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ABSTRACT. This paper is concerned with multiplicity of positive nonradial
solutions of a nonlinear eigenvalue problem on an expanding annulus domain
with a fixed width in RN with N > 4. For 0 < A < 72, we show that the
number of nonrotationally equivalent nonradial solutions tends to infinity as
the inner radius of the domain tends to infinity.

In this paper, we study the existence of positive solutions of semilinear elliptic
equations on an annulus in RV, N > 4:

Q ={zcRY : r <] <r+1},

where r > 0.
We consider the problem

{—Au =Mu+u?"u>0 inQ,,

1
(1) u=20 on 01,

where 2% := ]3—% is the critical Sobolev exponent.

Our main result is the following.
Theorem 1. For every 0 < A < 72 and n > 1, there exists R(\,n) such that
for r > R(\,n) equation (1) has at least n nonrotationally equivalent nonradial
solutions.

For the corresponding subcritical problem (i.e., 2* is replaced by some p with
2 < p < 2*) the following result, which generalizes an earlier result of Coffman for
N =2 ([C]), is due to Y. Y. Li ([Ly]) and Suzuki ([S]) (see also [K] and [Ls]): when
A = 0, the number of nonrotationally equivalent nonradial solutions of the equation
tends to infinity as r tends to infinity. For the critical problem (1) with A = 0, it
is also proved in [Ly] (see also [Ls] for some extensions) that there exists rg > 0
such that, for r > ro, (1) has at least [%] — 1 nonrotationally equivalent nonradial
solutions.

Following the method introduced by Coffman in [C], we shall minimize the
Rayleigh quotient on some spaces of invariant functions in Hg ().

Let G be a closed subgroup of O(N). The action of G on H}(,) is defined by

gu(z) == u(gtx).
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The subspace of invariant functions is defined by
Hy () =={u € Hj(Q) : gu=u,Vue G}
For any k > 1, let Hy be a representation of Zy in O(2) defined by
gz = emTwz, for z € C ~ R
Then Hy, = {g* : i =0,1,....k — 1.}. Define
Gy := Hy x O(N-2),

Goo = O(2) x O(N-2).

Hence, G}, has the canonical product action on RY.
We define also, for k = 1,2, ..., 00,

Sx(r, k) := inf / |Vul? — \u?,
uEHéYGk(QT),\ub*:l Q.

where |uo- is the L? -norm of u.

The approach of [Ly] and [Ls| in the critical case is to choose G in such a way
that the embedding Hj (2,) C L* (9, is compact. However, it seems impossible
to obtain many solutions in this way. In order to overcome the difficulty, we use
an idea in [BN] by Brezis and Nirenberg and a concentration-compactness result
proved by P.L. Lions in [Lp].

Lemma 1. For every 0 < \ < 72,

lim Sy (r, 00) = 0.

T—00
Proof. For every r > 0 the Poincaré inequality

/Q |Vu|2 2/\0(7‘)/Q u?

(s (s

holds on H}(£2,.) and
lim \o(r) = 72

T™—00

Hence there exists 6 > 0 and 7o > 0 such that, for r > ro and u € H}(Q,),

a, Ao(r)” Ja, Q
By Lemma 1.2’ of [Ly],

lim inf / |Vu|? = oo.
=R ueH] o (Q).ulx=1Jq,
O
Lemma 2. For every 0 < A < w2 and 1 < k < oo,
Sx(r k) =0(1), as r — oo.
Proof. This result follows directly from Lemma 1.3 in [Ly]. O

Lemma 3. For every 0 < \ < 72 there exists 7(\) > 0 such that for every 1 < k <
oo and r > r(X), Sx(r, k) is attained by some function u € Hy ¢ ().
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Proof. If k = oo, the result is a consequence of the compact embedding H&Gw (Q.)C
L>(9,). For 1 < k < 0o, we combine some arguments from Brezis-Nirenberg [BN]
and P.L. Lions [Lp].

As in Lemma 1, there exists 6 > 0 and 7(A\) > 0 such that, for r > r()\) and

u € HE(Q,)
‘/97

Let 1 < k < oo and r > r(\) be fixed. There is an open B C Q, such that
gBNhB=0, V g,heGy, g#h.

Vul? = M2 > 5/ V2.
. Q-

By a famous computation due to Brezis and Nirenberg [BN] (see also [Wm], Lemma
1.46) there exists a nonnegative v € Hg(B) such that |v]s« = 1 and

/ |Vol? — M? < S,
B
where S denotes the best Sobolev constant. It is clear that

u= Z gv € Hy ¢, ().

g€Gy
Moreover,
2 2
fQT [Vul* = Au N
—(fQ u2*)2i* < k™S,
so that

Sx(r, k) < k¥ 8.

By a result of P. L. Lions ([Lp], see also [Wm], Theorem 8.15, and [Wz]), Sx(r, k)
is attained by some u € Hj o, (). |

Lemma 4. For every 0 < X\ < 7%, r > r()\) (which is given in Lemma 3), k > 1
and m > 2, if Sx(r,km) is achieved and

Sx(r,km) < Sx(r, 00),
then
Sx(r, k) < Sx(r,km).

Proof. This can be proved with essentially the same proof as of Lemma 1.5 in
[Ly]. O

Proof of Theorem 1. Let 0 < A < 72 and n > 1 be fixed. According to Lemmas 1
and 2, there exists R(\,n) such that

S)\(’I”, 2”) < S)\(T,OO)

for r > R(A\,n). We can assume that R(\,n) > r()\), so that Sy(r, k) is achieved
for 1 <k < oo and r > R(A,n) by Lemma 3. Lemma 4 implies that

S)\(T,Q) < SA(T,QQ) < e < SA(’I‘,Zn) < S)\(’r’, OO)
for r > R(\,n).
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Therefore, all minimizers for Sy (r,2’) are nonradial and nonrotationally equiv-
alent. We may assume that the minimizers are nonnegative. By the symmetric
criticality principle (see e.g. [Wm]) the minimizers, after rescaling, are solutions of

—Au—Au=u>"1 , in Q,.
The maximum principle implies that v > 0 in €Q,. O

We remark that we do not know whether our result holds for NV = 3. Note that

it is also open for the subcritical problem of whether the multiplicity results in [Ly]
(also [C], [K], [Ls], [S]) hold for N = 3.
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