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ABSTRACT. Let E be an elliptic curve over a number field & such that Endy F
= Z and let w(k) denote the number of roots of unity in k. Ross proposed a
question: Is E isogenous over k to an elliptic curve E’/k such that E’(k)tors
is cyclic of order dividing w(k)? A counter-example of this question is given.
We show that E is isogenous to E’/k such that E’(k)tors C Z/w(k)?Z. In
case E has complex multiplication and Endy E = Z, we obtain certain criteria
whether or not E is isogenous to E’/k such that E'(k)tors C Z/2Z.

INTRODUCTION

Let k be a field finitely generated over its prime field, and let w(k) denote the
number of roots of unity in k. For an elliptic curve E over k, Ross [2] proposed the
following question:

Question 1. If Endy F = Z, then is E isogenous over k to an elliptic curve E'/k
such that E'(k)¢ors, the k-rational torsion points of E’; is cyclic of order dividing
w(k)?

In this paper we assume that k is a finite extension of the rationals Q. An
example in Section 4 shows that Question 1 does not hold in general. Put D =
Min |E’(k)tors|, where the minimum is taken over those E’/k which are isogenous
to E over k. We will show in Section 2 that if Endy E = Z, then D |w(k)? and E
is isogenous over k to an elliptic curve E'/k such that E'(k)iers is cyclic of order
D (Theorem 1). In Section 3 we treat an elliptic curve E over k with Endy F = Z,
but which has complex multiplication by an imaginary quadratic field K. We will
prove that E is k-isogenous to E’/k such that E'(k)iors C Z/4Z. We will also give
certain criteria for E’ to be chosen so that E'(k)iors C Z/2Z (Theorem 2, Propo-
sition 1 ). In Section 4 we will give some examples concerning other questions in
Ross [2].

Notations: For a number field k£ and a prime number p, denote by w(k) (w,(k),
resp.) the number of roots (pth-power roots, resp.) of unity in k. The Galois
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group Gal(k/k) is simply denoted by G} or G(k/k). If A is an abelian group, we
denote by A[n| the subgroup of A annihilated by n. For an elliptic curve E over
k, the p-Sylow subgroup of E(k)irs is denoted by E(k),). We write C(E) for the
k-isogeny class of E. End E is the endomorphism ring of £ and Endy, is the subring
of End E consisting of endomorphisms defined over k.

1. MINIMAL CYCLIC TORSION

Let E be an elliptic curve over k. For a prime number p, we denote by Tp,(E)
the p-adic Tate module of E and by p the corresponding representation of Gy on
T,(E).

Lemma 1. There exists an elliptic curve E' in C(E) such that E has an isogeny
over k onto E" of p-power degree such that E' (k) is cyclic.

Proof. If Endy E = Z, then V,(E) = T,(E) ® Q, is irreducible as a Gy-space (see
[3, IV §2]). If F has complex multiplication by an imaginary quadratic field K over
k, then V,,(E) is reducible if and only if p splits in K.

(1) The case V,(E) is reducible. We may assume that End E is isomorphic to
the maximal order of K. Then the decomposition K ® Q, = Q, ® Q, gives
that of T,(F) = T1 @ Ty as a Gi-module. Therefore we have representations
Xi : Gy — Aut T; = Z) (i =1, 2) and p = x1 © x2. The theory of complex
multiplication shows that Imp is open in Z;; X Z 7. Hence we can choose an integer
n such that for all o € Gy,

x1(0) = x2(0) mod p",
and for some o € G,

x1(0) # x2(o) mod p™ T,

e1 + es

Let T = Zye1 + Zy, , where T; = Zpe;. Then T’ is a Gi-module and

we obtain an elliptic curve E’/k and an isogeny f : E — E’ defined over k with
Kerf = (e1 + e mod p™). Let p’ be the p-adic representation associated with E’.
Then we get

/ — X1 (U) 0 n
= dp", 0 d p.
P (o) < " () ) mod p", u# mod p
This implies that E'(k),y is cyclic.

(2) The case V,(E) is irreducible. In this case it is clear that Z,z is not G-stable
for a basis {x, y} of T,(E). Thus there is ¢ € Gy, such that

2 =ar+puy, u#0 modp (a€Zy).

We choose r (> 0) minimal under this condition. Then since the subgroup ( z mod
p") of E[p"] is Gg-stable, T' = Z,p~"x + Zpy is Gi-stable. Then as in (1), 17"
defines £’ € C(F) such that E’'(k),) is cyclic. This proves our assertion. |

Lemma 2. Assume that V,(E) is irreducible. If E contains a k-rational point of
order p*" 1 with p"™ = wy(k), then there is E' € C(E) such that E'(k)(,) C Z/p"Z.
Proof. By assumption, we may assume that

1 +p2n+lz 7 >
Gk) C n Pt
p( k) ( p2 +lzp Z;
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Let 7 € G be such that 7 induces a generator in G(k((yn+1)/k), where (yn+1 is a
primitive p”*1th root of unity. Since detp is the p-adic cyclotomic character of Gy,

we can write
1+p*tla b
p(T) = ( p2n+lc d )

where a, b, ¢, d € Z, and d = 1 mod p™ and d # 1 mod p"*!. The characteristic
polynomial f(t) of p(7) satisfies f(t) = (t—1)(t—d) mod p***1. Putting t = 1+p"s,
we have

p 2 f(t)=s(s—p "(d—1))  modp.
By Hensel’s lemma, f(t) has solutions A1, Ay € Z,, such that A\; =1, Ay = d mod

/
p" 1. We can choose P = < p"ilc’ ]l;n ) (', ¢ € Z,) such that P~ lp(r)P =

( >(\)1 ,{) ) Choose a basis {x1, x2} of T,(F) such that 1 mod p?"*! is a k-
2

rational point of order p . Put y; = 21 +p" T2y and yo = 21 +p"22. Then
the lattice T = Zpy1 + Zpys = Zpz1 + p"Zpxo is Gi-stable and T” determines
A O
0 X
representation associated with E’. Since T” is irreducible, there is o € Gy, such that
po) = < p?u ; ), with v £ 0 mod p and r > 1. Choose r minimal under the
above condition. Put T” = Z,y} + Z,y» with yi = p~"y1. Then T also defines
E" € C(E) and the correponding representation p” satisfies

o= )= (0 ;) med

We sce that E” (k) is cyclic. Let P = ay{ + bys mod p"*'. Then P = P7 and
P = P? implies a = 0, b = 0 mod p. This shows that E”(k) does not contain any
point of order p™*'. This completes the proof. O

2n+1

an elliptic curve E' € C(E) such that p/(7) = ), where p’ is the p-adic

Lemma 3. Put p" = wy(k) and p™ = Mingcep) |E' (k) (|- If Vo(E) is irre-
ducible, then m < 2n and there exists E' € C(E) such that E'(k)q is cyclic of
order p™.

Proof. The first assertion follows from Lemma 2. Hence we may assume that

E(k)p) =Z/p"Z & Z/pr/za 1<r<v,r+r=m<2n.

Choose a basis {x, y} of T,(E) such that # mod p” and y mod p" are k-rational
points of E. As in the proof of Lemma 1, there exists an integer s (> r) such that
the subgroup X = (x mod p®) is Gx-stable and (z mod p*T1!) is not Gy-stable; if
r =1/, changing x and y if necessary, we may assume that (y mod p®) is Gy-stable.
Putting E' = E/X, we obtain £’ € C(F) such that E’(k),) is cyclic. It suffices to
show that each point P in E'(k)(, is of order dividing p™. We may suppose that
Ty(E") = Zpa' + Zyy with 2/ = p~*z. A point P of E'[p™T!] can be written in the
form oz’ + By mod p™mtl.
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(i) First assume s > r. Since z mod p"*! is not k-rational in E, there is o € Gy,
such that 27 = x4+ p vz mod p"t! with v € Zy. If r(n, then det p(c) = 1 mod p"
shows that » =/, and with respect to the basis {a’, y}, p/(c) takes the form

( 1+pv p'tsb

/__
. 1+prv') (v =—v mod p).

If P° = P, then
prva=0, ca+pv'=0 mod pmtl.

Therefore « = 8 =0 mod p. If r = n, then r = v’ and there is ¢ € G such
that 4y =y + p"uy mod p" ! with u € Z). Clearly P7 = P and P = P imply
a=F=0 mod p.

(ii) Next assume s = r. In this case there is 0 € Gy, such that 27 = x+p"ax+p uy
with uw € Z5. If P = P, then ua +p”d3 =0 mod p™t!, which shows that
ar' + By = yx + By (= z, say) with v € Z,. Now 27 = z mod p™H'T,(E’) for
o € Gy, implies 2° = z mod p" 1T, (E), because p" ' T,(E') C p" 1T, (E). As
E(k) contains no point of order p” 1, we have « = =0 mod p. Therefore every
point of £'(k)(, is of order dividing p™. This proves our assertion. |

Theorem 1. Put D = Mingce(g) |E'(K)tors|- If Endy E = Z, then D is a divisor
of w(k)? and there exists an elliptic curve E' in C(E) such that E'(k)iors is cyclic
of order D.

Proof. Let p be a prime divisor of |E(k)trs|. By the above three lemmata, E is
k-isogenous to E’ of p-power degree such that E’(k)(,) is cyclic of the minimal
p-power order. Repeating this process we obtain Theorem 1.

O

2. ELLIPTIC CURVES WITH COMPLEX MULTIPLICATION

Let E be an elliptic curve over k with complex multiplication by an imaginary
quadratic field K and suppose that k& 2 K.

Lemma 4 (Aoki [1, Theorem 9.1]). If wy(k) = w,(Kk), then E(k)qy =0 for p >
2 and E(k)2) C Z/27Z for p = 2.

Proof. For the sake of completeness we sketch the proof in [1]. By Tchebotarev’s
density theorem, there is a prime ideal [ of k satisfying the following conditions:

e (I, p) =1 and E has good reduction modulo .

e The Frobenius automorphism associated with [ in G(Kk((pn+1)/k) acts trivially
on (pn+1 and non-trivially on K.

Then we have |E(F)| = 14 Nl and N[ =1 mod p"*', where E is the reduction of
E modulo [ over the residue field F' and N[ is the norm of [. Since N[+ 1 = 2 mod
p" T, we see that |E(F)| is prime to p for p > 2 and 4 | |E(F)| for p = 2. As the
reduction map E(k) — E(F) is injective, we get our assertion. |

Theorem 2. Let E be an elliptic curve over k with complex multiplication by an
imaginary quadratic field K and suppose that k 2 K, i.e. Endy E =Z. Then E is
k-isogenous to an elliptic curve E' /k such that E'(k)iors C Z/AZ. If Kk # k(\/—1),
then E’ can be chosen such that E'(k)tors C Z/27Z.
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Proof. Since [Kk : k] = 2, p < wy(k)(w,(Kk) never happens for p > 2. Hence by
Theorem 1 and Lemma 4, F is isogenous to an elliptic curve E’ over k such that
E'(k)tors is cyclic of 2-power order. If Kk = k(y/—1), then ws(k) < wa(Kk), which
implies wy(k) = 2. Therefore we get the first assertion by Lemma 3. Now assume
that Kk # k(v/—1). If wa(k) = wo(Kk), our assertion follows from Lemma 4.
Hence we may further assume that wo(k) < wo(Kk). This implies that v/—1 € k.
Let 7 be an element of G, which acts non-trivially on K. Then « — o (o € End E
induces a non-trivial automorphism of End E. Let p : Gy — Aut(T2(E)) be the
2-adic representation associated with E. As o7 = p(7)ap(r)~!, p(7) induces the
non-trivial automorphism of K ® Q2 = End F ® Q2. Then p(7) is conjugate to a
njb _ba ) where K = Q(v/—m) and a, b € Z. By Lemma
1, we may assume that E(k) o) is cyclic. Now /=1 € k implies det p(7) = 1 mod 4.
If E(k) contains a point of order 4, then p(7) is conjugate to a matrix of the form

matrix of the form (

( (1) T ) mod 4. Since trp(r) = 0, this is a contradiction. Therefore E(k)) C

7.)27Z. 0

Proposition 1. Let E/k, K be as in Theorem 2. Assume Kk = k(v/—1). Let
H(f) denote the ring class field of K of conductor f and choose n mazimal such
that H(2™) C Kk. Assume further that 4 ||E(k)tors|, E(Kk) D Z/AZ, and for any
E' € C(E), End E' has conductor not divisible by 2. Then for any E' € C(E), we
have E'(k) D Z/4AZ or E'(k) D E'[2].

Proof. We divide the proof into three steps. O
Step 1. E'(Kk) D Z/2Z ® Z/2Z for any E' € C(E).

Proof of Step 1. Let j' be the j-invariant of E'. If j/ = 0, then K = Q(/-3)
and E’ is isomorphic to the curve y*> = 2% +a, a # 0. As E'(k)@) # 0, our
assertion is clear. If j' = 1728, then K = Q(v/—1) and E’ is isomorphic to the
curve y? = 23 + ax. If E'(Kk) 8 Z/2Z ® Z/2Z, then x? + a = 0 has no solutions
in Kk, hence F'(Kk) = Z/2Z. Let f : ' — E" be a k-isogeny of degree 2. Since
Kerf = ((0, 0)), E" is Kk-isomorphic to the curve y?> = z(z? — 4a). Then we also
have E"(Kk) @y = Z/2Z. This shows that E'(Kk)@) = Z/2Z for all E' € C(E).
This contradicts the condition 4 | |E(k)tors|. Now assume that j # 0, 1728. Let
the conductor of End E’ be 2"d, (2, d) = 1. Then we have

H(2"d) = K(j), Kk>H(2"d)H(2") > H(2""d).
Since we have H(2""1d) = K(j', E'[2]) by [4, Theorem 5.5], we get that E'(Kk) D
7./27 © 7./27.
Step 2. E'(Kk) D Z/AZ for any E' € C(E).

Proof of Step 2. Tt suffices to show that for an isogeny f : E — E’ defined over
k of degree 2, E(Kk) D Z/AZ implies E'(Kk) D Z/4Z. Let P be a Kk-rational
point of E of order 4. If Kerf # (2P), then f(P) is a Kk-rational point of E’ of
order 4. If Kerf = (2P), then f(P’) is a Kk-rational point of E’ of order 4, where
P’ € E[4] is such that 2P’ # 2P.

Step 3. For Ey, Es € C(E), let f : E; — FE5 be an isogeny over k of degree 2. If
|E1(k)2)| > 4, then |Ea(k) 2| > 4.
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Proof of Step 3. Let Kerf = (e), where {e, ¢’} is a basis of E1[2]. Assume that
Ey(k)(2) is cyclic. Then Ej(k) contains a point P of order 4. If 2P # e, our
assertion is clear. If 2P = e, then Ey(k) D (f(P), f(¢/)) = E»[2]. Next assume
that E1(k) D E1[2]. Let P, P’ be such that 2P = e, 2P’ = ¢’. Since E(Kk) D
Z/AZ®7Z /27, we may assume that P or P’ € Ey(Kk). If P? # P for some o € Ggp,
then det p(c) = 1 mod 4 shows that P° = P + ¢’. Hence f(P) is not Kk-rational,
which contradicts Step 1. Thus we get P € F1(Kk). Similarly if P'° # P’ for
some o € Gky, we have P’ = P’ + ¢ and this implies that E{(Kk) 2 E}[2] with
E{ = Ey/{€'). Consequently we have E1(Kk) D E1[4]. Let (1) = G(Kk/k). Since
det p(7) = —1 mod 4, we obtain
P" =aP+me’, P =bP +ne

with ab = —1 mod 4. If b = 1, then f(P’) is a k-rational point of order 4. If
b= —1and m = 0, then (f(P), f(e')) = Ez[2] C Ea(k). If b= —1 and m = 1,
then we have (P + P’)” = P+ P’ 4 ne, which shows that f(P + P’) is a k-rational
point of order 4. This completes the proof.

3. EXAMPLES

The following is a counter-example of Question 1 in the Introduction.
Example 1. Let k = Q(v/~2) and E : y?> = x(2? — 16). Notations being as in
Proposition 1, we see that w(k) = 2, K = Q(v/—1) and Kk = H(2%).If E' € C(E),
then j(E') € k has a real conjugate, hence j(E') € Q (cf. [4, p.124]). Therefore
End E’ has conductor 1 or 2. This shows that 4 ||E(k)ers| for all E' € C(E) by
Proposition 1.

Question 2 ([2]). Let wy(k) = p™ (n > 1). If E/k contains a k-rational point of
order p? with d < n, then does every elliptic curve £’ € C(E) contain a k-rational
point of order p??

If n > 1 and d = 1, Question 2 is valid (|2, Proposition 2]). The following
example shows that when p =2, n = d = 2, Question 2 no longer holds.
Example 2. Let k = Q(v/2 —2i) (3i=+/—1) and

E:y?=a%—-222—z, E':y?>=2a+42°+ 8.
There is an isogeny £ — E’ of degree 2 defined over Q and E has a k-rational
point P = (i, v/2 — 2i) of order 4. Put ¢ = 2 — 2i and ¢/ = 2+ 2i. The points of E’
of order 2 are
€= (07 0)7 €1 = (_Cv O)a €2 = (_C/v O)
Let P = (X, Y) € E'. If 2P = ¢, then X = £2v/2 ¢ k. If 2P = e, then
X=c+t2V/c ¢k If 2P = ey, then X = ¢ +2\/cand Y = +2y/—/—1X ¢ k.

Therefore E’ has no k-rational point of order 4.

The following example shows that Proposition 5 (hence Question 4) in [2, Section
4] is not valid in general.

Example 3. Let k = Q(v/—3) D K = Q(v/—3) and
E:y*=a2%—-1, E' :y*=2%— 622 - 3.

Then p = 2 is inert in K and wy(k) = 2. There is an isogeny E — E’ of degree 2
defined over Q and E’ has a k-rational point P = (—/—3, v —3(3—+/—3)) of order
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4. We see that 2wP = 0 with w? + w + 1 = 0. But we have E(k)@2) = E[2]. Let
Ey € C(E) and put j1 = j(E1). Since K(j1)/Q is Galois, we have K = K (j1) and
this implies j; € Q, hence j; = j(F) or j(E’'). It follows that F; is k-isomorphic to
E or to E’. Therefore if F1(k)tors is cyclic for Ey € C(E), then Ey(k)tors D Z/AZ.
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