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A DAUNS-HOFMANN THEOREM FOR TAF-ALGEBRAS
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(Communicated by Dale Alspach)

Abstract. Let A be a TAF-algebra, Z(A) the centre of A, Id(A) the ideal
lattice of A, and Mir(A) the space of meet-irreducible elements of Id(A),
equipped with the hull-kernel topology. It is shown that Mir(A) is a com-
pact, locally compact, second countable, T0-space, that Id(A) is an algebraic
lattice isomorphic to the lattice of open subsets of Mir(A), and that Z(A)
is isomorphic to the algebra of continuous, complex functions on Mir(A). If
A is semisimple, then Z(A) is isomorphic to the algebra of continuous, com-
plex functions on Prim(A), the primitive ideal space of A. If A is strongly
maximal, then the sum of two closed ideals of A is closed.

1. Introduction

In this paper we show that certain useful properties of the ideal lattice of a
C∗-algebra have analogues for the ideal lattice of a TAF-algebra. Indeed if the
properties are formulated in the correct way, the analogues are exact.

For any Banach algebra A, let Prim(A) be the space of primitive ideals of A
equipped with the hull-kernel topology, let Id(A) be the lattice of closed, two-
sided ideals of A, and let Z(A) be the centre of A. If A is a unital C∗-algebra,
then Prim(A) is a compact, locally compact, second countable T0-space, Id(A)
is a continuous, distributive lattice isomorphic to the lattice of open subsets of
Prim(A), and Z(A) is isomorphic to the algebra of continuous, complex functions
on Prim(A) (the Dauns-Hofmann Theorem). If A is separable, the primitive ideals
of A are precisely the prime elements of the lattice Id(A) (an element p in a lattice
L is prime if whenever x, y ∈ L with x ∧ y ≤ p either x ≤ p or y ≤ p), and if A is
an AF-C∗-algebra, Id(A) is an algebraic lattice.

Now let A be a TAF-algebra (always assumed to be unital) and let Mir(A)
be the space of closed, meet-irreducible ideals of A (an ideal I ∈ Id(A) is meet-
irreducible if it cannot be written as the intersection of two strictly larger closed
ideals), equipped with the hull-kernel topology. In this paper we show that Mir(A)
is a compact, locally compact, second countable T0-space, that Id(A) is an alge-
braic lattice isomorphic to the lattice of open subsets of Mir(A), and that Z(A)
is isomorphic to the algebra of continuous, complex functions on Mir(A). If A is
semisimple, then Z(A) is isomorphic to the algebra of continuous, complex func-
tions on Prim(A). As an application we show that if A is a strongly maximal
TAF-algebra, then the sum of two closed ideals of A is closed.
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We have chosen to stress the meet-irreducibility of the elements of Mir(A),
because this is the notion already in use in the ideal theory of TAF-algebras (see [7]
for example, and [2] where it is shown that for strongly maximal TAF-algebras all
meet-irreducible ideals arise as kernels of nest representations). Id(A) is, however, a
distributive lattice [3, Prop. 28], so the meet-irreducible elements of Id(A) coincide
with the prime elements of Id(A) [4, I.3.12]. Thus our results correspond exactly to
those for separable C∗-algebras. It should be noted, however, that although every
closed prime ideal of A is a prime element of Id(A), the converse does not hold
in general. For example, the ideal {0} in the TAF-algebra T2 of upper triangular,
two-by-two complex matrices is a prime element of Id(T2) but not a prime ideal.

Let us now give some definitions. Let C be a unital AF-C∗-algebra with a masa
(maximal, abelian, self-adjoint subalgebra) D, and let A be a closed subalgebra of
C containing D. Define the normalizer ND(A) of D in A by

ND(A) = {w ∈ A : w is a partial isometry, wDw∗ ⊆ D, and w∗Dw ⊆ D}.
Suppose that there exists a sequence {Cn} of finite-dimensional C∗-algebras, such
that C =

⋃∞
n=1 Cn and D =

⋃∞
n=1 Dn, where Dn = D ∩ Cn for each n. If each Dn

is a masa in Cn, and if NDn(Cn) ⊆ NDn+1(Cn+1) for each n, then D is a canonical
masa in C. Recall that a TAF-algebra A is a closed subalgebra of a unital AF-C∗-
algebra C such that D = A ∩A∗ is a canonical masa in C. If A is a TAF-algebra,
then, with the notation above (which we fix, from now on), A =

⋃∞
n=1 An, where

An = A ∩ Cn. For convenience we may choose a system of matrix units for each
Cn such that the matrix units in Cn are sums of matrix units in Cn+1, and the
self-adjoint matrix units are in Dn [9]. A TAF-algebra A is strongly maximal if
A + A∗ is dense in C; see [9, 7.8].

Each closed ideal I of a TAF-algebra A is inductive, in the sense that I =⋃∞
n=1(I ∩An) [8, 2.2]. In fact I is generated by the matrix units which it contains.

Furthermore, if (In) is a sequence with each In ∈ Id(An), and if I =
⋃∞

n=1 In, then
I∩An = In if and only if In+1∩An = In for all n [8, 2.6]. Let Max(A) be the space
of maximal ideals of A with the hull-kernel topology. Then each M ∈ Max(A) is
the kernel of a character on A, and the map M → M ∩D defines a homeomorphism
from Max(A) onto X , the maximal ideal space of D [6]. We shall identify these
two spaces. The spectrum R(A) of A is the topological binary relation on X such
that (x, y) ∈ R(A) if there is a w ∈ ND(A) such that wdw∗(x) = d(y) for all d ∈ D.
The discussion in Chapter 5 of [9] shows that if w ∈ ND(A) and ww∗(x) 6= 0, then
there exists y ∈ X such that wdw∗(x) = d(y) for all d ∈ D.

Recall also that if x and y are elements in a complete lattice L (such as Id(A)),
then x is way-below y, written x � y, if whenever S is an increasing net in L with
y ≤ sup S there is an element s ∈ S such that x ≤ s; see [4]. If for each y ∈ L,
y = sup{x ∈ L : x � y}, then L is called a continuous lattice. An element x is
said to be compact if x � x, and a complete lattice L is said to be algebraic if each
element of L is the supremum of the compact elements which it dominates. Clearly
algebraic lattices are continuous.

2. Results

We begin by showing that the lattice of closed ideals of a TAF-algebra is alge-
braic, and drawing some conclusions.



A DAUNS-HOFMANN THEOREM FOR TAF-ALGEBRAS 1381

Theorem 1. Let A be a TAF-algebra. Then Id(A) is a countably-generated, dis-
tributive, algebraic lattice. If I ∈ Id(A) and B = A/I, then Id(B) is a countably-
generated, distributive, continuous lattice.

Proof. Suppose that k is fixed and that a ∈ Ak. Let Ia denote the smallest closed
ideal of A containing a. We show that Ia is a compact element of Id(A). Let (Iβ)
be an inceasing net in Id(A) with limit I =

⋃
β Iβ ⊇ Ia. Then for each n, (Iβ ∩An)

is an increasing net of ideals in An, with supremum In, let us say. But Id(An) is
finite, because An contains the diagonal Dn, so each ideal of An is generated by the
matrix units it contains. Hence eventually Iβ ∩ An = In. Furthermore it is clear
that In+1 ∩An = In, from which it follows that I =

⋃∞
n=1 In, and that I ∩An = In

[8, 2.6]. Thus eventually a ∈ Iβ ∩ Ak = Ik. Hence eventually Ia ⊆ Iβ , so Ia is
a compact element of Id(A). Thus each closed ideal of A is the supremum of the
compact ideals which it contains, which means that Id(A) is an algebraic lattice.
Now let K be the family of closed ideals of A generated by the ideals of the various
subalgebras An. Then K is countable, since Id(An) is finite for each n, and K is
a generating set for Id(A), since each ideal of A is inductive. The distributivity of
Id(A) was proved in [3, Prop. 28].

The second statement follows immediately from the fact that a quotient of an
algebraic lattice is a continuous lattice (not necessarily algebraic) [4, I.2.7(iii)].

For a Banach algebra A, let Mir(A) denote the set of meet-irreducible elements
of the lattice Id(A). If Id(A) is distributive, these are the same as the prime
elements of the lattice Id(A) [4, I.3.12], so Mir(A) can be equipped with the hull-
kernel topology, which is a T0-topology. The next result follows from Theorem 1
by standard lattice theory [4, V.5.5].

Theorem 2. Let A be a TAF-algebra, let I be a closed ideal of A, and let B = A/I.
Then Mir(B) is compact, locally compact, and second countable, and Id(B) is
isomorphic to the lattice of open subsets of Mir(B). In particular every closed
ideal of B is the intersection of the closed, meet-irreducible ideals which contain it.

It follows from Theorem 2, by [4, I.3.43.8], that Mir(B) is a Baire space.
The second statement of Theorem 2 was proved, for strongly maximal TAF-

algebras, in [2] (see also [7]).
Since meet-irreducible ideals need not be prime ideals, as we have observed, it

is interesting to know which ideals are equal to the intersection of the closed prime
ideals which contain them. Recall that an ideal is semiprime if it is the intersection
of the (not necessarily closed) prime ideals which contain it.

Corollary 3. Let A be a TAF-algebra, and let I be a closed ideal of A. Then I is
the intersection of the closed, prime ideals of A which contain it if and only if I is
semiprime.

Proof. The necessity is trivial. Conversely, if I is a semiprime ideal, then A/I is
a semiprime ring, so [11, 3.7(b)], applied to the countably-generated, continuous
lattice Id(A/I), shows that {0} is an intersection of closed, prime ideals of A/I.
This means that I is the intersection of the closed, prime ideals of A which contain
it.

As Hudson has observed, Corollary 3 implies that every closed, semiprime ideal
of a TAF-algebra A must contain the Jacobson radical (that is, the intersection of
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the primitive ideals of A). This is because every closed, prime ideal of A contains
the Jacobson radical [5, Theorem 4.2]. There is evidence to suggest that every
closed, semiprime ideal in a TAF-algebra is semisimple (that is, an intersection of
primitive ideals). The next result shows one case in which this holds. Recall that
the prime radical of a ring is the intersection of its prime ideals.

Corollary 4. Let A be a TAF-algebra and let L be the closure of the prime radical
of A. Then L is equal to the Jacobson radical of A if and only if L is semiprime.

Proof. Every primitive ideal of a Banach algebra is closed and prime, so L is au-
tomatically contained in the Jacobson radical of A. If L is equal to the Jacobson
radical, then L is semiprime, because the Jacobson radical is semiprime. Conversely,
if L is semiprime, then L contains the Jacobson radical, by Hudson’s observation
above, so L is equal to the Jacobson radical.

Another characterization of the coincidence of L and the Jacobson radical is
given in [5, 4.4]. Examples 4.8 and 4.9 of [5] show that L need not equal the
Jacobson radical, and hence need not be semiprime.

We now use Theorem 2 to show that the sum of two closed ideals in a TAF-
algebra is closed, provided at least that the algebra is strongly maximal. The
question of whether this is so has been open for some time. We begin with a
general proposition, using an idea of Peter Dixon’s [1].

Let B be a Banach algebra. An element P ∈ Id(B) is said to be a primal element
if whenever {I1, I2, . . . , In} is a finite subset of Id(B) with I1 ∩ I2 ∩ · · · ∩ In = {0},
then Ii ⊆ P for at least one i ∈ {1, . . . , n}. If B is a quotient of a TAF-algebra,
then Id(B) is distributive, as we have observed, so the meet-irreducible elements
of Id(B) are prime elements of Id(B), and hence primal elements.

Proposition 5. Let B be a Banach algebra, and suppose that Y is a family of
primal elements of Id(B) such that the seminorm

‖b‖′ = sup{‖b + P‖ : P ∈ Y }
is a norm on B equivalent to the original norm. If I and J are closed ideals of B
with I ∩ J = {0}, then I + J is closed.

Proof. Let (xn + yn) be a Cauchy sequence in I + J , with xn ∈ I and yn ∈ J for
all n. Let hc(I) = {P ∈ Y : P + I}. Since each P ∈ Y is a primal element, if
P ∈ hc(I), then P ⊇ J . Hence for any m and n,

‖(xn + yn)− (xm + ym)‖ ≥ sup{‖(xn + yn)− (xm + ym) + P‖ : P ∈ hc(I)}
= sup{‖(xn − xm) + P‖ : P ∈ hc(I)}
= sup{‖(xn − xm) + P‖ : P ∈ Y }
= ‖xn − xm‖′.

Thus (xn) is a Cauchy sequence in I, since ‖ · ‖′ is equivalent to the original norm,
so there exists x ∈ I with xn → x. Likewise there exists y ∈ J such that yn → y.
Hence xn + yn → x + y ∈ I + J as required.

We now use the fact that if A is a strongly maximal TAF-algebra and I ∈ Id(A),
then for a ∈ A, ‖a+ I‖ = sup{‖a+P‖ : P ∈ Mir(A), P ⊇ I} [2, 6.3]. Hence if B =
A/I, with the quotient norm, and b ∈ B, then ‖b‖ = sup{‖b + P‖ : P ∈ Mir(B)}.
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Theorem 6. Let A be a strongly maximal TAF-algebra, and let I, J ∈ Id(A). Then
I + J is closed.

Proof. Set K = I ∩ J , and let B = A/K with the quotient norm. Set I ′ = I/K
and J ′ = J/K. Then I ′ ∩ J ′ = {0}, and X = Mir(B) satisfies the requirements of
Proposition 5, as observed above, so I ′ + J ′ is closed in B. Hence I +J is closed in
A, being the inverse image of I ′ + J ′ under the quotient map.

There are examples in [13] of pairs of closed ideals in the disc algebra whose sum
is not closed.

We turn now to consider the centre of a TAF-algebra A, proving an analogue of
the Dauns-Hofmann Theorem. Let C(Mir(A)) and C(Prim(A)) be the algebras
of continuous, complex functions on Mir(A) and Prim(A) respectively, with the
uniform norm. We shall show that Z(A) is always isomorphic to C(Mir(A)), and
is isomorphic to C(Prim(A)) if A is semisimple.

Proposition 7. Let A be a TAF-algebra. Then

Z(A) = {d ∈ D : d(x) = d(y) for all (x, y) ∈ R(A)}.
Proof. First note that Z(A) ⊆ D, because D is a masa in C, and hence a maximal
abelian subalgebra of C by Fuglede’s Theorem. Suppose that z ∈ Z(A) and that
(x, y) ∈ R(A). Let w ∈ ND(A) be such that wdw∗(x) = d(y) for all d ∈ D. Then
ww∗(x) = 1, so z(y) = wzw∗(x) = zww∗(x) = z(x). Hence z has the required
property.

Conversely, suppose that z ∈ D and z(x) = z(y) for all (x, y) ∈ R(A). It is
enough to show that z commutes with every matrix unit w ∈ A. Set q = ww∗ ∈ D,
and let x ∈ X . If q(x) = 0, then wzw∗(x) = wzw∗q(x) = 0 = zq(x). If q(x) = 1, let
y ∈ X be the character such that wdw∗(x) = d(y) for all d ∈ D. Then (x, y) ∈ R(A)
so wzw∗(x) = z(y) = z(x) = zq(x), by assumption on z. Hence wzw∗ = zq, so
wz = wqz = wzq = wzw∗w = zqw = zw. Thus z ∈ Z(A).

Let T be a topological space, and let x, y ∈ T . We say that x ∼ y in T if x and
y cannot be separated by disjoint, open subsets of T . If f is a continuous function
from T into a Hausdorff space and x ∼ y, then f(x) = f(y).

Lemma 8. Let A be a TAF-algebra, and let x, y ∈ X ⊆ Mir(A). If (x, y) ∈ R(A),
then x ∼ y in Mir(A).

Proof. Suppose that x � y. Then by definition of the hull-kernel topology, there
exist I, J ∈ Id(A) such that x + I, y + J , and I ∩ J = {0}. Let w and v be
matrix units with w ∈ I\x and v ∈ J\y. Then wAv = 0, so pAq = qA∗p = 0,
where p = w∗w and q = vv∗. Suppose, for a contradiction, that there exists
u ∈ ND(A) such that (udu∗)(x) = d(y) for all d ∈ D. Then (uqu∗)(x) = q(y) 6= 0,
so (uqu∗p)(x) = (uqu∗)(x)p(x) 6= 0, so uqu∗p 6= 0. But qu∗p ∈ qA∗p = 0, a
contradiction. Thus (x, y) /∈ R(A).

Lemma 9. Let A be a TAF-algebra. If I ∈ Mir(A), then I ∩ Z(A) is a maximal
ideal of Z(A).

Proof. Suppose, for a contradiction, that M = I ∩ Z(A) is not a maximal ideal of
Z(A). Proposition 7 shows that Z(A) is a C∗-algebra, so there must exist z, w, p, q ∈
Z(A)\M such that pz = z, qw = w, and pq = 0. Let J and K be the closed ideals
of A generated by z and w respectively. Then pj = j for all j ∈ J , and qk = k for
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all k ∈ K. Hence if a ∈ J ∩K, 0 = pqa = pa = a. Since J, K * I, I is not a prime
element of Id(A). But meet-irreducible elements are prime in a distributive lattice,
as we have already observed, so we have a contradiction.

Theorem 10. Let A be a TAF-algebra. Then Z(A) ∼= C(Mir(A)).

Proof. By Lemma 9 we can, for each z ∈ Z(A), define a complex-valued function ẑ
on Mir(A) by ẑ(P ) = z+P (P ∈ Mir(A)), and ẑ ∈ C(Mir(A)) by [12, 3.3.4, 4.10].
It is clear that the map Θ: z 7→ ẑ (z ∈ Z(A)) is an injective homomorphism from
Z(A) into C(Mir(A)), and it is easy to see that Θ is an isometry. We must show
that Θ is a surjection. Let f ∈ C(Mir(A)). Then f |X is continuous on X , so there
exists d ∈ D such that f(x) = d(x) for all x ∈ X . Suppose that (x, y) ∈ R(A). Then
x ∼ y in Mir(A) by Lemma 8, which implies that f(x) = f(y), so d(x) = d(y).
Thus d ∈ Z(A) by Proposition 7. Let g = f − d̂ ∈ C(Mir(A)). Then g(x) = 0 for
all x ∈ X . But P ⊆ Q ⇒ P ∼ Q ⇒ g(P ) = g(Q) for P, Q ∈ Mir(A), so g = 0. We
have shown that Θ is a surjection.

Now suppose that A is semisimple. Then Prim(A) is dense in Mir(A) (see [10,
2.2(ii)] for example), which implies that for x and y in X , x ∼ y in Prim(A) if and
only if x ∼ y in Mir(A).

Corollary 11. Let A be a semisimple TAF-algebra. Then Z(A) ∼= C(Prim(A)).

Proof. Let Θ be the isomorphism from Z(A) to C(Mir(A)) obtained in Theorem
10, and define Θ′ : Z(A) → C(Prim(A)) by Θ′(z) = ẑ|Prim(A) (z ∈ Z(A), P ∈
Prim(A)). The density of Prim(A) in Mir(A) implies that Θ′ is an isomorphism
onto its range. We must show that Θ′ is surjective. Let f ∈ C(Prim(A)). Then
f |X is continuous on X , so there exists d ∈ D such that f(x) = d(x) for all x ∈ X .
If (x, y) ∈ R(A), then x ∼ y in Mir(A) by Lemma 8, so x ∼ y in Prim(A), by the
remark above. The proof now proceeds as in Theorem 10.

The conclusion of Corollary 11 is not true for all TAF-algebras. To see this,
suppose that A is a non-abelian TAF-algebra whose strong and Jacobson radicals
coincide; see the examples before [5, 5.6]. Then Prim(A) = X , by [5, 5.6], so
C(Prim(A)) ∼= D. If D were equal to Z(A), then D would equal A, because D is
a masa, hence a maximal abelian subalgebra by Fuglede’s Theorem, in C. Thus
C(Prim(A)) � Z(A).

The author is grateful to Tim Hudson and to Rob Archbold for their help with
this paper.
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