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ABSTRACT. Let G be a discrete group, a commutative discrete cancellative
semigroup or a locally compact abelian group. Let UC(G) be the space
of bounded, uniformly continuous, complex-valued functions on G. With an
Arens-type product, the conjugate UC(G)* becomes a Banach algebra. We
prove, that unlike left ideals, finite-dimensional right ideals exist in UC(G)* if
and only if G is compact.

INTRODUCTION AND PRELIMINARIES

Let G be a locally compact group, C(G) the space of bounded, continuous,
complex-valued functions on G, and UC(G) the subspace of C(G) which consists
of those functions which are left uniformly continuous, i.e.,

UC(G)={feC(G) : s— fs : G— C(G)is norm continuous},

where f; is the left translate of f by s defined by f4(t) = f(st) for all t € G. Then
UC(G)* is a Banach algebra under the product

(pv)(f) = wu(fy) forall feUC(G), where
fu(s)=v(fs) forall segG.

In [7], we have dealt with a number of algebras including UC(G)*, and we have
determined all the finite-dimensional left ideals of these algebras. We then deduced
that this type of ideals exists in UC(G)* if and only if G is amenable, i.e., there
is p € UC(G)* such that p # 0 and u(fs) = u(f) for all f € UC(G) and s € G.
As already remarked in [1, Section 4] and [7], the finite-dimensional right ideals are
determined in the same way when the two Arens products coincide in the algebra,;
for example in WAP(G)*, where WAP(QG) is the space of weakly almost periodic
functions (see [2, Section 4.2]), or in the group algebra L!(G) and the measure
algebra M(G) when G is compact. However, in [1, Section 4], we have given a
class of locally compact abelian groups for which the non-trivial right ideals in
UC(G)* are all of infinite dimension. In this paper, we let G be either a discrete
group, a commutative discrete cancellative semigroup or a locally compact abelian
group, and we show that, in fact, finite-dimensional right ideals exist in UC(G)*
if and only if G is compact. This is achieved by using the algebraic structure of
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the uniform compactification UG of G. We recall that UG may be regarded as
the spectrum of UC(G) equipped with the relative weak*-topology inherited from
UC(G)*. By the spectrum of UC(G), we mean the set of all nonzero multiplicative
elements = of UC(GQ)*, i.e., z(fg) = z(f)x(g) for all f, g € UC(G). It is known
that the restriction of the operation of UC(G)* to UG makes UG into a compact
right topological semigroup. This means that the operation is defined for x and y
in UG by

zy(f) ==(fy) forall feUC(Q).

This operation is of course associative and is such that the mappings x — xy and
z +— sz from UG into UG are continuous for each y € UG and s € G. Note
that when G is discrete, the space UC(G) and the space of all bounded complex-
valued functions on G (usually denoted by £>°(G)) are identical, and so UG and
the Stone-Cech compactification SG of G are identical.

Recall that the Gelfand mapping f — f, where f(z) = z(f) for x € UG and
f € UC(G), identifies UC(G) with C(UG) (see [2, Theorem 3.1.7]). Hence the
Banach spaces UC(G)* and C(UG)* may also be identified by the mapping p +— fi,
where fi(f) = p(f) for p € UC(G)* and f € UC(G).

The closure in UG of a subset A of UG is denoted by A. If A is a subset of G,
then A* will denote A\ A. For more information on UG, see [2] and [4].

The author wishes to thank the referee for the corrections to the English expres-
sions, and Markku Kuukasjarvi for help with TgX.

RIGHT IDEALS IN UC(G)*

We begin with some results concerning the algebraic structure of UG. The cor-
respondence between UG and UC/(G)* enables us then to prove our main theorem.

Definition 1. A subset V' of G is said to be sparse if it is countably infinite and
sV NtV is finite whenever s and t are distinct elements of G.

These sets exist and were used in [3], [5] and [6] to show the following results.

Theorem 1. Let G be either a discrete group or a commutative cancellative dis-
crete semigroup. Let V' be a sparse subset of G. Then

(1) each x € V* salisfies yx # zx whenever y # z in BG, i.e., x is right can-
cellative in BG; and
(2) (BG)z1 N (BG)x2 = whenever x1 and xo are distinct elements in V*.

As the theorem below shows, these results are also valid in UG when G is a
non-compact, locally compact abelian group. For the proof, we need to recall the
following facts used in [4] to transfer properties from SG when G is discrete to UG
when G is not discrete. Write, by [9, Theorem 24.30], G = R™ x H, where n € N
and H is a locally compact abelian group containing a compact open subgroup
K. Let ¢ : H — H/K be the quotient mapping, and ¢ : Z" x H — Z" x H/K
be the mapping defined by ¥(m,h) = (m,¢(h)). By [2, Theorem 4.4.4], let e
U(Z" x H) — B(Z™ x H/K) be the continuous homomorphism which extends ¢ to
U(Z"™ x H). We recall also from [4] that U(Z" x H) = Z™ x H (the closure is taken
in UG), and that each x in UG can be written as x = (s, €)Z where s € [0,1]", e is
the identity in H and z € U(Z" x H).
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Lemma 1. Let y and z be elements of U(Z™ x H), and suppose that (k,e)y # z
for all k € {0, 1}™. Then (s,e)y # z in UR™ x H) for all s in [0, 1]™.

Proof. The case of n = 0 is trivial, so we start with n = 1, and suppose that y # z
and (1,e)y # z. We pick a function f € UC(Z x H) such that

f)=F((1,e)y) =0 and f(z)=1.

We extend f to a function g which is defined on R x H in the following way. We
write each u € R as u = m + s, where m € Z and s € [0, 1], and let

g(u,h) = g(m+s,h)
= (f(m+1,h) = f(m,h))s+ f(m,h) forall (u, h)eRx H.

This means that, for each fixed h € H, the function g5 defined on R by gp(u) =
g(u, h) is linear in the interval [m, m + 1], m € Z. Then it is not difficult to verify
that the function ¢ is uniformly continuous on R x H. Let g be the continuous
extension of g to U(R x H), and let (yq, ha) be a net in (Z x H) which converges
to y in U(R x H). Then we have, for each s € [0, 1],

9((s,e)y) =limg(ya + 5, ha)
= hén(f(ya +1, ha) = f(Ya, ha))s + hénf(yaa ha) =0,

whereas it is clear that §(z) = f(z) = 1. Thus (s,e) y # z.

We come now to the general case. Suppose that (k,e)y # z for all k € {0, 1}",
and let s = (s1,82, ..., $p) € [0, 1]™. Then the proof given for the case n = 1
implies that (s1,k,e)y # z for all k € {0,1}"~! and s; € [0,1]. Then we consider
R x H instead of H. The same argument shows again that (s1, s2, k, e)y # z for all
k € {0,1}"~2. Inductively, this leads to the desired result. |

Theorem 2. Let G be a non-compact, locally compact abelian group. Then there
are points x1 and x4 in UG\ G such that

(1) z1 and zo are right cancellative in UG, and

(2) (UG)z1N(UG)z2 =0.
Proof. Recall that G = R™ x H. Let V be a sparse subset of Z" x H/K. Then,
by Theorem 1, each point of V* is right cancellative in 3(Z" x H/K). From [4,
Theorem 5.4], it follows that every point of (¢)~1(V*) belongs to UG \ G and is
right cancellative in UG. So Statement (1) follows.

For Statement (2), let a1 and as be two distinct elements in V*, and let z1 and
23 be in U(Z" x H) such that 1 (z1) = a1 and 1 (x2) = as. Let y and z be arbitrary
elements in UG. We claim that yz; # zzo. We write y = (s,e)g and z = (t,¢)2,
where s, t € [0,1]™ and g, Z € U(Z™ x H). Then, by Theorem 1,

B(Z" x HIK)ay NB(Z" x H/K) ag = .
It follows that, for all k € Z",
D((k, €)7) ¥(a1) = P((k, e)y) a1 # ¥(2) az = ¥ (2) §(w2).
Since ¢ is a homomorphism, this implies that

U((kye) 1) # (2 a2)
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in B(Z" x H/K), and so (k,e)§x1 # Zxo in U(Z™ x H). In particular, (k,e)jyx; #
(k' e)Zxzo for all k and k' € {0,1}™. The lemma above leads to the desired conclu-
sion. |

We come now to the correspondence between UG and UC(G)*. We need to
recall the following definitions.

Definition 2. The total variation of an element u of UC(G)* is denoted by |ul
and defined first for f € UC(G), f > 0 by

[l (f) = sup{[u(h)] : h € UC(G) and |h| < [},

then extended in the usual way to an element of UC(G)*.
The support of an element p of UC(G)* (= C(UG)*) is denoted by supp(u) and
defined by

supp(p) = {x € UG : |u|(f) #0 whenever f € UC(G), f > 0and f(z) # 0}.

Remark. If one takes the corresponding fi in C(UG)*, regards by the Riesz repre-
sentation theorem (see, e.g., [9, Theorem 14.10]), iz as a bounded, regular, Borel
measure on UG, and defines (as usual) the support of f by

Supp(in) = UG \ U{U : U open in UG and ||U) = 0},
then it is easy to check that supp(u) = Supp().

Lemma 2. Let x be a right cancellative element in UG, and let pu be a nonzero
element of UC(G)*. Then

(1) C={f: : f €eUC(G)} is norm-dense in UC(G) (and so px #0),
(2) |px| = |plz,
(3) supp(px) = supp(u) .

Proof. Clearly, C' is a subalgebra of UC(QG) since z is multiplicative. Furthermore,
since x is right cancellative, we have yx # 2z in UG whenever y # 2 in UG. So
there is f € UC(G) such that f(yx) # f(zz). It follows that

Foy) = y(f2) = wa)(f) = flya) # flza) = (z2)(f) = 2(f2) = fo(2).

Therefore C = {f; : f € UC(G)} separates the points in UG, which implies
that C is norm-dense in C(UG). Equivalently, C is norm-dense in UC(G). This
implies that for a nonzero p in UC(G)*, there must be a function f € UC(G) with
wx(f) = u(fz) # 0, and so Statement (1) follows.

For simplicity of notation we assume now that [|u]| = 1. It is known and not
difficult to check that |uv| < |u||v| for all p and v in UC(G)*, in particular |uz| <
|p|z. So we only need to show that |uz| > |u|z. Let f be a nonnegative function in
UC(G), and let € > 0 be fixed. Then there exists h € UC(G) such that |h| < f,
and |p(h)| > |u|(fz) — §. Since {g : g € UC(G)} is norm-dense in UC(G), we pick
g € UC(G) such that || g, — h [|< §, and so

n(9)| = lulgo)l = (W) = 5 > |ul(fa) — e
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If |g| < f, then |uz|(f) > |p|z(f) follows. However this is not necessarily true. So
we define the following function on UG,

5w it [5(y)|

Then ¢’ is continuous on UG, l9'| < f+§, and

y)+ 5

(
f(y)

> fly) +
<fly)+5

3(s2)| = lga()] < [h(s)| + 5 < fuls) + 5 = J(sw) + 5 forall s €C.

Therefore ¢/,(s) = ¢'(sx) = §(sz) = g.(s) for all s in G, and so the functions ¢/,
and g, are equal. It follows that

| (f + 5) = (g = nlgy)] = l(ge)]
> |ul(fo) = € = lpla(f) — <.

Thus |ux|(f) > |u|z(f), which completes the proof of Statement (2).

Because of Statement (2) we may assume in this last statement that p is nonneg-
ative, i.e., p = |pu|. Let y € supp(p) x, and let f be a nonnegative function in UC(G)
with f(y) # 0. We need to verify that paz(f) # 0. Write y = z & with z € supp().
Then f, is clearly nonnegative and f,(z) = z(fs) = (z2)(f) = f(zz) = f(y) # 0.
Since z € supp(p), this implies that (nx)(f) = wu(fz) = |pl(fz) # 0, and so
y € supp(p ).

Conversely, we regard (by the Riesz representation theorem) [ as a bounded, reg-
ular, Borel measure on UG, and let y be a point not in supp(p) . Then supp(u) x
is compact since it is the continuous image of a compact set, and so it is closed.
Therefore there is f € UC(G) such that f(y) # 0 and f(supp(p) z) = {0}. Accord-

ingly,
palf) =p(fs) = ilfy) = / fol=)dfi(z) = / fo(2)df(z)
UG

supp(p)

= [ feodae)= [ odaz)=o
supp(p) supp(p)

This means that y does not belong to supp(u ), and so the proof is complete. [
We are now ready to give the main result of the paper.

Theorem 3. Let G be either a discrete group, a commutative cancellative discrete
semigroup, or a locally compact abelian group. Then finite-dimensional right ideals
exist in UC(G)* if and only if G is compact (and so G is finite in the first two
cases).

Proof. The sufficiency is straightforward. In fact, if G is compact then UC(G) =
C(G), so UC(G)* = M(G) (the algebra of bounded, regular, Borel measures on
G), and so the finite-dimensional right ideals are determined in a similar fashion as
the left ones, see [7].

For the necessity we suppose that G is not compact. Let R be a right ideal of
UC(G)*, and let p be a nonzero element of R. By Theorems 1 and 2 we can take
two elements z7 and zo in UG \ G which are right cancellative in UG and with
disjoint principal left ideals, i.e., (UG)z1 N (UG) x2 = . Then, by Lemma 2, u
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and pxo are nonzero elements of R. Furthermore,
supp(p 1) C supp(p)x1 € (UG) 21 and  supp(pza) C supp(p) v2 € (UG) 2.

Accordingly, supp(pz1) N supp(pz2) = 0. Suppose now that R is of dimension n,
say. Then, for some complex scalars a1, asg, ..., a,, we must have

ay s+ ag Ty To + o ap pay vyt =0.

Such an identity is clearly true if and only if a; = a3 = ... = a,, = 0, and so the
proof is complete. O

Remark. Let G be a nondiscrete, locally compact, abelian group. As it is well
known, L>°(G)* is a Banach algebra with the (first) Arens product. The product of
pand v in L% (G)* may be described by (n®v)(f) = u(f,), where f,(¢) = v(d= f)
for f € L°(G) and ¢ € L*(G) and where ¢(s) = ¢(s!) for s € G. In this algebra,
we can only answer partially the question of whether finite-dimensional right ideals
exist. In fact, let R be a right ideal, and suppose that u(f) # 0 for some p in R
and f € UC(G). Tt can be checked directly that the restriction of the product of
L>(G)* to UC(G) coincides with that of UC(G)*, i.e., p ® v(f) = pv(f) for all
f € UC(G). Accordingly, we may regard R as a nonzero right ideal of UC(G)*,
and so Theorem 3 says that R cannot be of finite dimension unless G is compact.
However, it may happen that u(f) =0 for all f € UC(G) and for all u € R. Such
elements satisfy L>°(G)* ® p = {0}, and they exist because L>°(G)\ UC(G) is even
nonseparable, see [8]. We still do not know whether in this situation u ® L*°(G)*
can be of finite dimension.
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