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ABSTRACT. A proof much simpler than the one given by Bikulov (Investigation
of the p-adic Green function, Teoret. Mat. Fiz. 87 (1991), 376-390) for
properties of the 2-dimensional p-adic Green function is shown. By this method
one can treat a multidimensional case, and some sharp estimates are obtained.

1. INTRODUCTION

In recent years there has been a growing interest in p-adic analysis (see for
instance [1]-[8]). In [8] by V. S. Vladimirov, P. V. Volovich and E. I. Zelenov and in
[1] by A. Kh. Bikulov, some properties of 1-dimensional and 2-dimensional p-adic
Green functions were studied.

In this note, a proof much simpler than the one in [1] is shown. In this way a
multidimensional case with some sharp estimates is proved.

Let us recall here the definition of the p-adic Green function. As for the classical
Green function on the field of real numbers (even on a Riemannian manifold), the
p-adic Green function can be defined as the solution of the equation

() (Ap +m?)G(x) = 6(x),

where m is a positive real, §(x) is the Dirac function, A, is an operator defined by

(%) @)@ = [ 19201
P

where y = (y1,...,yn) € @y, (U, 9)lp = [T+ .+ Yplp, |.Ip is the p-adic norm ([7],
8]), (x,y) = x1y1 + ... + Tnyn, ©(x) is the test function on Q} (¢(x) € D(Q})),
&(y) denotes the p-adic Fourier transform of (), x(z) is the additive character on
Qp, and dy denotes the Haar measure on Q (see [1], [2], [3], [8]).

By applying the p-adic Fourier transform to equality (*), from equalities (*),
(**) we get

o -
(I, »)lp + m*)G(—y) = 6(—y) = 1,
and the p-adic inverse Fourier transform gives an equivalent definition of the p-adic
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Green function as follows:

x((w,y))dy

Gl) /Qg [y, y)lp +m?’

which we use in the present paper.

Note that even though the p-adic Green function can be defined in the usual way,
its properties are essentially different from respective properties of the classical
Green one. This statement can be easily seen by the theorems in the following
sections.

2. 2-DIMENSIONAL CASE

In this section we study properties of the 2-dimensional p-adic Green function

d
Gla) = / x((z,9)) v
@ Wyl +m
where m is a positive real.

If we set z = (z, ), then |z|, = |2} + 23|, and we obtain

Theorem 1. The Green function G(z) has the following properties: For p =
3 (mod4)
. 2k
Z) G(x) (1- #) Zk 0 m?z | +p—2k - m2|z|1p+p2’ for z #£0;
it) G(z) = G(|z|p) > 0, V2 # 0;
iii)
1. m?lz[p+1 p*—1 1 1
PRI e sz < Gllely)
p m2|z|, p2 m2zl,+1 m2zl,+p
2
™ lzlp +1 1 '
- m?fe m?|z|p + p?

Proof. 1) Since p = 3 (mod 4) we get |z, =
so from z # 0, it implies that z # 0 and

|23 + 23], = max(|a: [}, [22]7) (see [8]),

400
1
G(|zlp) = Z /|y| . e mzx((x,y))dy
Y=—00 P
(PO ol <p
=2 e\ for el =p
y—oo 0, for |z|, > p~7+2.
By x # 0, we set |z|, = pV, so |z|, = p*V, and
too ) 27(1 —%) for v < —N,
G(lz]p) = Z e i _p2('v 1)’ for vy = —N +1,
y=—00 , for vy > —N + 2.
I NP S e
= P27 T+ m2? p2) T pRCNT) 2

y=—00
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Setting k = —y — N and p*¥ = |2|, we get

1. IX p2 1
G(lzlp) =1-= - .
(ely) = = 550 2 S~ e, 5 2
O
ii) It is easy to see

+00 _2k +0oo —2k—2 0

p p p

G(|zlp) = ———— — -
p Z m2|z|, +p=2k Z m2|z|, +p~2*  m2|z|, + pO.p?

k=0 k=0

or
1 1
2k B
el = Zp T

—Z W —Dp >0, V240
(m2]z]p +p=2k)(m?[2|p, +p=2kp?) = 7 '

iii) Set m?|z|, = a > O,p‘2 = ¢. Obviously 0 < ¢ < 1 and from i) of the theorem

+oo
1 1
1 = gty -
M Gl = 3 r =)~

k:Oa—i-qk k ¢ a+p2'

ByO<g<1

k+1 k+1 1 1 1 1
— d(q”) = — Inqdx > 0, < , >
/k (a") /k ¢ ma a+q¢* " at+qg® atqgtk T at gt
So

! /’“*lqwlnqm_ /m
a—l—qk k - k a,—l—qw
Iy

p) a+q® a+ p?

m2|z|p—|—1 1
m2lzl,  m?|zly +p?

In view of (1) we get

=In

that is the second inequality in iii) is proved.
For proving the first inequality in iii) we do as follows:

+oo qk 1
G(lzlp) = (1—q) P T s
k:Oa,+q a+p
>1—q 1 /Ooqtlnth
“a+1 a+p? 1 o a4+t
1—p2 1 1. a+1

= — + —=1In O
m2|z|q +1 m2|z|p +p* p?
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Remark. The estimates in iii) can be made sharper as follows:

+0oo 1 k+1 1
Glel) = =2 r | o nade - ——

2
k:Oa+q a+p
1— 1 k+1
= 4 _ Z / q" In qdx
a+1 a+p? P 1a—|—q
1— 1 X R grl
et R O M=
a+1l a+p = Jk a+q*
_1—q 1 /Ooq””lnqu
S a+l a+tp? 1 a+g®
1— -2 1 -2
= P +lna+p .

a+1  a+p?

For the inequality >, obviously

1—-q 1—¢q 1 1
2

_ a+q
a+1 a+q a+p? p '

a

G(lzlp) >
Theorem 2. For p =1 (mod4),p is a prime number, we have

G(z) = G(l2p)
= n+1)(1-1
=Z<1—3>p‘"[( +1)- ) 2 1

. + R
pm+m2zl,  pT"p+m?|zlp p? +m?|z,

where

// ~ X((z,y))dy
2 |y1 +y3lp +m?

Proof. Since p =1 (mod4) there exists 7 € Q, such that 72 = —1. Let us denote

T =+/—1. We get
yi+ 5 = (1 +7y2) (Y1 — TY2).

Setting

t=y1+7Ty2, t=y1—7TY2
we have dy;dys = dtdt and (z,y) = at+at with a = §(z1 + 222), @ = 3(z1 — La2).
So |a@| = |z|p, and

Glz) = /2 X(at)_x(&f)dtdf

Ll + m?
@ 1

= lim X(Ef)df/ ——————x(at)dt.
N=oo Jiz<pn ltlp<p™ [tlplElp +m?
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Setting |al, = p*, with sufficiently large N such that |al, > p~", ie. —k < N, we
obtain

1
I, :/ —— (at)
ltly<p™ Elpltlp +m?

N (1 - l)pV, Y S _k7
3) -y b - k41
( - £ p,y|z|p+m2 D ) Y= )
TETee 07 0 Z _k+27
—k
1 1 p~F
= > 1—-w -

p" pUftly+m2 pTFEUE, +m?

y=-00

Obviously (2), (3) with [Z], = p?, [a], = p" > p~™ give

+o00 +o0 —
1 p~(v+0)
6 =3 >0~ st
—(+5 2
e h=n pp (v )—|—m
+00 —~—h
1 p~7
(4) + ;(5 - 1)p—'y—h+l 4+ m?2

+00 /-
1 pP-k 1
+ E (=—-1) + .
—tp  p PR em2 o p?+m?a,

It is not difficult to calculate the first term I in (4)

+oo —n

1 P
L=) (n+1)(1—=)——"—u—
Z;) p’ pT" A+ mAe,

and to see that, in (4) the second term I3 is equal to the third term I, and

+o0 —n

L=L=Y(-1)—2"

T L2
—p ppmmPe,

Therefore
G(z) = G(|z]p)
X[+ =) 25— 1Lp" 1
:Z[ ot mel,  prpr mRlely] PP mEle,

3. n-DIMENSIONAL CASE
We now study the properties of the n-dimensional p-adic Green function.
Theorem 3. Let n be a positive interger and p be a prime number satisfying
a?+a3+...+a2 #0 (modp), Yai,as,...,an € {1,2,...,p—1}.
Then the Green function defined by

_ x((z,y))dy
(5) G($) - Ag |(y7y)|p+m2
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is calculated as follows:

400

6t = (el = (3 Ly ) —

2 —2k .2 2 n—2
e,y w4 ) |5

where z =23 + ...+ 22, (v, 9)|p, = v} + ... +12|p,2 # 0.

Proof. By the assumptions on p, if |y|, = p?, then |(y,y)|, = |y|> = p**. Conse-
quently

Glz) = Jf / x(, y))dy

pY pQ'Y + mQ

y=—00 |y|p:
ML= 5), fory < =Nzl =pY)
400 1 p pn /o ’Y = p p )
=Y ey PO =N+
T=Tee 0, fory > —N + 2,
-N n 1
= p2'y +m2 p2(—N+1) + m2
too —nk
1.1 D 1
= (1 - _) 2 Z ok

n=2 2 2k n=2 :
Pl 1S Rl P (2 2,
|
Theorem 4. Consider the same assumptions as in Theorem 8. Then the Green

function G(|z|,) defined by (5) has the following properties:
a) G(|z]p) > 0, Vz #0;

b)
2
-1 1 1
G(lzlp) = : 7+ O(—7)
P 1 _ p—(’l’b+2) m4|2|;;+ 2 |Z|;;+ 2
as m?|z|, — +o0;
¢)
1 [(1-g¢ 1 1 1
— L, <G < — - I, ],
"72(0,4—1 a,+p2+q ) (1<) "T2< a+p2+ >
Bl 2]
where a = m?|z|, >0, ¢ = #,
1 a a? (k" tab=1 a1
6 I, = — — ... 1 ,
(6a) n[n—2 n—4+n—6 i 2 T
if n =2k, k is an integer > 1 and
1 a a? 1 1
6b I, = — — .+ (=D lefF T — arctan —
(6b) n{n_z n—4+n—6 +(-1)"""a \/Earcan\/a,

if n=2k—1, k is an integer > 1 (for k = 1 there are no n — 2j terms in I, ).
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Proof. a) From Theorem 3 it follows that

L [t 1
G(|Z|;D) - n—2 2 ok 9o 2
2 L il t el 4 p
_ 1 |:+2’0 p—nk B +§ p—nk B p—n.O :|
W 3 = m2|z|, + p—2F e m?|z|, + p?p= 2k m2|z|, + p2p20
Consequently
nk —nk
p
z
. el = = ¢ Z[m% o A
7
400 _
1 P (n+2)k
= —=) -1 = = > 0
7 2 T VG A e, T
b) Setting t = #Z‘p we have
1 1
8 =t =t(1-p 2t +0
®) A = ) = +0()
1 p~2k 1
m?|zl,  miz[ 213
as m?|z|, — +oo.
Similarly
1 1 pr—2k 1
(9) % = +O0(=3)-
m2|zlp +p?p=2  mPzl,  mtzf] 213

By (8), (9) and (7)

1 +oo Y p—Qk p2p—2k 1
Gllly) = —iz o7 |~ Er + B 0

W w22 T i T D)
+o00o —(n
- 1 (p2 _ 1)p (n+2)k o 1
- n—2 m4|z|2 + ( 1+%)
|Z|p2 k=0 p |Z|P
1 p?—1 1 1
= n— ' — ' +O( E)
|z|p22 1—p=(+2) 22 |Z|;+2
p?—1 1 1

- : -+ Of =)
L—p= (2 a3 BB

¢) By Theorem 3

| [EX k(1 - pn) |
(10) Gl2ly) = — [ )
p zp_2 s m2)zl, + p2%  m2zl, + p?
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Setting a = m?|z|, > 0,q = p~" we get

oo —n +oo
P o Ut 0 S < AR
—mPlzl, +ph a+q
+00 1
(11) =y = (¢" — ")
k=0 @+
+oo 1 k+1

1 1 < 1
a+¢ 5 T a+gn T a+qgn
But
k+1
—/ d(g*) > 0,
k
consequently
k+1 d( T 1 k+1 k+1 d(a®
q°) v (¢*)
(12) _/ 2(z—1) <- %/ d(q )< _/ 2z °
koa+q a+qn Jk ko a+gn

By (11), (12) it is easy to see

1-¢q +oo k41 d(q%) too k41 d(q")
(13) —Z/k +—<S<—Z/k 5 -

a+1 2z—1) 2z
+ k=1 a n k=0 atyq

From (13) it follows that

(14) 1_q_q/0+00 d(ng <s<—/0Jroo d(q””)'

x

a+qgn

sy

Setting

we obtain

/0 nt"Ldt /1 t"1dt
In = — —_— N —_— .
1 a;+t2 0 a:+t2
Let n > 3. Then

1 tn—B 1
In:n/ "3 —q 5 Jdt=n —al,_o ).
0 a+t n—2
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By induction it is not difficult to prove

1 a a? (-D)F a1 a1
15 I, = _ — . 1 ,
(15a) n[n—Z n—4+n—6 + 2 T
if n=2k
1 a a? (—1)k—1gk-1 1
15b I, = _ o+ Y arctan—|,
(15b) n[n—Z n—4+n—6 + Vva arcan\/a
ifn=2k—1,

k > 1; for k =1 it is assumed there are no n — 2j terms in I,,.
From (15a), (15b) and (10) with

Gl = — |5~ 53]

we get the estimates

1 [1—¢q 1
|;‘T’2 a+1 a4 p?

|2|p?

1 1
+ qIn] < G(|Z|p) < —— [—W + In:|

|z

Corollary 1. For n =1 we obtain

1 \/ \/ 1 1
(1--) 2]y 121y + — arctan ———= < G(|z|p)

prm?lzly +1 mzly +p? my/|zlp

< ——F ‘|Z|p + l arctan ;
m?|zl, +p*  m my/|zlp

Corollary 2. For n =2 we have the estimates 4ii) in Theorem 1.
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