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EXISTENCE OF UNLIFTABLE MODULES

DAVID A. JORGENSEN

(Communicated by Wolmer V. Vasconcelos)

Abstract. Let (Q, n) be a commutative Noetherian local ring, and let R =
Q/(x) where x is a non-zerodivisor of Q contained in n. Then a finitely gen-
erated R-module M is said to lift to Q if there exists a finitely generated
Q-module M ′ such that x is M ′-regular and M ∼= M ′/xM ′. In this paper we
give a general construction of finitely generated R-modules of finite projective
dimension over R which fail to lift to Q provided x ∈ n2 and the depth of R is
at least 2.

Introduction

Let Q be a commutative Noetherian local ring with maximal ideal n, and let R
be the quotient of Q by a proper ideal I. Suppose that M is a finitely generated
R-module. To say that M lifts to Q means that there exists a finitely generated
Q-module M ′ such that TorQ

i (M ′, R) = 0 for all i > 0 and M ′/IM ′ ∼= M . One
may interpret these conditions as saying that the homological features of M ′ as
a module over Q are essentially the same as the homological features of M as a
module over R. For instance, if N is any R-module, there are natural isomorphisms
TorR

i (M, N) ∼= TorQ
i (M ′, N) and ExtiR(M, N) ∼= ExtiQ(M ′, N) for all i.

The motivation for studying lifting is that, in most applications, homological
algebra of modules over Q is better understood than homological algebra of modules
over R. Hence information involving the homological characteristics of a module
over R is made more accessible upon knowing the module lifts to Q.

While it is desirable to establish sufficient conditions for the ability to lift R-
modules to Q, the purpose of this paper is to show that quite often there are
R-modules which fail to lift to Q. Hochster [H] and Hoffman [Ho] have shown
that there exist complete regular local rings Q of mixed characteristic, elements
x ∈ n − n2, and, for R = Q/(x), cyclic R-modules R/a, with a generated by at
least 8 elements, which fail to lift to Q. (These were given as counterexamples
to “Grothendieck’s lifting problem”.) Peskine and Szpiro have shown [PS] that
there exist finitely generated — but not necessarily cyclic — R-modules of finite
projective dimension over R which fail to lift to Q whenever Q is a regular local
ring and I is a principal ideal generated by x in n2. We show in Section 2 that there
exist both non-cyclic (2.3) and cyclic (2.4) R-modules of finite projective dimension
which do not lift to Q in the situation where (Q, n) is an arbitrary commutative

Received by the editors June 10, 1997 and, in revised form, September 4, 1997.
1991 Mathematics Subject Classification. Primary 13D25, 13H99.
Key words and phrases. Lifting of modules, free resolution, lifting of complexes, dualized

complex.

c©1999 American Mathematical Society

1575



1576 DAVID A. JORGENSEN

Noetherian local ring (of sufficiently high depth) and I is generated by a Q-regular
sequence with at least one generator contained in n2. It should be noted that the
obstruction to lifting used in our constructions is different from the obstructions
used by Hochster, Hoffman and Peskine-Szpiro.

Suppose now that I is a principal ideal of Q generated by a non-zerodivisor.
Buchsbaum and Eisenbud have shown [BE1, (9.3)] that their structure theorem for
finite free resolutions [BE1, (3.1)] provides sufficient information to guarantee that
all cyclic R-modules R/a of projective dimension 3 over R, such that a is generated
by 3 elements, lift to Q. Section 3 of this paper consists of two examples, (3.2)
and (3.3), which show that this lifting theorem of Buchsbaum and Eisenbud is best
possible, in the sense that neither the projective dimension of R/a, nor the minimal
number of generators of a can in general be increased in the hypotheses of their
lifting theorem.

Section 1 below consists of definitions and an important lemma (1.1) which is
used heavily in the sequel.

1. Preliminaries

Throughout this paper Q will denote a commutative Noetherian local ring with
maximal ideal n and residue field k, and R will always denote the quotient of Q by
a proper ideal I. We will assume all R-modules are finitely generated.

In this situation, we say that an R-module M lifts to Q if there exists a finitely
generated Q-module M ′ such that

(1) TorQ
i (M ′, R) = 0 for all i > 0, and

(2) M ′/IM ′ ∼= M .
If such an M ′ exists, we say it is a lifting of M to Q.

Let

(F, ∂) : · · · −−−−→ Fi+1
∂i+1−−−−→ Fi

∂i−−−−→ Fi−1
∂i−1−−−−→ · · ·

be a complex of free R-modules. We say that the complex F lifts to Q if there
exists a sequence of free Q-modules with maps between them

(L, d) : · · · −−−−→ Li+1
di+1−−−−→ Li

di−−−−→ Li−1
di−1−−−−→ · · ·

such that
(1) (L, d) is a complex, and
(2) L⊗QR and F are isomorphic as complexes.

If such a sequence (L, d) exists, we say it is a lifting of F to Q.
Let M be an R-module. Recall that a complex of free R-modules (F, ∂) is an

R-free resolution of M if Fi = 0 for all i < 0, F is acyclic (which means Hi(F) = 0
for all i > 0), and H0(F) ∼= M .

As the reader may suspect, there is a close relationship between the ability to lift
R-modules and the ability to lift their resolutions. The following is a strengthening
of [BE1, (9.1)].

(1.1) Lemma. Let M be an R-module. Then the following are equivalent:
(1) M lifts to Q.
(2) Every R-free resolution of M has an acyclic lifting to Q.
(3) There exists an R-free resolution (F, ∂) of M with some lifting to Q which is

acyclic.
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Whenever I is a principal ideal generated by a non-zerodivisor of Q, (3) above may
be replaced by

(3′) There exists an R-free resolution (F, ∂) of M such that the complex 0 →
F2

∂2−→ F1
∂1−→ F0 → 0 has some lifting to Q.

Proof. (2) ⇒ (3), (3′) are trivial.
(3) ⇒ (1): Let (L, d) be an acyclic lifting of (F, ∂). Then L is a Q-free resolution

of the Q-module M ′ := cokerd1. Since L⊗QR ∼= F, we have TorQ
i (M ′, R) ∼=

Hi(F) = 0 for all i > 0. Also M ′/IM ′ ∼= M ′ ⊗Q R ∼= M . Hence M ′ is a lifting of
M .

(3′) ⇒ (1): Write I = (x) where x is a non-zerodivisor of Q. Suppose (L, d) is a
lifting of 0 → F2

∂2−→ F1
∂1−→ F0 → 0. It is an easy application of Nakayama’s lemma

to show that L is then actually exact at L1. This implies that TorQ
1 (M ′, R) = 0,

where M ′ := coker d1. As pdQ R = 1, we actually have that TorQ
i (M ′, R) = 0 for

all i > 0, as desired.
(1) ⇒ (2): Let M ′ be a lifting of M , and let (L, d) be any minimal Q-free

resolution of M ′. Then the two conditions in the definition of lifting of an R-
module guarantee that (L⊗QR, d⊗Q R) is a minimal R-free resolution of M . Since
any two minimal resolutions of the same module (over the same local ring) are
isomorphic as complexes, we conclude that every minimal free resolution of M lifts
to Q.

Now let F be an arbitrary R-free resolution of M . It is well-known that F is
isomorphic to a complex of the form

· · · −−−−→ G4 −−−−→ G3 −−−−→ G2 −−−−→ G1 −−−−→ G0 −−−−→ 0

⊕ ⊕ ⊕ ⊕ ⊕ ⊕
· · · =−−−−→ D4

0−−−−→ D2
=−−−−→ D2

0−−−−→ D0
=−−−−→ D0 −−−−→ 0

⊕ ⊕ ⊕ ⊕ ⊕ ⊕
· · · 0−−−−→ D3

=−−−−→ D3
0−−−−→ D1

=−−−−→ D1 −−−−→ 0 −−−−→ 0

where G is a minimal R-free resolution of M , and the Di are free R-modules. Since
G lifts to Q, so does the complex above. Hence F lifts to Q.

(1.2) Remark. Suppose I is generated by a Q-regular sequence x1, . . . , xc, and let
M be an R-module. Then it’s easy to see that the existence of a lifting M ′ of M to
Q implies that there exist modules M1, . . . , Mc = M ′ such that M1 is a lifting of M
to Q/(x1, . . . , xc−1), M2 is a lifting of M1 to Q/(x1, . . . , xc−2), and so on. Hence
lifting mod a regular sequence is equivalent to lifting mod a non-zerodivisor at each
stage. It follows that (1) and (3′) of (1.1) are equivalent when I is generated by a
Q-regular sequence of arbitrary length.

Remark. The following example illustrates that the hypothesis “I is generated by
a non-zerodivisor” is essential for the equivalence of (1) and (3′) above: Let Q :=
k[[X, Y ]]/(XY ) (for k a field) and I := (x). Then a free R-resolution of R/(ȳ)
(where ¯ denotes elements of Q mod x) is given by 0 → R

ȳ−→ R → 0. This
resolution has the obvious lifting 0 → Q

y−→ Q → 0 to Q. However, this lifting is
not acyclic.
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2. The existence

In this section we establish the existence of unliftable modules in the situation
where some member of a minimal set of generators of I is contained in the square
of the maximal ideal of Q.

(2.1) Lemma. Let x1, . . . , xc be a minimal generating set for the ideal I. Suppose
K is a proper ideal of Q containing I such that x1 ∈ nK. Then for each ideal J of
Q, I + J = K implies IJ 6= I ∩ J .

Proof. Let m1, . . . , me be a minimal generating set of K. Write

x1 = r1m1 + · · ·+ reme,(2.1.1)

with ri ∈ n for all i.
Suppose that J is an ideal of Q with I + J = K. For each i, 1 ≤ i ≤ e, write

mi = m′
i + m′′

i , where m′
i ∈ I and m′′

i ∈ J . After substituting these expressions for
the mi into (2.1.1) and rearranging, we see that

x1 − r1m
′
1 − · · · − rem

′
e = r1m

′′
1 + · · ·+ rem

′′
e ∈ I ∩ J.

Since
∑

rim
′
i ∈ nI, the element x1 − r1m

′
1 − · · · − rem

′
e is a member of a minimal

generating set of I, and therefore cannot belong to the ideal IJ . Hence IJ 6=
I ∩ J .

(2.2) Theorem. Let x1, . . . , xc be a minimal generating set for the ideal I, and
suppose that x1 ∈ n2. If K is a proper ideal of Q containing I such that x1 ∈ nK,
then the R-module Q/K does not lift to Q. In particular, the residue field k does
not lift to Q.

Proof. It is clear that lifting Q/K to Q is equivalent to finding an ideal J of Q
satisfying

(1) TorQ
i (Q/J, Q/I) = 0 for all i > 0, and

(2) I + J = K.

Since TorQ
1 (Q/J, Q/I) ∼= I ∩ J

IJ
, (2.1) shows that no ideal J ⊆ Q satisfies properties

(1) and (2) simultaneously.

Such modules Q/K as in (2.2) are likely to have infinite projective dimension
over R. Since in many cases (for instance, when Q is regular but R is not) infinite
projective dimension is itself an obstruction to lifting, and since many important
homological questions involve modules of finite projective dimension, it is of interest
to establish the existence of R-modules of finite projective dimension over R which
fail to lift to Q. To achieve this, we will restrict our situation to where I is generated
by a Q-regular sequence, and then use (2.2).

For an R-module M , we let M∗ denote the R-module HomR(M, R); for a Q-
module N , we let N∨ denote the Q-module HomQ(N, Q). When M is non-zero, we
let gradeR M denote the non-negative integer min{i|ExtiR(M, R) 6= 0}. (See, e.g.,
[BH, (1.2.11)].)

(2.3) Theorem. Suppose that I is generated by a Q-regular sequence x1, . . . , xc

such that x1 ∈ n2. Assume that the depth d of R is at least two. Let j be an integer
with 2 ≤ j ≤ d. Then there exist R-modules of projective dimension j over R which
fail to lift to Q.
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Proof. Let A be an R-module with gradeR A ≥ j which does not lift to Q. (For
example, one could take A = k.) Let (F, ∂) be an R-free resolution of A. Since
ExtiR(A, R) = 0 for all i, 0 ≤ i < j, the dualized complex

G(A, j) : 0 −−−−→ F ∗
0

∂∗1−−−−→ F ∗
1

∂∗2−−−−→ · · · ∂∗j−−−−→ F ∗
j −−−−→ 0

is acyclic. Hence M(A, j) := coker∂∗j is an R-module of projective dimension j
over R. We claim that M(A, j) fails to lift to Q.

Suppose that M(A, j) does lift to Q. By (1.1), there exists a lifting (L, d) of

G(A, j) to Q. It follows that (L∨, d∨) is a lifting to Q of the complex 0 → Fj
∂j−→

· · · ∂2−→ F1
∂1−→ F0 → 0. Hence the complex 0 → L∨

j−2

d∨j−1−→ L∨
j−1

d∨j−→ L∨
j → 0 is a

lifting to Q of the complex 0 → F2
∂2−→ F1

∂1−→ F0 → 0. But now (1.2) says that A
lifts to Q, which is a contradiction.

The module M(A, j) whose existence is asserted in (2.3) is most often not cyclic.
However, we can produce examples of cyclic modules which fail to lift to Q if the
depth of R is large enough:

(2.4) Theorem. Suppose that I is generated by a Q-regular sequence x1, . . . , xc

such that x1 ∈ n2. Assume that the depth of R is at least four. Let A be an R-module
with gradeR A ≥ 4 which does not lift to Q. (For example, one could take A = k.)
Fix integers j and m such that 4 ≤ j ≤ gradeR A and 1 ≤ m ≤ gradeR A − j + 1.
Then there exists a cyclic R-module R/a(A, j, m) of projective dimension j +m− 1
over R which fails to lift to Q.

Proof. Let (F, ∂) be an R-free resolution of A. Since Exti
R(A, R) = 0 for all i,

0 ≤ i < j, the dualized complex

G(A, j) : 0 −−−−→ F ∗
0

∂∗1−−−−→ F ∗
1

∂∗2−−−−→ · · · ∂∗j−−−−→ F ∗
j −−−−→ 0

is acyclic. Set C(A, j) := image∂∗j . Then C(A, j) is an mth syzygy module of finite
projective dimension over R. Let r := rank(image∂∗j−1). (Every R-module of finite
projective dimension over R has a rank [BH, (1.4.5)].) Now Satz 3 of [B] establishes
the existence of an acyclic complex

E(A, j, m) : 0 → F ∗
0

∂∗1−→ F ∗
1

∂∗2−→ · · · ∂∗j−2−→ F ∗
j−2

f ′−→ Rr+m fm−→
R2m−1 fm−1−→ R2m−3 fm−2−→ · · · f2−→ R3 f1−→ R → 0.

Let a(A, j, m) := image f1. We claim that R/a(A, j, m) does not lift to Q.
Suppose that R/a(A, j, m) does lift to Q. Then, by (1.1), there exists a lifting

(L, d) to Q of E(A, j, m). It follows that (L∨, d∨) is a lifting to Q of the complex

0 → R∗ f∗1−→ R3∗ f∗2−→ · · · f∗m−2−→ R2m−3∗ f∗m−1−→ R2m−1∗ f∗m−→
Rr+m∗ f ′∗−→ Fj−2

∂j−2−→ · · · ∂2−→ F1
∂1−→ F0 → 0.

This in turn means that the complex 0 → L∨
j+m−3

d∨j+m−2−→ L∨
j+m−2

d∨j+m−1−→ L∨
j+m−1

→ 0 is a lifting to Q of the complex 0 → F2
∂2−→ F1

∂1−→ F0 → 0. Now (1.2) says
that A lifts to Q, which is a contradiction.
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Remark. Note that if m ≥ 2 in the hypotheses of (2.4) (which forces depthR ≥ 5),
then a(A, j, m) is generated by 3 elements. It is known that if a is an ideal of R
generated by ≤ 2 elements and R/a has finite projective dimension over R, then
pdR R/a ≤ 2 [BE2, Theorem 2]. If the projective dimension over R of a cyclic
R-module R/a is 2, the Hilbert-Burch Theorem implies that R/a lifts to Q. (See
[BE1, (9.2)].) If pdR R/a = 1 then (a is principal and) R/a lifts to Q trivially by
(1.2).

3. Examples

Assume that I is a principal ideal generated by a non-zerodivisor x. The lifting
theorem of Buchsbaum and Eisenbud [BE1, 9.3] states that every cyclic R-module
R/a, such that pdR R/a = 3 and a is generated by 3 elements, lifts to Q. (Their
lifting theorem holds even when x ∈ n−n2.) The purpose of this section is to present
two examples which show, in the case where x ∈ n2, that this lifting theorem of
Buchsbaum and Eisenbud cannot in general be extended to cyclic modules defined
by an ideal needing 3 generators and of projective dimension greater than 3, nor
to projective dimension 3 cyclic modules defined by an ideal needing more than 3
generators. The method used to obtain these examples is similar to the method of
(2.4). However, we need a lemma, a more technical version of (1.1), (which holds
for any proper ideal I of Q) in order to prove that these examples do not lift. We
state this lemma now and defer its proof to the end of the section.

If B is a matrix with entries in R, we shall call a matrix A with entries in Q a
lifting of B to Q if the (i, j)-th entry of the matrix A is a pre-image of the (i, j)-th
entry of the matrix B, for all i and j.

(3.1) Lemma. Let M be an R-module which lifts to Q. Let

(F, ∂) : · · · → Rbi+1
∂i+1−→ Rbi

∂i−→ · · · ∂2−→ Rb1 ∂1−→ Rb0 → 0

be an R-free resolution of M , where the maps ∂i are represented by matrices with
respect to the standard bases of the Rbi . Then there exist liftings ∂̃i to Q of the
matrices ∂i such that the resulting sequence

(F̃, ∂̃) : · · · → Qbi+1
∂̃i+1−→ Qbi

∂̃i−→ · · · ∂̃2−→ Qb1 ∂̃1−→ Qb0 → 0

is an acyclic complex.

(3.2) Example. Let k be a field, let Q := k[[X1, X2, X3, X4, X5]], and let R :=
Q/(X1X2 −X2

3 ). Set a := (a1, a2, a3), where

a1 := x2
1x3 − x2x

2
3 + x2

3x4 − x2x
2
4 + x2x3x5 + x1x4x5 + x3

5,

a2 := −x1x
2
3 − x3

3 + x2x3x4 − x1x
2
4 − x2

2x5 + x1x3x5 − x4x
2
5,

a3 := x2
3x4 − x2x3x5 + x2x

2
5.

Then pdR R/a = 4 and R/a does not lift to Q.

Proof. It can be shown (say, with MACAULAY [Mac]) that there is a minimal free
resolution of R/a of the form

0 −−−−→ R
∂4−−−−→ R5 ∂3−−−−→ R6 ∂2−−−−→ R3 [a1 a2 a3]−−−−−−−−−→ R −−−−→ 0,
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where, with respect to the standard bases of R, R5 and R6, the matrices
x1

−x5

x4

−x3

x2

 and


x2 −x3 0 x5 −x1

x4 0 −x1 −x2 −x3

0 x2 x3 x4 x5

−x5 −x1 −x2 0 x4

−x3 x4 x5 −x1 0
x2 0 0 x3 0


represent the maps ∂4 and ∂3, respectively.

Suppose that R/a lifts to Q. Then, by (3.1), there exist liftings ∂̃4 and ∂̃3 to Q

of the matrices ∂4 and ∂3, respectively, such that the product matrix ∂̃3∂̃4 is the
zero matrix. Write

∂̃4 =


X1 + r1f
−X5 + r2f
X4 + r3f
−X3 + r4f
X2 + r5f

 , and
[
X2 + s1f 0 + s2f 0 + s3f X3 + s4f 0 + s5f

]

for the 6th row of ∂̃3, where the ri and si are in Q and f := X1X2−X2
3 . We see then

that the (6, 1)-entry in the product matrix ∂̃3∂̃4, after expanding and regrouping,
has the form f + rf , where r ∈ n. As this element is clearly non-zero in Q, we have
reached a contradiction. Hence R/a does not lift to Q.

(3.3) Example. Let k be a field, let Q := k[[X1, X2, X3, X4]], and let R :=
Q/(X1X2 −X2

3 ). Set b := (b1, b2, b3, b4), where

b1 := −x2x3 + x2x4, b2 := x1x3 + x2x3,

b3 := −x2
2 − x3x4, b4 := x2

1 − x2
2 + x2

3 − x2
4.

Then pdR R/b = 3 and R/b does not lift to Q.

Proof. The proof is similar to the proof of (3.2): It can be shown that R/b has a
minimal R-free resolution of the form

0 −−−−→ R
∂3−−−−→ R4 ∂2−−−−→ R4 [b1 b2 b3 b4]−−−−−−−−−−−→ R −−−−→ 0,

where, with respect to the standard bases of R and R4, ∂3 and ∂2 are represented
by the matrices 

−x1

−x2

x4

x3

 and


x4 −x3 x1 −x2

−x3 x4 x2 −x1

−x2 x1 x3 −x4

x2 0 0 x3

 ,

respectively.
Let ∂̃3 and ∂̃2 be liftings to Q of the matrices representing ∂3 and ∂2, respectively.

Write

∂̃3 =


−X1 + r1f
−X2 + r2f
X4 + r3f
X3 + r4f

 and
[
X2 + s1f 0 + s2f 0 + s3f X3 + s4f

]
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for the 4th row of ∂̃2, where the ri and si are in Q and f := X1X2 − X2
3 . Then

the (4, 1)-entry of the product matrix ∂̃2∂̃3 has the form −f + rf , where r ∈ n. As
this element is non-zero in Q, there cannot exist a lifting to Q of the R-module
R/b.

Remark. There is nothing special about the element X1X2−X2
3 in (3.2) and (3.3).

Undoubtedly one can produce similar examples for any polynomial ring mod a non-
zero element in the square of the maximal ideal (provided the depth of the ring is
large enough).

Proof of (3.1). Since M lifts to Q, by (1.1), there exists an acyclic lifting (L, d)
of (F, ∂) to Q. Let f : L⊗QR → F be a chain isomorphism. Choose liftings
f̃i : Li → Qbi of each of the isomorphisms fi : Li ⊗Q R → Rbi , and liftings ∂′i to
Q of each matrix ∂i. Note that each f̃i is an isomorphism. For all i consider the
diagram

Li
di−−−−→ Li−1

f̃i

y yf̃i−1

Qbi −−−−→
∂′i

Qbi−1 .

We have f̃i−1di − ∂′if̃i ≡ 0 mod I. Therefore, thinking of the map (f̃i−1di −
∂′if̃i)f̃−1

i : Qbi → Qbi−1 as a matrix, we see that each of its entries is an element of
I. Thus the matrix ∂̃i := ∂′i + (f̃i−1di − ∂′if̃i)f̃−1

i is a lifting to Q of the matrix ∂i

which, in place of ∂′i, makes the diagram above commute. As this holds for all i,
we see that the resulting sequence

(F̃, ∂̃) : · · · → Qbi+1
∂̃i+1−→ Qbi

∂̃i−→ · · · ∂̃2−→ Qb1 ∂̃1−→ Qb0 → 0

is an acyclic complex.
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