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ABSTRACT. We present a connection between the Leinert sets and the non-
crossing two-partitions and we use this connection to give a simple proof of the
free Khintchine inequality in discrete non-commutative Lp-spaces. Moreover
we extend the inequality of Haagerup-Pisier,

1
2
Z Ag) ®ag < 2max Z agag| Z agay ,

g€eSs CK(Fn)@)A geSs g€eSs

(S

where A is the left regular representation of the group F, ag are elements of
the C*-algebra A, and S is the set of the words with length one, to the set S
of the words with arbitrary fixed length.

0. INTRODUCTION

In this paper we treat two inequalities (scalar and operator) related to norms of
convolution operators on free groups.

Section 1 is devoted to the free Khintchine inequality, first proved by M. Bozejko
in [B]. The relationship between the classical Khintchine inequality (more precisely
its dual version') and the free version is the following. Instead of linear combi-
nations of Rademacher functions, we consider functions supported on a subset (of
discrete groups) satisfying a certain condition of Leinert (Definition 1.1). In the
free case, similar to the classical one, Lgp-norms are estimated by Le-norms (see
Theorem 1.8 below):

(KP) ”f”sz < le_p”f”Lz

The constants C, = (?)pﬁ (Catalan numbers) are different from the classical

ones. The main idea of our proof of the free Khintchine inequality is based on a
simple connection (given in Definition 1.3) between the condition of Leinert and
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non-crossing pairings. We show the way in which the products (of free genera-
tors and its inverses) reducing to identity induce the non-crossing pairings: pair-
ings arise as the elementary deletions between generators and inverses (for more
about the connection between Leinert’s condition and free generators see Theorem
IIIC in [AQO]). To give an example: let a,b be free generators; then the product
abb~la~1 is related to only one non-crossing pairing {{1,4},{2,3}}, but the prod-
uct ba~taa"tab~1 is related to two non-crossing pairings {{1, 6}, {2,3}, {4,5}} and
{{1,6},{2,5},{3,4}}. The occurrence of the constants C, in the above inequality
has a natural explanation in this proof: the number of non-crossing pairings of
totally ordered sets with even cardinality 2p is equal to Cp,. The constants C), are
the best in (K,). It is possible to view this inequality as a certain case of the free-
central-limit-theorem for concrete variables, namely for self-adjoint operators (the
free Rademacher functions) X; = A(g;), where g7 = e freely generate a group. It is
obvious that the X;’s form the free family of operators (with the zero expectations
and normalized second moments) with respect to the state ¢ given by the formula
¢(T) = (Td.|d). Since

n n 2p 2
1 1 1
—Sx|| =1 — > Xi| | =Co= [ 2P —V4—2’dn,
\/E; i, ? [\/HZ; 1 Cr /_Qx o VAT

it follows that the spectral measure of the operators \/%—Z Z?:l X; in the state ¢

tends to the Wigner measure dv(z) = %\/4 — 22 dz. We want to point out that in
this way we get the elementary proof (without the R-transform of Voiculescu) of a
free analog of the De Moivre-Laplace central limit theorem.

The purpose of the second section of our paper is to generalize the Haagerup
inequality (Lemma 1.4 in [H]) on free groups

2p
lim

n—oo

Loy

(H) Z al)\(u}l) < (k =+ 1) (Z |Oéi|2) ? , o; € (C,

|wi|=Fk
into the operator case (i.e. a; € B(H)). At the beginning of this section we intro-
duce the partial isometry operators T}, 4, where p, g are any two elements of a free
group G (considered with the fixed family of free generators g1, ..., gm). Operators
Tp,q arise naturally in the following decompositions of the left translations on free
groups:
k

(D) Alp) = ZTPI'""p'i7p'i+1"”'pk7
i=0

where p € G has reduced writing p = Hlepi, with p; € {91, -, 9m> 97 -9t}
The orthogonality of domains and images (for different ¢ and p respectively) of
Tp,q’s and the decompositions (D) are used to convert the estimates about norms
of linear combinations of A(p)’s into estimates about norms of certain matrices. It
gives a sequence (Hy) of inequalities (see Theorem 2.8). For k = 1 we get the
estimate (for operator coefficients o; € B(H)) as in Haagerup and Pisier’s paper
(see Proposition 1.1 in [HP]):
)

1
2
)

(Hy) Z a; @ N(p;) §2maX{HZaiaf Zafai

lpi|=1
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For k = 2 on the right hand side, besides two previous norms (which are equal to
the operator norm of one row and one column matrix respectively), there is the
operator norm of the matrix (o ;) with zero entries for |p;p;| # 2:

Z @i j @ Npip;)
(Ho2) Ipip;|=2
1
< 3maX{HZ Oéz',jaf,jH i)l HZ o Qi j

The case k = 3 is
(Hs)

}

> aijk @ Apipipe)

|pipipK|=3

3 3
s4max{HZai,j7kaz:j,kH e G @il | 3 af s }

where the rows and columns of the matrix (c; ;1)) are indexed by words of length
one and two respectively (conversely for (a; ), &), and similarly as before QG (k) =

0(as, ),k = 0) if [pipjpr| # 3.

1. THE FREE KHINTCHINE INEQUALITY
First we recall the definition of Leinert’s condition.

Definition 1.1. A subset A of a group G satisfies Leinert’s condition if for every
natural n and any sequence {g;}7", of elements of A the relation

n
—1 _
H 92i—199; = €
i=1

implies that gx = gr4+1 for some k < 2n.

The typical example of such a set is the set of free generators. We will present
a certain connection between the condition of Leinert and non-crossing pairings
defined below.

Definition 1.2. Let A be a finite subset of the natural numbers and let V be a
partition of this subset. We say that V is a non-crossing two-partition of A if two
conditions hold:

(i) any class of V' has exactly two elements,

(ii) there does not exist in A an increasing sequence a, b, ¢, d such that a, ¢ forms

a class and b, d another class of the partition V.

We denote by NC5(A) the set of all non-crossing two-partitions of the set A, and

if A isequal to {1,...,2n} we will write NC3(2n) instead of NC2({1,...,2n}).

Definition 1.3. Let a subset A of a discrete group G satisfy Leinert’s condi-
tion and let {z;}2", be a sequence of elements of A. Let moreover the equality
I, 21321'_1132_1-1 = e hold. We say that the sequence {z;}?", induces a non-crossing
two-partition V, if for any class {7, j} of V' the equality z; = z; holds.

Proposition 1.4. If a sequence {z;}?", satisfies the assumptions of Definition 1.3,
then the set of non-crossing two-partitions induced by this sequence is not empty.
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Proof. We obtain a simple proof by induction. For n = 1 the statement of the

proposition is obvious. Let a sequence {x; 321” be given. Because Leinert’s con-

dition is satisfied, there exists k < 2n + 2 such that zy = zpy;. By the induc-

tion assumption there exists a non-crossing two-partition V' of the set {1,...,2n +
21\{k, k + 1} such that for any class {i,j} of V we have z; = z;. It is clear that
V =V U{k,k+ 1} is a non-crossing two-partition of the set {1,...,2n}. |

Proposition 1.5. Let sequences {x;}2", and {y;}?", satisfy the assumptions of
Definition 1.8. If {x2i—1}" 1 = {y2i—1}; and {z2:}"1 # {y2i}?q, then the sets
of mon-crossing two-partitions induced by these sequences are disjoint.

Corollary 1.6. Let a subset A satisfy Leinert’s condition, let {x;}_, be a sequence
of elements of A and let A be a class of such sequences. For any fived {x;}?, € A
the number of elements {y;}1*, € A which satisfy the condition [[;_, z;y; ' = e is
less than or equal to the cardinality of NC2(2n), and if the sequence {z;}?_, has
mutually different elements, the equality holds.

Proof of Proposition 1.5. Let xak, # yok,. For any V and I~/, induced by {z;}?",
and {y;}?7, respectively, if {2ko,2i — 1} and {2ko,2j — 1} are elements of V and
V respectively, then i # j, because in this case x2;—1 = Zag, # Yok, = Y2j—1 and
{9521'—1}?:1 = {yzi—l}?:l- O
Remark 1.7. The cardinality of NC5(2n) is equal to the Catalan number C, =
2n 1

One can find the proof of this fact in the paper of G. Kreweras (Theorem 4 in
K)).

Now we present another proof of the theorem of M. Bozejko (see [B]), see also
the paper [AO], where the operator norm of the operator A(f) is computed; this
norm is equal to limy, oo || f]| Lo, -

Theorem 1.8 (the free Khintchine inequality). If the support of a function f: G
— C satisfies Leinert’s condition, then we have the following inequality:

2p\ 1 1%
112a, < | () 1| 161

where p is a natural number and the constant (2;’)1% is the best possible for the
function with infinite support.

Proof. We have

1712, = (F % Fy7(e)
= > Fe)f@) - f @i, ) f(@n,)

{{ik}i’;le{ih...,in}% g7 w;zl---wi2p71w;2; =e}

- Z Z H |f ()2 ) 7 @)
{zi}]_1€(supp )P {{y:}P_, €(supp f)P: [[F_, ziy; '=e} TE€sUPP f
From Corollary 1.6 and Remark 1.7 we obtain
) = (M)
p)p+1

HyiYii€(supp )P [1i=y wiy; '=e}
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thus

2 2p\ 1 2 ({zi}=y) " ()]
A GO =D SR | FC e

{zi}}_,(supp f)P wEsupp f

2p 1
= — |11
p)p+1
1

In order to prove that the constant (QPP) =
as in the paper [B], a sequence, normalized with respect to the l3-norm, of functions
fn = ﬁ > 84, with support in some infinite subset A which satisfies Leinert’s
condition. For these functions we have

Iz, = (%) =22 <%) DY <Ln)

—1
9iq g’i2 "'gigp,l g'izp =e

(a5

A

()"

is the best possible we consider, similarly

where

A= {gik }Zzl € (Supp fn)pv

P
B = {{hk}i_l € (supp )" [[ guhi' = e} 7
k=1
A= {{go Yoy € (supp )" #{gi i ({1-..p}) = p).
2

So the proof of Theorem 1.8 is finished because lim,,_, (Z)p! (ﬁ) v_ 1. O

2. THE OPERATOR-VALUED FUNCTIONS

In this section Ei(G) denotes the subset of words of length k of a free group G
(considered with the fixed family of free generators g1, ..., gm). For p € Ex(G) we
denote by p; the ith letter in the reduced word p, i.e.

P=Dp1..-Pk; Wherepi6{gla-“vgmvgl_lv"'vgr;l}'
Notations 2.1. Let G be a free group, h an element of G and p, ¢ elements of Ey (G)
and Ej(G) respectively. Then
(i) {?(G);, denotes the closed span of {dn, € I*(G): g € G and |hg| = |h| + |g|}
in 12(Q@),
(ii) P, denotes the orthogonal projection of I2(G) onto I2(GQ),

(iii) A(h) denotes the operator of left convolution by dp,
(iv) Tp,q denotes the operator of the form

Tpq = (H?:1 Ppi/\(pi)) (Hé:l )‘(Qi)Pq;l) = PA(p)A(@) Py,
Tpe = [IL1 P A1) = BAD),

Teg = iy M) Py = Ma) Pyr,
Tee = 1d,
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P for n > k, P for n <0,
(v) p<n =9Il pi fork>n>0, psn= Hf:n+l p; for 0 <n <k,
e forn =0, e for n > k.

It is very useful that for different ¢ the domains of these operators are orthogonal,
and for different p the images are also orthogonal (if we assume that the lengths of
p and ¢, respectively, are fixed):

If ¢ # w and |q| = |w|, then [Ker(T, )" L[Ker(Tp )",
If p# v and |p| = |v|, then Im(Ty. )L Im(T)p ).
The operator T}, 4 has the following properties:

(2.1)

Proposition 2.2. Let g be one of the free generators of the free group G and let
p, P, q,q be elements of Ex(G), Ex (G), Ei(GQ), Ey(G) respectively, such that |pp’| =
Ip| +17'| and |q¢'| = |q| + |¢'|. Then
(1) TpeTe,q =Tp,q,
(ii) TpeTpre = Tppt e
TeqTe,qy =Teqq s
(iif) A(g) = PyA(g) + Mg)Py-1 = Tyg,e + Te,g,
/\(g_l) = ngl)\(g_l) + )‘(g_l)Pg =TgretTe g1 = Te*,g + Ts;E’
(iv) Mg)Py- AMg™) = Te g1, ,=1d— Py,
Mg PyA(g) = Ty Tye=1d— Py,
(V) TB,qT;q =1Id— qu ’
Ty Tpe=1d—P,1.

Proof. The statements (i) and (ii) are obvious by the definition. The proof of (iii)
is done in the paper [HP] (see proof of Proposition 1.1). Assertion (iv) follows from
(iil), because
M9)Py-1Ag™") = Ma)Mg™") = Mg~ Py] = Id — Py

The statement (v) is a consequence of (iv) and the property (ii). |
Corollary 2.3. Let p,p’ € Ex(G) and q,q' € Ei(G). Then

(1) T;:qu/)q/ = 5;0,;0/Te*,q([d - Pp;l)TQq/’

(i) TpgTy o = 0. Tp,e(Id — Pq1)T;',e'
Proof. We prove only the first equality, the proof of the second is similar. One can
observe that if g, ¢’ € E1(G) and g # ¢/, then

T;,eTg/,e = )\(g_l)Png//\(g/) =0.
Hence we obtain
Ty Tye=0, forpp €E(G) and p#p.

Thus, applying Proposition 2.2 (i) and (v), we get
T, (Id = P, )Ty ifp=p,
0 if p#£p.

* _ * * _
Tp,qu/>q/ - Te,qu,eTplquevq/ - {

Using the above operator T}, ; we obtain a decomposition of the left translation
operator A(p). This representation is a generalization of the statement (iii) from
Proposition 2.2.
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Lemma 2.4. Let p € Ei(G). Then we have the following representation of the
operator \(p):

k
)‘(p) = Z T:ngp>7: :
=0

Proof. We get this equality by applying Proposition 2.2 (iii) to the left translation
operator \(p) = Hle A(pi)- |

Now we introduce a matrix representation for a sum of operators A, , ® Ty 4 €
B(H ®5 [*(G)), where H is a Hilbert space. The following notation will be useful:

(o) for a family {A,_, p.,}per,(a) of bounded operators, the family

{Ap.a}poeB(@)xBii(C)
is defined by the equation
A = {Ap,q if |pQ| =k,

Pq = .
’ 0 otherwise,

(B) for a finite family {Ap ¢} (p.q)ckxr of bounded operators acting on a Hilbert
space H we denote by (Apq)(p.qek =1 the matriz of an operator acting from

@qGLH to @peKH,

Lemma 2.5. Let G be a free group with finitely many free generators and let k,
i € N be such that k > i. Let, moreover, H be a Hilbert space and {Ap_, p.. }peE,(G)
be a family of bounded operators acting on H. Then, for the operators

Pi: H ®21%(G) — @ H®91%(G), wheret="Fk—i, ort=i,
weEE(G)
given by the formulas
Pi(v) = @ P,(v), wheret=4k—1, ort=1,
weE(G)

the following statements hold:

(i) (Aznq ® Tp,q)(p,q)eEi(G)xEm:(G) = ]P)i;peEk(G) Apgi,pn: ®Tpgixp>iplt—i7

(if) ZpeEk(G) AP§i>p>i ® Tpgi,p» =P; (Ap,q ® Tp,q)(p,q)equ(G)xEkfi(G)Pk—i-

Since both operators P; and P;_; have norms equal to one, as a simple conse-
quence we obtain:

Corollary 2.6. Let the assumptions of Lemma 2.5 be satisfied. Then

§ Apgmp>i ® Tpgri7p>7i
PEEL(G)

= [[(Apq ® Tpq)(p,q)eBi(G)x Bi_s(6) | B(X, V)

where X = @ cp, (q)(H @2 I2(GQ)) and Y = D,cr, ) (H ®2 12(Q)).

B(H®21%(G))
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Proof of Lemma 2.5. The statements of the lemma will become obvious if we ob-
serve that the operators T}, ; have orthogonal complements of kernels for different
g and orthogonal images for different p (with the assumption that the lengths of p
and ¢ respectively are fixed); see (2.1).

Indeed, for the first statement (the second one can be shown similarly) we have:
if 6, is not in 1*(G),~1 (where ¢ € Ej_;(G)), then the delta-function A @ &y
(where A € H), which lies in the gth orthogonal component (of the orthogonal
sum P, ep, () (H @2 I2(G@))), is in the kernels of both operators from state-

ment (i). Now, if §, belongs to 1*(G),~1 and A ® dy, as a moment ago, be-
longs to (B,.cp, (e (g} H ®2 I2(G))* (where orthogonal complement is taken in
D.er, () (H @2 I2(G))), then for the left-hand side of the equality (i) we have:

(Auwi @ T ) (w1)e B (@) x By (G) A © 0y = @ Ay gA® PiyppBur,
weFE;(G)
where ¢/ = ¢~r and |¢/| = |g| + |r|, and Py is the projection onto words of length

k. We obtain the same value for the right-hand side of this equality:

P; Z Apcipsi @ Ty ps i Pr i A® Sy

pEEk(G)
=P Z Apcipsi ®Tpops; A® Iy
pEEk(G)
=P; Z Aw,qA Y Pi+|r\5wr
wel
= @ gwﬂA X Pi_,_m(swr
wel
= @ Zw,qA ® Pi+\r|5wr7
weFE;(G)

where A ® d,, means the same function as A ® d,/, but in the other space (i.e. in
H @5 12(@)), r and Py, are as above, and I is the set of these words from E;(G)
which multiplied by ¢ are in Ej(G). O

Lemma 2.7. Let G be a free group with finitely many free generators and let k.1
be natural numbers such that 0 < i < k. Let, moreover, H be a Hilbert space and
{Ap_ipaitpern(a) a family of bounded operators acting on H. Then, using the
notations

Xi= @ HPG), Xo= P (He:12(Q),

q€EL_i(G) PEE;(G)
vi= P H m= D A
qEEL_i(G) qeEi(G)

we have

[(Ap.g @ Tp.q) (p.q)e E:(G) x Br—i () || B(X1,X2)

= l(Ap.0) p.a)eE:i (@) xEr i (&) | BV, v2)-
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Proof. In order to prove this equality we show the inequalities on both sides:
(=) Let v € Y1 be a normed vector of the form v = @ cp, ,(g) v(i)g- Then

v € X; defined by formula 0 = @ ,cp, (@) (v(i)g ® d4-1) is also normed and
satisfies the equation
¢ p7q) (p,9)EE; (G)XEk—i(G)’UHYZ = [[(Ap,q ® Tp,q)(p,q)eEi(G)xEk,q;(G)f}HXz-
(<) In the proof of the opposite inequality we use the following well known facts:

() For an operator T' acting between Hilbert spaces H; and Ha we have
TN 1,11y = T Tl iy = I1TT* || p(12)
( )

(#x) For a positive operator T' (acting on a Hilbert space) which is of the form
T =T, — T, where T1,T> are also positive operators, we have ||T|| < ||T1]|.

By applying (¥) to the operator (4, , ® T, 0)(p,q)EE; (G) x Ey_;(G) We obtain

||(Ap,q T, q)(p QEE; (G )XEk—i(G)HJQB (X1,X2)

= H 20 @ Tp,0) (p.g)e B (@) x Br i () (Apa @ Tp,g) (p,0)€F:(G) x By_i(G) H

B(X1)
I = EAens
PEB(G) (@7)€Ek—i(G) X Ex—i(G) || p(x,)
Thus, using Corollary 2.3, we get
14p.q ® Tp.q) a)em:(0)x B (&) 1331, x2)
— S Ay Ay, @17, (Id— P,i)Te,]
PEB(E) (01)€Ek—i(G) X Ex—i(G) || p(x,)
— S A AT T,
PEEi(G) (¢.7)€Ex—i(G)x E_s(G)
- Z A p,r ® T@*q *1 Te T
PEE;(G) (q,r)EEL_i (G)XEr_;(G) B(X1)
From this and (*x) we get the following inequality:
1(Ap.q @ Tp0) mae B (@) x Bx () B (1, %0)
< D 4, A, T,
PEE;(G) (q,r)EEL_i(G)XEk—;(G) B(X1)

= ||(Ap,q ® Te>q)(p7Q)€Ei(G)XEk—i(G)||2B(X1,X2)'
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In a similar way we get

” (AP#I ® Te>q)(p7Q)eEi(G)XEk—i(G) ||2B(X1,X2)

_ *

= H(Azxq ® Teﬂ)(p,q)eEi(G)xEk,q;(G)(Ap,q ® Te;Q)(p,q)EEi(G)XEk,,i(G) ”B(Xz)

= Z AP>QAZ7q ® [Te,eT;e]

1€ B,—i(G) (0, d)EE; (G) X Es(G)

_ Z Ap AL @ T Py T,

q€E;—i(G) (P d)EE(G)XEi(G) || p(x,)

< H(Ap,q ® TG,B)(I%Q)EEi(G)XEk—i(G)||2B(X1,X2)

= H(AZD)q)(P;Q)EEi(G)XEk—i(G)||2B(Y1,Y2)'
So the proof of Lemma 2.7 is finished. O

Now we formulate the main theorem of the paper. We should also mention that
the result below was known to Uffe Haagerup.

Theorem 2.8. Let G be a free group with finitely many free generators, let H be
a Hilbert space and let f be a function supported on Ey(G) with values in B(H).
Then

(1) IANH I Bro,2(@)) 2 max{[|[(f(Pa) g e i@ x By llxi: 0 <@ < ko
@) N Bas.rz@) < (k+1) max{[|(f(p9) p.gcr (@) xBii(@llxi 10 <i <k},
where || - ||x, is the operator norm in the space B(® e, () H>Dper,(c) H)-

Proof. Tt is clear that A(f) = ) f(P)®@A(p). Applying Lemma 2.4 we obtain

PEE}

k
() AN=2"{ X @ eTh,s.,)
7=0 \pEEw(G)

Proof of (1). Let v(i) be a normed vector in @ cp, () H of the form v(i) =
Der, (e v(@)g Then the vector (i) from H ®, 1*(G) defined by the formula
0(1) = X gem, i (c)(V(i)q ® dg-1) is also normed, and from (+) and (2.1) we have
2
INAT O g0y = |- Do (F®) @ ooy )8(0)

j=>i PGEk(G) H®2l2(G)

Z Z (f(p) ® Tpgjxp>j)’l~}(i)

Jzi ||pEEK(G)

H®212(G)

Y

Z (flp)® Tp§i1p>i>l~)(i)

PEE(G) H®212(G)

H (f(pq))(p,q)GEi(G)XEk,,i(G)v(i)||ép€Ei(G)H'
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Proof of (2). By (*) we have

thus, it is enough to show that

S ) O T 0, < MG g.per, @xee @l
PEEL(G) B(H®:212(G))

But, by Corollary 2.6 and Lemma 2.7, we have the equality since if we denote

Apoips; = f(p<jp>;) = f(p) for p € Ex(G), then A}W = f(pq) for p € E;(G) and
qc Ek_j(G). O

Remark. The norms || - ||x, in the above theorem are similar to the norms
Il - I {i+1,....ky from the paper [HP] (see (0.3) and (0.4) there). The similarity is
the following. Let V be a finite set of free generators of a free group G and let f
be a function supported on Ej(G). We define a family a; of bounded operators on
Hilbert space H, where .J belongs to [V U V1% in the following way:

k k
aj=f H J(i) |, where H is multiplication in the group G.
i=1 i=1
In the above notations we get:

(@) git1,...53 = 1(f (D) (p,q)e B (G) x Br—i (@) | X+
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