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ABSTRACT. By presenting some properties of support functionals in abstract
M spaces, we get some sufficient and necessary conditions for smooth points
in abstract M (function) spaces. Moreover, the notion of the smallest support
semi-norm is introduced and an explicit form for this functional in abstract M
function spaces is also given.

1. INTRODUCTION

There are some recent papers devoted to the study of support functionals and
their applications in a class of Banach function spaces. Hudzik and Ye in [3] gave a
characteristic of support functionals in Musielak-Orlicz sequence spaces equipped
with the Luxemburg norm, where they introduced a generalized Banach limit to
describe singular support functionals. Some characteristics of support functionals
in Orlicz spaces endowed with the Luxemburg norm and with the Orlicz norm have
been obtained by Wang in [9] and Chen, Hudzik and Kaminska in [1], respectively.
Moreover, some criteria of smooth points and exposed points in these spaces were
also considered in [1], [3] and [9)].

The aim of the present paper is to study the support functionals and their
applications in abstract M spaces and in abstract M function spaces. This paper
is organized as follows. The first part is an introduction. The second part consists
of some results concerning the characteristic of support functionals in abstract M
spaces. Section 3 is devoted to some applications of support functionals in these
spaces. Some criteria of smooth points are obtained. In section 4 we further discuss
the support functionals at a point in abstract M function spaces. The notion of
the smallest support semi-norm at a point is introduced and an explicit form for
the smallest support semi-norm at any point in such spaces is given.

Let X be a normed linear space and X* be its dual space. f € X* is said to be
a support functional at © € X\{0} if (f,z) = ||| and | f|| = 1. For convenience,
we denote by S¥ the set of all support functionals at z. We say that z € X\{0} is
a smooth point if the support functional at = is unique.

Let X be a normed Riesz space. The norm on X is said to be oco-additive
if z,y € X with z Ay = 0 implies that ||z +y| = max(||z],|lyl])- A normed
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Riesz space X equipped with the co-additive norm is called an abstract M space
(X € AM)* (cf. [7] and [13]).

Let (2, %, 1) be a complete o-finite measure space. A normed space X consisting
of equivalence classes, modulo equality almost everywhere, of real valued measur-
able functions on ¥ is called a normed Kdthe function space, if |z(t)| < |y(t)| a.e.
on , with « measurable and y € X implies that © € X and ||z|| < ||y|| (cf. [6]).
A normed Koéthe function space equipped with the co-additive norm is called an
abstract M function space (X € AMF).

2. SOME PROPERTIES OF SUPPORT FUNCTIONALS IN AM AND AMF SPACES

Proposition 2.1. Let X € AM and x € X\{0}. Let f € Sk. Then we have

() (fLy)>0ifz= Ay=0 orzt A (—y) = 0;

(il) (f,y) <0 ifa~ A(—y)=0ora® Ay =0;

(i) (f,y) =04f [z| Aly| = 0.
Proof. First, we consider case (ii). If 2= A (—y) = 0, then y < 0. Suppose that
Q < —1 satisfying ||y/Q|| < ||z||. Noticing that y/Q > 0 and

[z —y/Ql=la" —z7 —y/Q|
=2V (2T +y/Q) —aT AT +y/Q) <2V (2T +y/Q),

we have

2 —y/Q < max(|l«™|, [z~ |, [ly/Ql) = |||
Thus

(fix—y/Q) <|[fI =]l = (f,2).

It follows that (f,y/Q) > 0. So (f,y) <O0.

Similarly, if 2t Ay = 0, we can choose R > 1 such that |y/R| < |z|. We
have |z + y/R| < 2~ V (z7 +y/R). Tt follows that ||z + y/R|| < ||z||. So we have
(f,z+y/R) < {(f,z), which implies that (f,y) <0.

Next, if we replace y with —y in the above procedure, one can easily verify that
(i) holds.

Finally, (iii) is a direct consequence of (i) and (ii).

Proposition 2.2. Let X € AM and © € X\{0}. Let f € S. Suppose that
|z] = 21V as and 1 Axg = 0. If ||z1] < ||z|, then (f,y) = 0 for ally € X
satisfying |y| A z2 = 0.

Proof. First, we prove that (f,z1 AzT) = (f,z1 Axz~) = 0. Tt follows from
Proposition 2.1 that (f,z3 AzT) > 0 and (f,z1 Az~) < 0. We now show that
(f,z1 AxT) = 0. Assume for the contrary that (f,z1 Ax™) > 0. Let a > 1 satisfy
llaz || = [[=]|. Put

z=x+ (a—1)(zT Azy).
Noticing that 27 = |z| AT = 27 Axy + 2 A 22, we have

z=a2t —27 +(a—1)(@" Ax)=al@t Axy) +at Axg — 2.

1We do not need that X is a Banach lattice.



SUPPORT FUNCTIONALS IN ABSTRACT M SPACES 1763

It follows that |z| < max(|la(zt A z1)|],|lzT Az2|,]|z7]]) < |lz]]. On the other
hand,

<f,z>=<f,x>—|—(a—1)<f,z+/\a:1> > <fv$>

This contradicts the inequality (f, z) < ||f|l |zl < |lz]| = {f,z). Similarly, we can
prove that (f,z; A z~) = 0. Hence we have

(frz) = (f,2" Nz — 27 Aag) = |z].

Next, assume that |y| A z2 = 0. We can choose @ > 1 such that ||y/Q| < ||z||.
Let

z=xo AT —20 N2T +9/Q.
It is easy to see that ||z]| < ||z||. We have

<f,2>= <f7x2/\$+_$2/\$_>+<fay/Q>
= (fi2) + (f,y/Q) = l[zll + (f,y/Q)-

This implies that (f,y) < 0. Replacing y with —y in the above procedure, we see
that (f, —y) < 0. So we have (f,y) = 0.

In view of Propositions 2.1 and 2.2, we have

Corollary 2.3. Let X € AMF, and let © € X\{0} and f € S. Then for any
y € X, we have

(i) (f,y) 20 if 2()y(t) = 0 a.e. on
(i) (f,y) <0 ifz(t)y(t) <0 a.e. on
(iii) (f,y) =0 if z(t)y(t) =0 a.e. on Q.

Corollary 2.4. Let X € AMF, and let x € X\{0} and f € Sk. Suppose that
e €Y and ||zxell < ||z|. Then we have (f,yxe) =0 for anyy € X.

3. SMOOTH POINTS IN AM AND AMF SPACES

Let X be a normed Riesz space. We say that the element z # 0 in X is an atom
if it follows from x = y + z and |y| A |z| = 0 that y = 0 or z = 0.

Lemma 3.1. Let z € AM and let x € X\{0}. If there exist x1,22 € X such that
|| Alza] =0, 21 + 22 = © and ||z1|| = ||x=2|| = |||, then S} contains at least two
elements.

Proof. Let f; be a support functional at x; for ¢ = 1,2. In view of Propositions 2.1
and 2.2, we have (f;,z;) =0 for i,j = 1,2, i # j. It follows that

(fisx) = (fiswi) = @il = ||zl

for i = 1,2. Thus f; and fo are both the support functionals at x. Clearly, f1 # fa.
The proof is complete.

Theorem 3.2. Let X € AM have an order complete and order semi-continuous
norm. Let x € X\{0}. Then x is a smooth point if and only if there exists an atom
y € X such that v =y +z, |y[Alz[ =0, [yl = [lz]| and ||z]| < |l=].
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Proof. Necessity. Let x € X be a smooth point. It follows that min(||z* ||, [|z7]]) <

lz||. Indeed, if ||zT| = ||z~|| = ||z||, in view of Lemma 3.1 there exist at least
two support functionals at x. This contradicts that x is smooth. X € AM implies
that max(||z™,]|z~|) = ||z|]]. We may assume without loss of generality that
2] = [l Put

A={wy: 0 < w, <2, |Jwa| < ||z|| and (21 — wa) A we = 0}

It is easy to see that w,, € A (i = 1,2) implies wqa, V wa, € A. It follows that
A is an upwards directed set. X is order complete, so we have wq 1\, wq. For
convenience, we denote w = \/a Wq. Since X has the order semi-continuous norm,
we have ||w|| = sup,, ||wa||. Therefore, there exists a sequence {w,, } C A such that
lwa, || = |lw]—1/n. We may assume without loss of generality that w,, 7. Indeed,
we can select \/,_,, wa, instead of w,,. It follows that ||wq, | T ||w||. This implies
that ||w| < ||zT]]. In fact, if ||w| = ||zT|| = ||=||, then we have ||wa, || T || Put
Vo = Wq, and v, = Wa, ; — Wa, (n>1). We can easily see that wa, = /<<, Vi
and v; Av; =0 (i # 7). It follows from X € AM that there exists a subsequence
of {vy}, still denoted by {v,} such that [jv,| T |a*]|. Let w1 = \/;~; vor+1 and
wo = /> v2k. We have ||wi|| = [lwe] = ||z7| and wi A wy = 0. In virtue of
Lemma 3.1 we can see that there exist at least two support functionals at 2. This
contradicts that x is smooth.

Let y = 27 — w. Tt follows from wq A (z — wy) = 0 that w A (27 —w) = 0 (cf.
[8], §15). X € AM and ||w|| < ||z*| imply that ||y|]| = |=*| = ||z||. Now we show
that y is an atom. If not, then y = y1 + y2,4y1 A y2 = 0 and y1,y2 > 0. By Lemma
3.1 we have min(||y1]], [|y2]]) < ||zT||. Assume that ||yi|| < ||zT||. One can easily
see that w vV y; € A. This contradicts the fact w = \/, wo. Let 2 = w — 7. It
follows that © =y + z, |y| A|z| = 0 and ||z]| < ||z]|.

Sufficiency. Let © = y + z, y be an atom satisfying ||y|| = ||z||, ||z|| < ||z|| and
lyl A |z] = 0. Let f be a support functional at . It follows from Proposition 2.2
that (f,z) = 0. So f is also a support functional at y. Clearly, y has a unique
support functional. Indeed, we first have y < 0 or y > 0 (cf. [8], §26). Assume
without loss of generality that y > 0. For any z € X T, let

B={u:0<u<z uA(zr—u)=0, and u Ay =0}.

Similarly to the above, we see that B is an upwards directed set and so, ug def
sup,cp v exists. If ug # x, we claim that o — ug is also an atom. If not, then there
exist u; and wg such that ¢ — ug = uy V ug and u; A ug > 0. Since y is an atom,
we have uy Ay =0 or us Ay = 0. We may assume that u; Ay = 0. One can easily
verify that ug V u; € B. A contradiction. It follows from Theorem 26.4 in [8] that
if ug # x, then either (x — up) Ay =0 or (z — ug) = ay for some a € (0, 1]. Thus,
for any f; € Sy (i =1,2), from the equality

(fi,x) = (fi,u0) + (fi,® — uo) = a, i=1,2,

we see that (f;,x) =0ifug =z or (x—up) Ay =0, and (f;,x) = a if (x —up) = ay.
This leads to f; = f2. Thus, the support functional at y is unique. The same result
also holds true for z € X~ and so, for z € X. The proof is complete.

Theorem 3.3. Let X € AMF and let © € X\{0}. Then x is a smooth point if
and only if for any disjoint e1,eq € X, min(||xxe |, |exe ) < ||z
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Proof. Sufficiency. We assume without loss of generality that ||z|| = 1. If = is not
a smooth point, then there exist two elements fi and fo in S¥ and y € X, ||y|| <1
such that

<f17y> 7& <f27y>

Let

Qo = {t € Q: x(t)y(t) = 0},

O ={t e Q:z(t)y(t) > 0},

Qe ={teQ:z@t)y(t) <0}
It follows from the hypothesis that there exists only one €2; such that |zxq,|| =1
for some j € {0,1,2}. We shall show that this yields a contradiction. Let us
consider for this purpose three separate cases.

Case I ||[xxa, || = 1. We have ||xxq,|| < 1fori=1,2. In virtue of Corollaries 2.3
and 2.4, we have (f,y) = 0 for any f € S*, which implies that (f1,y) = (f2,y) = 0.
A contradiction.

Case 1. ||lxxq, || = 1. We have ||xxq,|| < 1 for i = 0,2. First, we assume that
z(t),y(t) > 0 for all t € Q1. Take an arbitrary € > 0 and let

Qe={teQ:ylt) <A +e)z(t)}.
We have ||zxo\0,. || < 1. Indeed, if this inequality does not hold, then |lyxo\o,. |l >

1+ ¢e. A contradiction. So we have ||zxq,.|| = 1. Let
4
Q. = t6915:1§M<1+5 ,
x(t)
4
Q<={t6915:0§M<1}.
a(t)

It follows that max(||zxa. ||, [[zxa. ||) = 1. We will divide Case II into the following
two cases.
Case Ta. ||zxq. || = 1. We have ||xxq_|| < 1. Noticing that

0= (Ql\Qla) U Q< U (Q\Ql) U Q> and H.’L‘X(Q\QI)U(Ql\QIE)UQ< || <1,
we obtain that for any f € SZ,

(fry) = (fruxas) + (f, yx@\ou@naiyuoes) = (fyxa.)
and

<f7 !E> = <f7xXQ>>'
Since ¢ € s implies that z(t) < y(t) < (1 + €)z(t), we have
1= <f7xXQ>> < <fayXQ>>
=(fiy) <@ +e){fizxa.) =1+e
Since ¢ > 0 is arbitrary, this means that (f,y) = 1. Thus (f1,y) = (f2,y) = 1.
This is a contradiction.
Case IIb. |lzxa_.| = 1. We have ||zxq. || < 1. Put
=1 y(t) i .
i =9t € <L < — 0, =1,...,2™
e { SR Y2 on _$(t)<2n} 1
It is easy to see that there exists only one e;, C Q, ¢ € {1,2,...,2"}, such that
lzxe, || = 1, ie. [[xxe | < 1 for any i # 4,, 1 < i < 2" Moreover, we have
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€iny C €i,. In fact, if e;,, C ey for some i), € {1,...,2"} and 4, # in, then
llzxe, || =1. This contradicts the equality |[zx.,, || = 1. So we have obtained that
<f7 Z> = <f7 ZX(%”>
for all f € S;, z € X and n € N. Therefore
in—1 ip—1
= — ) < )
o g fraxes, ) < (f,uxes, )
. i

In
= < —_— e; = .
oy < golfiaxe,) = 5,
Clearly, {i,,/2™} is a Cauchy sequence. Suppose that lim, . i,/2™ = a. Then we
have (f,y) = a for any f € S¥. This implies that (f1,y) = (f2,y). A contradiction.

At the end of Case II, we consider the general case x(t)y(t) > 0 for all t € Q.
Let f € S¥ and let f’ satisfy

(f', zsign(x)) = (f, 2)
for any z € X. One can easily verify that f € S¥ if and only if f/ € Sl*wl' Similarly

to the above discussions, we can prove that (f],ysign(z)) = (f4, ysign(z)), which
implies that (f1,y) = (f2,y). A contradiction.

Case 1. (xxq,) = 1. In exactly the same way as in Case II, we can prove the
result.

Necessity. It is a direct consequence of Lemma 3.1. The proof is finished.

Remark 3.4. By Theorems 3.2 and 3.3 we have seen that L>°(2, £, 1) has no smooth
point if (€, 3, ) is an atomless measure space and = € [°°\{0} is a smooth point if
and only if sup,c 5 |z(7)| is attainable at only one coordinate and lim sup;_, . |z(Z)] <
||| ,oc . So we have revised the criteria of smooth points in [*° given by [12].

At the end of this section, we give some counterexamples to show that the order
complete and order semi-continuous norm in Theorem 3.2 are necessary for criterion
of a smooth point.

Example 3.5. Let ¢ € [°°* be a positive singular functional and an extreme point
of the unit ball of [°°*. In view of Theorem 9 in [2] we have (¢, x){(¢,y) = 0 for
all z,y € 1™ satisfying suppz N suppy = & (see also [11]). Moreover, ¢ is norm
attainable, i.e. there exists zg € {° such that (¢, zo) = ||zo]| = 1 (cf. [2]). Define

lylly = max(llyll,, 2[{, )]),  yel™.

It is easy to see that || - ||; is an equivalent norm on [*°. Clearly, (I*°, - ||,) € AMF
and || - ||; is not order semi-continuous. Noticing that ||zo||; = 2 and ||zo||;c = 1,
in virtue of Theorem 3.3 we get that xo is a smooth point in (I°°,] - ||;), but zo

cannot be decomposed by any atom e € ¥ satisfying |[zox.| = 2 and [|zoxo\e| < 2.

Example 3.6. Let Q = J,,5,[1/2*"7,1/2*"] U {0}. Tt is known that z € C(9Q) is
a smooth point if and only if z is a peak function. Let

() = 1, z =0,
C1=1/n, xe[1/227F1/227).

It is easy to see that x is a peak function. So z is a smooth point. But x cannot
be decomposed by an atom of norm one and an element of norm less one.
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4. THE SMALLEST SUPPORT SEMI-NORM AT A POINT IN AM F SPACES

Definition 4.1. Let X be a normed linear space and = € X\{0}. We say that a
semi-norm p(+) is a support semi-norm at x if p(z) = ||z|| and |{f,y)| < p(y) holds
forally € X and f € S. Moreover, if for any support semi-norm ¢(-) at x, we have
p(y) < q(y) for all y € X, then we say that p(-) is the smallest support semi-norm
at x.

One can easily verify that if p(-) is the smallest support semi-norm at z, then

p(y) =sup{|(f,y)| : f € S3}.
Let X € AMF. For any z,y € X, let

QF, ={teQ:a(t)y(t) >0},
Q,, ={teQ:x(t)yt) <0}
We denote by E, , the set {e1, ..., es} of pairwise disjoint and p-measurable subsets
of Q such that ij =e1Ueg and Q, = e3 U ey, namely
E.y={e: Qiy =e1Uez, 2, =e3Uegjer Ney =ezNeg = o},

and denote by &, ,, the set of all decompositions E,, ,,. If max(||xx9;y II, ||xe;y h=
||lz||, then there exists some e; € E, , such that ||zx., | = [|z]. Now we define the
following functionals:

Elréfg oax lyxe, || if max(llzxgs I, llexa: 1) = [z,
pa(y) = lzxe, =]zl

0 if max(llexgs [ llexg; ) <[]

and
: QI

gt esssup [l SO0 i max(oxag, I lovas, ) = o]
r ( ): z,y€Ex,y t€e;€Ey y |ZIJ( )| ' ’
(Y lzxe, 1=l

0 if max(llexgy [ lexgs 1) <[],

where esssup,c g 2(t) = infg,c g u(2y)=0 SUDse p\ B, z(t).
Theorem 4.2. Let X € AMF and let x € X\{0}. Then we have

(i) pe(y) =r2(y) for ally € X;
(ii) px(-) is the smallest support semi-norm at x.

Proof. (i) It suffices to consider the case max(||zxqs |, [[#xq;  II) = llz||. Suppose
that ||zx, || = [|z|| and esssup;¢., [|z|| |y(t)|/|2(t)] = A for some e; € E, . It is easy

to see that there exists e C e; such that u(eg) = 0 and sup;e,,\, |7l |y(t)|/|x(t)| =
A. t € e;\eg implies that ||z |y(t)] < Alz(t)]. So we have ||z|| ||yxe: || < Allzxe,
Allz||, i-e. |lyxe; || < A. Hence it follows that p,(y) < rz(y).
Conversely, for any € > 0, there exists £, , € £, 4 such that
max [[yxe; || < pa(y) +e

J T,y
lzxe ; lI=Illl

Put

e: = ex\ep

el = {{t €er el ly@) < A +e)llyxel =@} if lzxe, [l = =],

@ if [lxe, || < [ll],
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We have [lzxez || < [|z]|. In fact, if [[zx.z|| = [|z[|, then
ek ={t€er: 2] ly®) > (1 +e)llyxe, | l=(t)]}-
This leads to
el luxez | = (1 +e)llyxe |l lzxez | = (1 + e)llyxe. | 1zl

A contradiction. Now we construct a new decomposition £, , = {o; : 1 <14 < 4}
by letting

— 1 — Ot _ 1 — 0O
g1 = U €L» O'Q—Qm)y\al, g3 = U €Ly U4—Qw7y\03.

k=12 k=34
It is easy to see that Ej, € &,. From the construction of o; we see that
max;=1,3 [|TXo,; | = ||z|| and max;—2 4 [|zx0, || < [|z[|. Thus
y(t y(t
sup ol 2 2O
teo,€E, , |$( )| t€o1Uos |J?(t)|
lzxo; I=Il=ll

< o
<(+e) max - lyxe
llzxe; 1=zl
< (L+¢)(pa(y) + o).
Since € > 0 is arbitrary, this means that 7, (y) < p,(y). The proof of (i) is complete.
(ii) First, we shall prove that |(f, )| < pz(y) for any f € S¥ and y € X. Assume
for the contrary that there exist f € S and y € X such that |{f,y)| > p.(y). In
view of Corollaries 2.3 and 2.4, we have max(|[zxqz |, [[#xqz [I) = ll2]. It follows
from the definition of p,(-) that there exists a decomposition

E.y={e: Qiy =e1Uez,Q,  , =e3Uese1Ney =e3Ney = T}
such that
[(foy)l > max lyxe, ||
J Yy
llzxe; 1=zl
Suppose that e, € E, , satisfying ||zxe,| = ||z|| and
lyxeull = max —lyxe,
llexe, [I=llll

We have [{f,y) > ||yxe, |- Let
I ={i flaxe, | = [lzll}, 2= {i: laxe ]l <]}
In virtue of Corollaries 2.3 and 2.4 we have
<fa yXQ\(Q;ryug;y)> =0 and <f7 yXUi€12 e,i> =0.
Therefore
I = 1(Fuxar,) + (fuxas )|
= |<f’ yXQI,ym(UiEIl e'i)> + <f7 yXQ;,yﬂ(U
SHYxU,y, el = llyxesll-

This is a contradiction
Finally, we prove that p,(-) is the smallest support semi-norm at z, i.e. p,(y) =
sup{|(f,y)| : f € S;} for any y € X. If this equality does not hold, then there exist

)l

iery €i)
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d > 0and y € X such that for any f € S%, |{f, )| < pz(y) — 0. It is easy to see that
pz(y) > 0. It follows that max([lexgy I lexg; ) = [zl Let Eyy € &,y and

Em)y = {61‘2 Q+

z,yzeiUeg,Q;yze3Ue4;el ﬂ€2:63ﬂ64:@}.

Take an arbitrary € > 0. Let
eje ={t €ej: (1 =e)pa(y)x(®)] < llzl[ly(O)[}  if lzxe; | = =[]
It follows that there exists at least one ej. such that |zxe,. || = ||z|. Indeed, in the

opposite case it would deduce that

max  [[yxo, || < (1 —¢)ps(y),
(7_7' Em'

llzxo; 1=zl

where E}, , = {0 : 1 <j <4},

ov=|J {ejeillaxe | = llell}, o2 =07 \ou,
je{1,2}

os=|J feje: laxe, I =lzl},  oa =9, \os,
JE{3.4}

and o1 and o3 take empty sets if ||xx,| < [|z| for j = 1,2 and for j = 3,4
respectively. This is a contradiction. Let f. be a support functional at zx., . In
view of Corollary 2.3 one can easily verify that f. is also a support functional at
z. So we have (fe,yxa\e,.) = 0. Moreover, t € ej. implies that y(¢) has the same
symbol as z(t). Therefore,

[(fe )| = [(fes yxe;. )|
> |<f67$Xst>|(1 - 5)pz(y)/”$”
= (1= 2)pa(y)-
Since € > 0 is arbitrary, this means that sup . sz
to the inequality supcg-

(f,y)| > p(y). This contradicts
{(f,y)| < pz(y) — 4. This ends the proof.
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