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ABSTRACT. In this paper, we introduce a multi-parameter family of general-
ized power means, and use their special properties to provide a new method
of interpolating inequalities. We give a different refinement of an inequality of
Ky Fan as a particular application of our method.

1. INTRODUCTION

Interpolation of inequalities extends known inequalities in a systematic way
by inserting inequalities between the extremes, or introducing parameters into
some functions with special values at those extremes. For example, the A-method
by D. S. Mitrinovi¢ and P. M. Vasi¢, and the functional equation approach by
S. Iwamoto are discussed in [12]. Due to numerous references on inequalities and
the large variety of methods, we shall recommend to the interested reader the ex-
cellent books [3, 4, 5, 11, 12, 13] and further relevant articles therein.

Let a = (a1, -+ ,a,) € R}, where R denotes the set of all positive real num-
bers, and

An(a) = %iai and Gn(a) = f[lai "

denote the arithmetic mean and the geometric mean of a1, - - , a,, respectively. One
of the most important inequalities, perhaps a keystone of the theory of inequalities,
is the arithmetic mean—geometric mean inequality ([3, p. 3]), that is,

(1) Gn(a) < An(a)
with equality if and only if a1 = ag = -+ = a,.

Furthermore, let H,(a) = n[Y.;_, 1/a;]~" be the harmonic mean of a1, - , ay.
It is also known that ([12])
(2) Hy(a) < Gn(a) < An(a),
where, in either case, equality holds if and only if a1 = a3 = = a,.
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A simple example of interpolating inequality (2) is to introduce the so-called
symmetric means. For a = (a1, -+ ,a,) € R}, denote 1/a = (1/a1,--- ,1/a,), and

let
or(a) = Z @iy - Qi
1<i1 <+ <ip<n
be the rth elementary symmetric function of aq,--- ,a,; the summation is taken
over all possible permutations of {41,-- ,i,}, » =1,--- ,n. Define the rth symmet-

ric mean of a as
1/r

P,Qﬂ(a):{{f]_lar(a)} , r=12-n

Moreover we define

P e = { Pl
It is well-known that ([12, 13]):

-1
)} , r=1,2,---,n.

1
a

Hy(a) = Pia) <. < PimH(a) < PI(a) = Ga(a)
= Pa) < < PP(a) < P(a) = 4,(a),
with equality if and only if a; = as =--- = an.
In the chain of inequalities above, the symmetric means P,[f] (a),r==+1,--- ,%n,

can be viewed as a family of 2n — 1 means with the arithmetic mean A, (a) as the
largest member and the harmonic mean H,(a) as the smallest. A direct calculation
shows that

{Gu@)}" = Ho(@){P" (@)} and  {Ga(a)}" = Au(@){P " (@)} "

Motivated by different considerations, there has been a great deal of effort devoted
to the development of a continuous family of means with diverse applications. Some
of the methods are quite elementary but appealing, and some are sophisticated (cf.
[9, 18]). For instance, if we define for z real, x # 0,

Foe) = (

then it can be verified that ([18])) G, (a) = lim, ¢ F(x)(a), F(x)(a) is a monotonic
increasing function, and it is continuous everywhere if we define F(0)(a) = G,,(a).
It is clear that

F(-1)(a) = Hn(a),  F(0)(a) =Gn(a),  F(1)(a) = An(a),
and F(2)(a) = Qn(a) is the root mean of a1,--- ,a,. Moreover, denote by M and
m the largest element and the smallest element of ay,as, - - - , a, respectively. Then
from [18] we have
lim F(z)(a)=M and lim F(z)(a) =m.

Tr—>00 r——00

aﬂf+a§+~--+a:§)l/””
n )

Obviously, F'(x) serves as a continuous family of means with particular values as
those basic means. Recently, Yang and Wang have introduced different monotonic
functions with special values as various means in an endeavour to generalize a
famous inequality of Ky Fan ([20]). In the early 1980’s, Leach and Sholander
studied some multi-variable extended mean values via different functions which
possess special properties ([9]).
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In the next section, we shall introduce a multi-parameter family of means that
will be used to interpolate many useful inequalities including the one of Ky Fan.

2. GENERALIZED POWER MEANS
Definition 2.1. Leta = (a1, ,a,), w = (w1, -+ ,w,) € RT. Set wy = >"1" | w;.

The rth power mean of a with weight w, M (a; w) is defined by

[T, a ]+ ifr =0,
M,[f] (a;w) = [

More generally, define means due to Gini and Bonferroin (cf. [4, p. 189]) Bl (a;w),
r >t >0, as follows:

i=1"

1
|:Zi:1 wiai.} Tt if r > t.

diey wial

1
a1 S wal .
[T awl‘“} =TT e =t
Bl't(a;w) = [ ’

Then BL0(a;w) = M (a;w). The counterharmonic mean Hy'(a;w), r > 1, is
thereby defined by HY’(a;w) = Br:"—1(a; w).

The most important property of the power means is perhaps the following in-
equality.

Theorem 2.2 ([4, p. 159]). Let —oo <t <r < 4o00. Then fora, w € R,

M (a;w) < M (a;w),
with equality if and only if a1 = ag = -+ = ay,.
Remark. When w = (1/n,---,1/n), then ME](a;w) = A,(a), Mﬁol(a;w) =
G, (a), and MY (a;w) = Hp(a). Theorem 2.2 is simply another generalization of
the classical inequality (2). With a and w fixed, the power mean can be viewed as
a monotonic function of r.

Now, let Q, C R%, (n > 2), be a non-empty subset, and £ = (f1, f2, -+ fm),
where f; : Q, — R4, 1 < i < m, are distinct functions. Let w; > 0, 1 < i < m,
and A(w) = A(wy, -+ ,wy,) be the (m — 1)-simplex in R™ with vertices
W;=(0,---,0,1/w;,0,---,0) where 1/wj is the ith coordinate, i=1,--- m.
Thus, if x = (21, ,2m) € A(w), then > 1" w;z; = 1.

Definition 2.3. For x € A(w), a € Q,, and r > 0, define the generalized power
mean me [f;x; w](a) by

[T {fi@p - ifr=0,

(0w (@Y it > 0.

Notice that if we define f;(a) = a; for a € R’}, and choose z; = 1/w,4, 1 <i < n,
then

LY [fx;w](a) = {

L [fx;wl(a) = MY (a,w), r>0.

The generalized power means are also well-defined for r» < 0. For simplicity we will
consider only the case when r > 0. In order to have an inequality comparable to
Theorem 2.2, we now introduce an index dominant relation > on A(w) as follows.
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For x, x' € A(w), w € R}, define x > x’ if x = x/, or there exists an integer
k, 1 <k < m such that the following conditions are satisfied:

3)

;> for 1 <i<k; wmppr <xppy; @ <a fork+2<i<m, ifk+2<m.

Furthermore, for a € Q,,, x = x’, and x # x’, we give the definition of the statement
EQ(f;x > x'; a) as follows:

m

EQ(f;x = x';a) : Z [fi(a)—fk(a)]2=0<:>a1=a2=---:an.
i=1,ik,z; %!

For instance, let f satisfy the following condition: for any pair (,7), i # j, a € Qu,
(4) fila) =fi(a) <= a1 =a2 = = an.
Then EQ(f;x = x’;a) holds for any x,x’, x = x’, and x # x’. Some non-trivial
examples are given below.
Example 2.4. Let Q,, = R’. The following functions satisfy (4).

(a) fi(a) = P,[l”](a), 1<rm <rg < <1y < n.

(b) fi(a) = Pr[f”] (@), 1<ri<ro<--<ry<n.

(¢) fi(a) = AL”](a), 1<r <7y < <rm <n, where All’ (a) is defined as

Al () = {An(2)} T (G (@)} D,
(d) fi(a) = M,[f"](a;w), 0<ri<rg<.- - <mp.

We now present our main result as follows.

Theorem 2.5. (a) If0 <t <r, x € A(w),

L fxwl(a) < LU [fix;wl(a),  a€ Q.
Equality holds if and only if a1 = az = -+ = ay.
(b) Suppose x = x'; x,x" € A(w) and f satisfies
(5) fi(a) > fa(a) > - > fin(a), acQ,.
Then for any r > 0,
LU fxwla) > LI [fxwl(a),  ac Q..

If x # %', and £ satisfies the condition EQ(f;x = x';a), then equality holds if and
only if ay = ag = -+ = ay.

Proof. (a) The inequality follows from Theorem 2.2 because
L [f:xwi(a) = MY (fu(@). - f(@), (i, wimm)

(b) For a € Q,, choose 8 > 0 so that 8f,,(a) > 1. First, let us consider the case
r=0. For 1 <i<Ek,

(Bf:)" % (a) = {Bfi(a)}" ™ = (B:)"" (a) (Bf:)" ™) (a),
hence by (5), we have

(6) (BF)" " (@) = (BF)" (a) (Bfi)" "™ (a).
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Asx,x' € A(w), Yt wim; =Y v wixh = 1, hence

k m
(7) Swiei—a) = Y wile - a).
=1 i=h+1
It follows from (5), (6) and (7) that
BLI[6%; (@)
=TI @ [ 6" @
=t i=k+1
> H (ﬂfz)wqw (a) (6fk) by wi(wi—a)) (a) H (ﬂfz)wqwb (a)
=t =kt 1
= H (ﬁfz)ww (a )(ﬁfk)z L1 wizi—x;) (a) H (ﬁfz’)wmi (a)
=t i=k+1
k
> TT6mm = @ T1 6™ @) I 60" @
i=1 i=k41 i1

= ﬁme[f; x'; w(a).
Equality holds if and only if for i # k, 1 <7 < m, we have
(®) (BF)" @7 (@) = (Bf) " (a).

Since x > X', there exists at least one i such that x; # a}, hence (8) implies that
fi(a) = fr(a) if ; # x. By the equality condition EQ(f;x = x’;a) we have
a1 = ag = - = dnp.

For r > 0, the proof is similar.

g" {L[T] [f; x; W](a)}r

>sz (Bfi)" +sz v —2})(Bf) (@) + Y wizi(Bf;) (a)
i=k+1
>Zwl Bf) (@) + > wilxh —x)(Bfe) (@) + Y wizi(Bfi) (a)
i=k+1 i=k+1
>sz Bf) (@) + D wilah —z)(Bfi) (@) + Y wiwi(Bf) (a)
i=k+1 i=k+1

= ﬁrzwméff(a)
= o {Lhl [ x W)}

Equality holds if and only if
9) wi(z; — ;) fi (@) = wiz;i —29) fy(a), i#k, 1<i<m
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Again, we use the hypothesis EQ(f;x > x’;a) concluding that a1 = as = -+ =
Q- (|

Remarks 2.6. (i) Theorem 2.5 (a) becomes Theorem 2.2 if we choose f;(a) = a; for
i=1,---,n. (ii) We can apply Theorem 2.5 (b) to the functions in Example 2.4.
The following special case of Theorem 2.5 (b) was proved in [7]: m = 3, wy = 1,
wy =n—1, w3 =n/2,n >3, fi(a) = Au(a), fa(a) = {[4n(a)]" 2[Gn(a)]"} 7T,
and f3(a) = Gp(a).

Theorem 2.5 (b) generalizes many important inequalities (more applications
will be given in the next section). For instance, let us consider some inequali-
ties involving Y (a;w), or Brf(a;w) below. For a € R, we can assume that
a1 > as > -+ > a, (by rearranging the subscripts). Choose 3 > 0 so that Sa, > 1.
Let r >t > 0. For w € R, set

n n
U= E w;ay v= E w;al,
i=1 i=1

(10) rj = daj/u, and @ = al/v, 1<j<n.
Notice that
Bo) o ()
iy wiBai)" T Y wi(Ba)
Set ¢ =1 wi(Ba;)" ) S wi(Ba;)t, as r >t and Ba, > 1, we have ¢ > 1.

Lemma 2.7. Let x, X' € R be defined by (10). Then x, x' € A(w) and x = x'.

xTj =

Proof. Tt is clear that

(11) iwixi = iwixg =1.
i=1 =1

Hence, x, x’ € A(w). If a1 = -+ = ay,, then x = x’. Suppose now that not all a;’s
are equal. Since @} /x; = ¢(fBa;)"~", we obtain

(12) xy < aj (vesp. x> 1j) = c< (Ba;) ™" (resp. ¢ > (Ba;)"").
If a:; < z; (resp. a:; > z;) for 1 < j < n, then we shall have a1 = as = --- = ay,

and this is a contradiction. Clearly if a:; < zj for 1 < j < n, then z; = z; for

1 <j<nby (11), and so, ¢ = (Ba;)""*, 1 < j < n by (12). Thus, there exists a
largest positive integer k, k < n, so that either

(13) z), < xp and Thp1 > Thtls or

(14) x) > xy, and Thpy < Tt
Suppose (14) holds, then by (12)
(Bar)" " <c and ¢ < (Bars1) "

Since ay > ag+1 and r > t, this is impossible. Hence (13) holds. If n > k + 2, we
need to verify that ;v; > x; for K4+ 2 < 7 < n. If not, there exists s > k 4 2 such
that x, > 2f. Since 2}, > w11 by (13), again by (12) we have

c<(Bas)"™" and ¢ < (Barp1) ",
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which will imply that as > ap+1, a contradiction with the arrangement of the a;’s
This completes the proof. O

Theorem 2.8 (cf. [4]). Leta, w € R}.
(a) Suppose r1 > t1, ro >tg > 11 >0, and ta —t; <1y —r1. Then

Briohi(a;w) < B2 (a; w).
(b) For1<t<r,
HN(a;w) < HYN(a;w).
(c) Forl <,
M} (a; w) < HY)(a; w).
Equality holds in (a) (resp. (b), (c)) if and only if a1 = ag =+ = ay,.

Proof. For a € R}, we may assume that a; > as > --- > ay, (by rearranging the
subscripts if necessary). Set fi(a) =a;, 1 <i<n.
(a) Define @ = aj'/ Y7 wiai, and z; = af' /Y7 wiaf*, 1 < j < n, then
x > x' by Lemma 2.7. Hence by Theorem 2.5
Bir(ayw) = LIn-hif X' wl(a)
L[’”1 tlif; x; w)(a)
L=t [f: x; w(a)
Br2'2(a;w).
(b) Set o = a’™' />0 wial " and @y = af "'/ wia] "', 1 < i < n, then
x > x' by Lemma 2.7 and
H) (2 w) = L) (5% wl(a) < LY, 6 wl(a) = H(a; w).

VAN VAN

Since H(a;w) = Btt=1(a;w), this inequality is also a corollary to (a).
(c) Take 2y = 1/wy, and x; = a;/ Y wiaf, 1 < j <n. Clearly x = x’ and so

M w) = L7 [ x5 wl(a) < L [ x; wl(a) = H (a; w).

For equality, since the proofs are similar, we shall only give the proof of (a). We
need to show that the condition EQ(f;x = x';a) is satisfied. To confirm this, it
suffices to verify that if the a;’s are not all equal, then there exists an 4, ¢ # k, so
that fi(a) # fx(a), where 2} | > 2j41 since (12) and (13) still hold. Hence by (12)
¢ > (Bags1)™t. We shall complete the proof by verifying that fi 1(a) # fx(a),
otherwise, ar, = fi(a) = fri1(a) = ags1. Hence, ¢ > (Bag)™ %1, again, by (12),
x}. > xj, which contradicts (13). O

3. INTERPOLATION OF INEQUALITIES

In this section, we shall apply Theorem 2.5 (b) to refine many well-known in-
equalities including an inequality of Ky Fan ([12]). We adopt the same notations
introduced in sections 1 and 2 unless otherwise specified. For simplicity of the
statements and the intuition of the arguments, we will focus on the interpolation of
double inequalities with three quantities. The general case of interpolating a chain
of any finite number of inequalities is similar.
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As a special case of Definition 2.3, let m = 3, A(w) be the triangle in R? with
any fixed w € Ri, and

fi(a) = An(a), f2(a) = Gr(a), fs(a) = Hy(a).
For a fixed r > 0, define a 3-variable function ®(x) of x = (x1, 2, x3) on A(w) via
Definition 2.3 as

(x)(a) = Ly 5[f; % wl(a).
Then it is clear that,
®(W1)(a) = An(a), ®(W3)(a) = Gn(a), ®(Ws)(a) = Hn(a).
From Theorem 2.5 (b), we have
Theorem 3.1. Ifx, x' € A(w), w € R}, and x > X', x # X/, then
o(x)(a) = ¢(x')(a)

with equality holds if and only if a1 = as =--- = a,.

For each w € R?,, since 23:1 wix; = 1, ®(x) provides a two-parameter continu-
ous family of means for a1, as, -+, a, with A, (a) as the largest member and H,(a)
as the smallest.

By applying the same argument as we used in Theorem 3.1, we are able to refine

the following well-known inequality of Ky Fan which has been the subject of a

number of articles ([1, 2, 3, 10, 19, 20]):

H,(a) < G (a) < Ay (a)

H(a) = G(a) ~ A} (a)’

where A/ (a), G! (a) and H/(a) are the arithmetic mean, geometric mean, and

harmonic mean of 1—ay, -+ - ,1—ay,, respectively, when a; € (0,1/2],i=1,2,--- ,n.
Recently, Yang and Wang have introduced two continuous monotonic functions

p(t)(a) and ¢(t)(a) such that ([20])

with p(l/n) = Hy(a)/H;(a), p(0) = Gu(a)/G,(a) = q(0), and ¢(1/n) =
An(a)/ A7 (a).
Now, assume that A(w) is the same as in Theorem 3.1. Let
a) — An(a) a) — Gn(a) a) — Hy(a)
fl( )_ A (a)? f2( ) G;I(a)’ f3( ) H{I(a)’

!
n

(15)

(16)

Q

and for a fixed r > 0, let
(x)(a) = Lys[f:x; wl(a).

Then we have

An(a) Gn(a) H,(a)
- W(Wa)a) = G -

A (a) Gh.(a) Hj (a)
We obtain the following counterpart of Theorem 3.1 which is simply another re-
finement of Fan’s inequality in terms of a two-parameter family of inequalities.

U(W1)(a)

and ¥ (Wj3)(a)

Theorem 3.1'. Forw € R}, x, x' € A(w), x> x' and x # X/, then
U(x)(a) > ¥(x')(a)

with equality if and only if a1 = -+ = ay.
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4. CONCLUDING REMARKS

The original inequality of Ky Fan was
Gn(a) < An(a)
Gn(a) ~ Al (a)

Later on, many articles developed it into the form of (15) with various techniques.

As a matter of fact, since there are many symmetric means P,[f] (a),r=1,--,n,
lying between A, (a) and G, (a), and p (a), r =1, -+ ,n, lying between G, (a)
and H,(a), the following more general inequalities of Fan-type are also valid [12,
p. 32]:

Hia) _ Pia) _ PP _  _ PC"M@) _ PTYa)  Gala)
) (a) P[ V@) ~ P[ Y@~ T pYa@ T pi@  Gha)
_ Al _ P P Pila)  Aua)
Py P[" Ya)~ ~ PP = PV A
where every quantity with a prime in the denominator represents the corresponding
mean of 1 —ay, -+ ,1—ay, fora; € (0,1/2],i=1,2,---,n

We may use a 2(n — 1)-simplex A(w) in R?"~! as described in section 2, in the
same spirit of Theorems 3.1, 3.1’ to generalize the chain of inequalities of Fan-type
above, or the chain of symmetric mean inequalities in section 1 to a (2n — 2)-
parameter family of inequalities. More specifically, Let A(w) be the 2(n — 1)-
simplex in R?"~! with vertices W; as defined in section 2, where w € R
Set

fi(a) = Pil(a), 1 <i<n; and fiin(a)=P(a), 1<i<n-—1.

n

Then we can view A(w) as an index domain for ®(x) whose special values on the
vertices are symmetric means, and for ¥(x) whose special values on the vertices are
the quotients of symmetric means in the inequality of Fan-type. In contrast with
[9], we may call the functions ®(x)(a) and ¥(x)(a) multi-variable extended mean
values of ay,- - , a, and multi-variable extended mean value quotients of Fan-type.
In [9], Leach and Sholander demonstrated some very interesting properties of multi-
variable extended mean values. Likewise, one could carry out a similar discussion
for our generalized power means.

Means and their inequalities have always been an important resource for geo-
metric extremum problems. In his wonderful book Induction and Analogy in Math-
ematics [16], Pdlya pointed out the remarkable analogy between the arithmetic
mean-geometric mean inequality and the classical isoperimetric inequality for a
simple closed plane curve. Therefore, any refinement of one object will likely imply
a similar refinement of the other. In Ivan Niven’s book Mazima and Minima With-
out Calculus [14] that has enlightened many interesting articles in MAA journals,
inequalities involving different means are key ingredients. In fact, geometric in-
equalities which are derived from inequalities of means are collected in many books
such as [6, 13, 14, 16, 17] etc. Regarding a = (a1,a2,--- ,a,) as the side lengths
of an n-sided plane polygon P,, in [7], we have used some refined inequalities of
means to establish many geometric inequalities of isoperimetric type for polygons.
In [13], one can find many geometric inequalities for an n-simplex S,, in R™ where
a = (a1,as, - ,ay) represents a collection of the areas of its n faces, or a collection
of its n altitudes, and so on, as immediate consequences of some inequalities in
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means. The method of interpolating inequalities is certainly applicable to refining
geometric inequalities. We have used the results of this paper and obtained some
new interesting geometric inequalities in [8].
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