r = 1, 2, · · · , n.

It is well-known that ([12, 13]):

Hn(a) = P [−1]
n (a) ≤ · · · ≤ P [−n+1]

n (a) ≤ P [−n]
n (a) = Gn(a)

= P [n]
n (a) ≤ · · · ≤ P [2]

n (a) ≤ P [1]
n (a) = An(a),

with equality if and only if a1 = a2 = · · · = an.
In the chain of inequalities above, the symmetric means P

[r]
n (a), r = ±1, · · · ,±n,

can be viewed as a family of 2n− 1 means with the arithmetic mean An(a) as the
largest member and the harmonic mean Hn(a) as the smallest. A direct calculation
shows that

{Gn(a)}n = Hn(a){P [n−1]
n (a)}n−1 and {Gn(a)}n = An(a){P [−n+1]

n (a)}n−1.

Motivated by different considerations, there has been a great deal of effort devoted
to the development of a continuous family of means with diverse applications. Some
of the methods are quite elementary but appealing, and some are sophisticated (cf.
[9, 18]). For instance, if we define for x real, x 6= 0,

F (x)(a) =
(

ax
1 + ax

2 + · · ·+ ax
n

n

)1/x

,

then it can be verified that ([18]) Gn(a) = limx−→0 F (x)(a), F (x)(a) is a monotonic
increasing function, and it is continuous everywhere if we define F (0)(a) = Gn(a).
It is clear that

F (−1)(a) = Hn(a), F (0)(a) = Gn(a), F (1)(a) = An(a),

and F (2)(a) = Qn(a) is the root mean of a1, · · · , an. Moreover, denote by M and
m the largest element and the smallest element of a1, a2, · · · , an respectively. Then
from [18] we have

lim
x−→∞F (x)(a) = M and lim

x−→−∞F (x)(a) = m.

Obviously, F (x) serves as a continuous family of means with particular values as
those basic means. Recently, Yang and Wang have introduced different monotonic
functions with special values as various means in an endeavour to generalize a
famous inequality of Ky Fan ([20]). In the early 1980’s, Leach and Sholander
studied some multi-variable extended mean values via different functions which
possess special properties ([9]).
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In the next section, we shall introduce a multi-parameter family of means that
will be used to interpolate many useful inequalities including the one of Ky Fan.

2. Generalized power means

Definition 2.1. Let a = (a1, · · · , an), w = (w1, · · · , wn) ∈ Rn
+. Set w+ =

∑n
i=1 wi.

The rth power mean of a with weight w, M
[r]
n (a;w) is defined by

M [r]
n (a;w) =

 [
∏n

i=1 awi

i ]
1

w+ if r = 0,[∑n
i=1 wia

r
i

w+

] 1
r

if r 6= 0.

More generally, define means due to Gini and Bonferroin (cf. [4, p. 189]) Br,t
n (a;w),

r ≥ t ≥ 0, as follows:

Br,t
n (a;w) =


[∏n

i=1 a
wia

r
i

i

] 1∑n
i=1 wiar

i if r = t,[∑n
i=1 wia

r
i∑n

i=1 wiat
i

] 1
r−t

if r > t.

Then Br,0
n (a;w) = M

[r]
n (a;w). The counterharmonic mean H

[r]
n (a;w), r ≥ 1, is

thereby defined by H
[r]
n (a;w) = Br,r−1

n (a;w).
The most important property of the power means is perhaps the following in-

equality.

Theorem 2.2 ([4, p. 159]). Let −∞ < t < r < +∞. Then for a, w ∈ Rn
+,

M [t]
n (a;w) ≤ M [r]

n (a;w),

with equality if and only if a1 = a2 = · · · = an.

Remark. When w = (1/n, · · · , 1/n), then M
[1]
n (a;w) = An(a), M

[0]
n (a;w) =

Gn(a), and M
[−1]
n (a;w) = Hn(a). Theorem 2.2 is simply another generalization of

the classical inequality (2). With a and w fixed, the power mean can be viewed as
a monotonic function of r.

Now, let Qn ⊂ Rn
+, (n ≥ 2), be a non-empty subset, and f = (f1, f2, · · · fm),

where fi : Qn −→ R+, 1 ≤ i ≤ m, are distinct functions. Let wi > 0, 1 ≤ i ≤ m,
and 4(w) = 4(w1, · · · , wm) be the (m− 1)-simplex in Rm with vertices

Wi = (0, · · · , 0, 1/wi, 0, · · · , 0) where 1/wi is the ith coordinate, i = 1, · · · , m.

Thus, if x = (x1, · · · , xm) ∈ 4(w), then
∑m

i=1 wixi = 1.

Definition 2.3. For x ∈ 4(w), a ∈ Qn and r ≥ 0, define the generalized power
mean L

[r]
n,m[f ;x;w](a) by

L[r]
n,m[f ;x;w](a) =

{ ∏m
i=1 {fi(a)}wixi if r = 0,

{∑m
i=1 wixi [fi(a)]r} 1

r if r > 0.

Notice that if we define fi(a) = ai for a ∈ Rn
+, and choose xi = 1/w+, 1 ≤ i ≤ n,

then

L[r]
n,m[f ;x;w](a) = M [r]

n (a,w), r ≥ 0.

The generalized power means are also well-defined for r < 0. For simplicity we will
consider only the case when r ≥ 0. In order to have an inequality comparable to
Theorem 2.2, we now introduce an index dominant relation � on 4(w) as follows.
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For x, x′ ∈ 4(w), w ∈ Rn
+, define x � x′ if x = x′, or there exists an integer

k, 1 ≤ k < m such that the following conditions are satisfied:

xi ≥ x′i for 1 ≤ i ≤ k; xk+1 < x′k+1; xi ≤ x′i for k + 2 ≤ i ≤ m, if k + 2 ≤ m.

(3)

Furthermore, for a ∈ Qn, x � x′, and x 6= x′, we give the definition of the statement
EQ(f ;x � x′; a) as follows:

EQ(f ;x � x′; a) :
m∑

i=1,i6=k,xi 6=x′i

[fi(a)− fk(a)]2 = 0 ⇐⇒ a1 = a2 = · · · = an.

For instance, let f satisfy the following condition: for any pair (i, j), i 6= j, a ∈ Qn,

fi(a) = fj(a) ⇐⇒ a1 = a2 = · · · = an.(4)

Then EQ(f ;x � x′; a) holds for any x,x′, x � x′, and x 6= x′. Some non-trivial
examples are given below.

Example 2.4. Let Qn = Rn
+. The following functions satisfy (4).

(a) fi(a) = P
[ri]
n (a), 1 ≤ r1 < r2 < · · · < rm ≤ n.

(b) fi(a) = P
[−ri]
n (a), 1 ≤ r1 < r2 < · · · < rm ≤ n.

(c) fi(a) = A
[ri]
n (a), 1 ≤ r1 < r2 < · · · < rm ≤ n, where A

[r]
n (a) is defined as

A[r]
n (a) = {An(a)} n−r

r(n−1) {Gn(a)}n(r−1)
r(n−1) .

(d) fi(a) = M
[ri]
n (a;w), 0 ≤ r1 < r2 < · · · < rm.

We now present our main result as follows.

Theorem 2.5. (a) If 0 ≤ t < r, x ∈ 4(w),

L[t]
n,m[f ;x;w](a) ≤ L[r]

n,m[f ;x;w](a), a ∈ Qn.

Equality holds if and only if a1 = a2 = · · · = an.
(b) Suppose x � x′; x,x′ ∈ 4(w) and f satisfies

f1(a) ≥ f2(a) ≥ · · · ≥ fm(a), a ∈ Qn.(5)

Then for any r ≥ 0,

L[r]
n,m[f ;x;w](a) ≥ L[r]

n,m[f ;x′;w](a), a ∈ Qn.

If x 6= x′, and f satisfies the condition EQ(f ;x � x′; a), then equality holds if and
only if a1 = a2 = · · · = an.

Proof. (a) The inequality follows from Theorem 2.2 because

L[r]
n,m[f ;x;w](a) = M [r]

n ((f1(a), · · · , fm(a)), (w1x1, · · · , wmxm)) .

(b) For a ∈ Qn, choose β > 0 so that βfm(a) ≥ 1. First, let us consider the case
r = 0. For 1 ≤ i ≤ k,

(βfi)wixi(a) = {βfi(a)}wixi = (βfi)
wix

′
i (a) (βfi)

wi(xi−x′i) (a),

hence by (5), we have

(βfi)
wixi (a) ≥ (βfi)

wix
′
i (a) (βfk)wi(xi−x′i) (a).(6)
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As x,x′ ∈ 4(w),
∑m

i=1 wixi =
∑m

i=1 wix
′
i = 1, hence

k∑
i=1

wi(xi − x′i) =
m∑

i=k+1

wi(x′i − xi).(7)

It follows from (5), (6) and (7) that

βL[r]
n,m[f ;x;w](a)

=
k∏

i=1

(βfi)
wixi (a)

m∏
i=k+1

(βfi)
wixi (a)

≥
k∏

i=1

(βfi)
wix

′
i (a) (βfk)

∑k
i=1 wi(xi−x′i) (a)

m∏
i=k+1

(βfi)
wixi (a)

=
k∏

i=1

(βfi)
wix

′
i (a) (βfk)

∑m
i=k+1 wi(x

′
i−xi) (a)

m∏
i=k+1

(βfi)
wixi (a)

≥
k∏

i=1

(βfi)
wix

′
i (a)

m∏
i=k+1

(βfi)
wi(x

′
i−xi) (a)

m∏
i=k+1

(βfi)
wixi (a)

= β

m∏
i=1

f
wix

′
i

i (a)

= βL[r]
n,m[f ;x′;w](a).

Equality holds if and only if for i 6= k, 1 ≤ i ≤ m, we have

(βfi)
wi(xi−x′i) (a) = (βfk)wi(xi−x′i) (a).(8)

Since x � x′, there exists at least one i such that xi 6= x′i, hence (8) implies that
fi(a) = fk(a) if xi 6= x′i. By the equality condition EQ(f ;x � x′; a) we have
a1 = a2 = · · · = an.

For r > 0, the proof is similar.

βr
{
L[r]

n,m[f ;x;w](a)
}r

≥
k∑

i=1

wix
′
i(βfi)r(a) +

k∑
i=1

wi(xi − x′i)(βfk)r(a) +
m∑

i=k+1

wixi(βfi)r(a)

≥
k∑

i=1

wix
′
i(βfi)r(a) +

m∑
i=k+1

wi(x′i − xi)(βfk)r(a) +
m∑

i=k+1

wixi(βfi)r(a)

≥
k∑

i=1

wix
′
i(βfi)r(a) +

m∑
i=k+1

wi(x′i − xi)(βfi)r(a) +
m∑

i=k+1

wixi(βfi)r(a)

= βr
m∑

i=1

wix
′
if

r
i (a)

= βr
{
L[r]

n,m[f ;x′;w](a)
}r

.

Equality holds if and only if

wi(xi − x′i)f
r
i (a) = wi(xi − x′i)f

r
k (a), i 6= k, 1 ≤ i ≤ m.(9)
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Again, we use the hypothesis EQ(f ;x � x′; a) concluding that a1 = a2 = · · · =
an.

Remarks 2.6. (i) Theorem 2.5 (a) becomes Theorem 2.2 if we choose fi(a) = ai for
i = 1, · · · , n. (ii) We can apply Theorem 2.5 (b) to the functions in Example 2.4.
The following special case of Theorem 2.5 (b) was proved in [7]: m = 3, w1 = 1,
w2 = n− 1, w3 = n/2, n ≥ 3, f1(a) = An(a), f2(a) = {[An(a)]n−2[Gn(a)]n} 1

2(n−1) ,
and f3(a) = Gn(a).

Theorem 2.5 (b) generalizes many important inequalities (more applications
will be given in the next section). For instance, let us consider some inequali-
ties involving H

[r]
n (a;w), or Br,t

n (a;w) below. For a ∈ Rn
+, we can assume that

a1 ≥ a2 ≥ · · · ≥ an (by rearranging the subscripts). Choose β > 0 so that βan ≥ 1.
Let r > t ≥ 0. For w ∈ Rn

+, set

u =
n∑

i=1

wia
r
i , v =

n∑
i=1

wia
t
i,

xj = ar
j/u, and x′j = at

j/v, 1 ≤ j ≤ n.(10)

Notice that

xj =
(βaj)r∑n

i=1 wi(βai)r
and x′j =

(βaj)t∑n
i=1 wi(βai)t

.

Set c =
∑n

i=1 wi(βai)r/
∑n

i=1 wi(βai)t, as r > t and βan ≥ 1, we have c ≥ 1.

Lemma 2.7. Let x, x′ ∈ Rn
+ be defined by (10). Then x, x′ ∈ 4(w) and x � x′.

Proof. It is clear that
n∑

i=1

wixi =
n∑

i=1

wix
′
i = 1.(11)

Hence, x, x′ ∈ 4(w). If a1 = · · · = an, then x = x′. Suppose now that not all aj ’s
are equal. Since x′j/xj = c(βaj)t−r, we obtain

x′j ≤ xj (resp. x′j ≥ xj) ⇐⇒ c ≤ (βaj)r−t (resp. c ≥ (βaj)r−t).(12)

If x′j ≤ xj (resp. x′j ≥ xj) for 1 ≤ j ≤ n, then we shall have a1 = a2 = · · · = an,
and this is a contradiction. Clearly if x′j ≤ xj for 1 ≤ j ≤ n, then x′j = xj for
1 ≤ j ≤ n by (11), and so, c = (βaj)r−t, 1 ≤ j ≤ n by (12). Thus, there exists a
largest positive integer k, k < n, so that either

x′k ≤ xk and x′k+1 > xk+1, or(13)

x′k ≥ xk and x′k+1 < xk+1.(14)

Suppose (14) holds, then by (12)

(βak)r−t ≤ c and c < (βak+1)r−t.

Since ak ≥ ak+1 and r > t, this is impossible. Hence (13) holds. If n ≥ k + 2, we
need to verify that x′j ≥ xj for k + 2 ≤ j ≤ n. If not, there exists s ≥ k + 2 such
that xs > x′s. Since x′k+1 > xk+1 by (13), again by (12) we have

c < (βas)r−t and c < (βak+1)r−t,
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which will imply that as > ak+1, a contradiction with the arrangement of the aj ’s.
This completes the proof.

Theorem 2.8 (cf. [4]). Let a, w ∈ Rn
+.

(a) Suppose r1 > t1, r2 > t2 ≥ t1 ≥ 0, and t2 − t1 ≤ r2 − r1. Then

Br1,t1
n (a;w) ≤ Br2,t2

n (a;w).

(b) For 1 ≤ t < r,

H [t]
n (a;w) ≤ H [r]

n (a;w).

(c) For 1 < r,

M [r]
n (a;w) ≤ H [r]

n (a;w).

Equality holds in (a) (resp. (b), (c)) if and only if a1 = a2 = · · · = an.

Proof. For a ∈ Rn
+, we may assume that a1 ≥ a2 ≥ · · · ≥ an (by rearranging the

subscripts if necessary). Set fi(a) = ai, 1 ≤ i ≤ n.
(a) Define x′j = at1

j /
∑n

i=1 wia
t1
i , and xj = ar1

j /
∑n

i=1 wia
r1
i , 1 ≤ j ≤ n, then

x � x′ by Lemma 2.7. Hence by Theorem 2.5

Br1,t1
n (a;w) = L[r1−t1]

n,n [f ;x′;w](a)

≤ L[r1−t1]
n,n [f ;x;w](a)

≤ L[r2−t2]
n,n [f ;x;w](a)

= Br2,t2
n (a;w).

(b) Set x′j = at−1
j /

∑n
i=1 wia

t−1
i and xj = ar−1

j /
∑n

i=1 wia
r−1
i , 1 ≤ i ≤ n, then

x � x′ by Lemma 2.7 and

H [t]
n (a;w) = L[1]

n,n[f ;x′;w](a) ≤ L[1]
n,n[f ;x;w](a) = H [r]

n (a;w).

Since H
[t]
n (a;w) = Bt,t−1

n (a;w), this inequality is also a corollary to (a).
(c) Take x′j = 1/w+, and xj = aj/

∑n
i=1 wia

r
i , 1 ≤ j ≤ n. Clearly x � x′ and so

M [r]
n (a;w) = L[r]

n,n[f ;x′;w](a) ≤ L[r]
n,n[f ;x;w](a) = H [r]

n (a;w).

For equality, since the proofs are similar, we shall only give the proof of (a). We
need to show that the condition EQ(f ;x � x′; a) is satisfied. To confirm this, it
suffices to verify that if the aj ’s are not all equal, then there exists an i, i 6= k, so
that fi(a) 6= fk(a), where x′k+1 > xk+1 since (12) and (13) still hold. Hence by (12)
c > (βak+1)r1−t1 . We shall complete the proof by verifying that fk+1(a) 6= fk(a),
otherwise, ak = fk(a) = fk+1(a) = ak+1. Hence, c > (βak)r1−t1 , again, by (12),
x′k > xk which contradicts (13).

3. Interpolation of inequalities

In this section, we shall apply Theorem 2.5 (b) to refine many well-known in-
equalities including an inequality of Ky Fan ([12]). We adopt the same notations
introduced in sections 1 and 2 unless otherwise specified. For simplicity of the
statements and the intuition of the arguments, we will focus on the interpolation of
double inequalities with three quantities. The general case of interpolating a chain
of any finite number of inequalities is similar.
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As a special case of Definition 2.3, let m = 3, 4(w) be the triangle in R3 with
any fixed w ∈ R3

+, and

f1(a) = An(a), f2(a) = Gn(a), f3(a) = Hn(a).

For a fixed r ≥ 0, define a 3-variable function Φ(x) of x = (x1, x2, x3) on 4(w) via
Definition 2.3 as

Φ(x)(a) = L
[r]
n,3[f ;x;w](a).

Then it is clear that,

Φ(W1)(a) = An(a), Φ(W2)(a) = Gn(a), Φ(W3)(a) = Hn(a).

From Theorem 2.5 (b), we have

Theorem 3.1. If x, x′ ∈ 4(w), w ∈ Rn
+, and x � x′, x 6= x′, then

Φ(x)(a) ≥ Φ(x′)(a)

with equality holds if and only if a1 = a2 = · · · = an.

For each w ∈ R3
+, since

∑3
i=1 wixi = 1, Φ(x) provides a two-parameter continu-

ous family of means for a1, a2, · · · , an with An(a) as the largest member and Hn(a)
as the smallest.

By applying the same argument as we used in Theorem 3.1, we are able to refine
the following well-known inequality of Ky Fan which has been the subject of a
number of articles ([1, 2, 3, 10, 19, 20]):

Hn(a)
H ′

n(a)
≤ Gn(a)

G′
n(a)

≤ An(a)
A′n(a)

,(15)

where A′n(a), G′
n(a) and H ′

n(a) are the arithmetic mean, geometric mean, and
harmonic mean of 1−a1, · · · , 1−an, respectively, when ai ∈ (0, 1/2], i = 1, 2, · · · , n.

Recently, Yang and Wang have introduced two continuous monotonic functions
p(t)(a) and q(t)(a) such that ([20])

Hn(a)
H ′

n(a)
≤ p(t)(a) ≤ Gn(a)

G′
n(a)

≤ q(t)(a) ≤ An(a)
A′n(a)

(16)

with p(1/n) = Hn(a)/H ′
n(a), p(0) = Gn(a)/G′

n(a) = q(0), and q(1/n) =
An(a)/A′n(a).

Now, assume that 4(w) is the same as in Theorem 3.1. Let

f1(a) =
An(a)
A′n(a)

, f2(a) =
Gn(a)
G′

n(a)
, f3(a) =

Hn(a)
H ′

n(a)
,

and for a fixed r ≥ 0, let

Ψ(x)(a) = L
[r]
n,3[f ;x;w](a).

Then we have

Ψ(W1)(a) =
An(a)
A′n(a)

, Ψ(W2)(a) =
Gn(a)
G′

n(a)
, and Ψ(W3)(a) =

Hn(a)
H ′

n(a)
.

We obtain the following counterpart of Theorem 3.1 which is simply another re-
finement of Fan’s inequality in terms of a two-parameter family of inequalities.

Theorem 3.1′. For w ∈ R3
+, x, x′ ∈ 4(w), x � x′ and x 6= x′, then

Ψ(x)(a) ≥ Ψ(x′)(a)

with equality if and only if a1 = · · · = an.
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4. Concluding remarks

The original inequality of Ky Fan was
Gn(a)
G′

n(a)
≤ An(a)

A′n(a)
.

Later on, many articles developed it into the form of (15) with various techniques.
As a matter of fact, since there are many symmetric means P

[r]
n (a), r = 1, · · · , n,

lying between An(a) and Gn(a), and P
[−r]
n (a), r = 1, · · · , n, lying between Gn(a)

and Hn(a), the following more general inequalities of Fan-type are also valid [12,
p. 32]:

Hn(a)
H ′

n(a)
=

P
[−1]
n (a)

P
[−1]′
n (a)

≤ P
[−2]
n (a)

P
[−2]′
n (a)

≤ · · · ≤ P
[−n+1]
n (a)

P
[−n+1]′
n (a)

≤ P
[−n]
n (a)

P
[−n]′
n (a)

=
Gn(a)
G′

n(a)

=
P

[n]
n (a)

P
[n]′
n (a)

≤ P
[n−1]
n (a)

P
[n−1]′
n (a)

≤ · · · ≤ P
[2]
n (a)

P
[2]′
n (a)

≤ P
[1]
n (a)

P
[1]′
n (a)

=
An(a)
A′n(a)

,

where every quantity with a prime in the denominator represents the corresponding
mean of 1− a1, · · · , 1− an, for ai ∈ (0, 1/2], i = 1, 2, · · · , n.

We may use a 2(n− 1)-simplex 4(w) in R2n−1 as described in section 2, in the
same spirit of Theorems 3.1, 3.1′ to generalize the chain of inequalities of Fan-type
above, or the chain of symmetric mean inequalities in section 1 to a (2n − 2)-
parameter family of inequalities. More specifically, Let 4(w) be the 2(n − 1)-
simplex in R2n−1 with vertices Wi as defined in section 2, where w ∈ R2n−1

+ .
Set

fi(a) = P [i]
n (a), 1 ≤ i ≤ n; and fi+n(a) = P [−i]

n (a), 1 ≤ i ≤ n− 1.

Then we can view 4(w) as an index domain for Φ(x) whose special values on the
vertices are symmetric means, and for Ψ(x) whose special values on the vertices are
the quotients of symmetric means in the inequality of Fan-type. In contrast with
[9], we may call the functions Φ(x)(a) and Ψ(x)(a) multi-variable extended mean
values of a1, · · · , an and multi-variable extended mean value quotients of Fan-type.
In [9], Leach and Sholander demonstrated some very interesting properties of multi-
variable extended mean values. Likewise, one could carry out a similar discussion
for our generalized power means.

Means and their inequalities have always been an important resource for geo-
metric extremum problems. In his wonderful book Induction and Analogy in Math-
ematics [16], Pólya pointed out the remarkable analogy between the arithmetic
mean-geometric mean inequality and the classical isoperimetric inequality for a
simple closed plane curve. Therefore, any refinement of one object will likely imply
a similar refinement of the other. In Ivan Niven’s book Maxima and Minima With-
out Calculus [14] that has enlightened many interesting articles in MAA journals,
inequalities involving different means are key ingredients. In fact, geometric in-
equalities which are derived from inequalities of means are collected in many books
such as [6, 13, 14, 16, 17] etc. Regarding a = (a1, a2, · · · , an) as the side lengths
of an n-sided plane polygon Pn, in [7], we have used some refined inequalities of
means to establish many geometric inequalities of isoperimetric type for polygons.
In [13], one can find many geometric inequalities for an n-simplex Sn in Rm where
a = (a1, a2, · · · , an) represents a collection of the areas of its n faces, or a collection
of its n altitudes, and so on, as immediate consequences of some inequalities in
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means. The method of interpolating inequalities is certainly applicable to refining
geometric inequalities. We have used the results of this paper and obtained some
new interesting geometric inequalities in [8].
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