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AVERAGE ROOT NUMBERS
IN FAMILIES OF ELLIPTIC CURVES
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ABSTRACT. We introduce a height measure on Q to count rational numbers.
Through it, we prove a density result on the average value of the root numbers
of families of twists of elliptic curves.

Zagier and Kramarz computed in [11] the rank of the curves x3 + y® = m, with
m an integer < 70,000. These data suggest that the rank is even for exactly half
of the twists of 23 + y3 = 1. This conjecture has been proved (conditionally on
the Birch and Swinnerton-Dyer conjecture) by Mai in [4]. Define, as usual, the
root number W (E) of an elliptic curve E as the sign of the functional equation of
the L series associated to E (see C.16 of [9]). According to the parity conjecture,
W(E) _ (_1)rank(E)'

Given a proper definition of average, we can express Mai’s result as saying that
the average value of the root numbers of the quadratic twists of 3 +y3 = 1 is 0.
Let H(m/n) = max{|m|,|n|} be the height of m/n, where m and n are relatively
prime integers.

Definition. The average value of a function ¥ : Q — R is

o 2Zaw<r ¥()
MO S e T

where t varies in Q, provided that the limit exists.

3

Fix throughout this paper an elliptic curve E: y? = 22 + Az + B defined over
Q, and a polynomial f(t) € Q[t]. Denote by E/(®) the family of twists f(t)y?> =
z® + Az + B. One would expect Av W (Ef®) to be 0, as in the Zagier-Kramarz
case—actually, we have exactly the opposite result:

Theorem 1. Let E be a fixed elliptic curve defined over Q. Given any open subset
I of [-1,1], there exists a polynomial f(t) € Q[t] of degree at most four, such that
AW (BEF®) eI

To prove this result, we introduce a height measure on Q, and we express the
average value of a function as an integral. Using results of Rohrlich [6], we find
enough polynomials to realize the conditions of the theorem.
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1. THE HEIGHT MEASURE

Definition. For any subset U of Q, we define its height measure to be the following
limit, provided it exists:
#{reU:H(r) <t}

U) = .
w) tLI&#{TGQZH(T)St}
If the limit exists, we say that U is p-measurable.

Remark 2. There exist subsets of Q which are not pu-measurable.

Recall that a set field is a non-empty family 3 of subsets of a set S that contains
the empty set, the complement of each element of ¥, and every finite union of
elements of ¥. Unfortunately, the height measure is not a measure in the classic
sense, since it is not o-additive: Q = J,.cq{r}. but (Q) =1, while 3 n({r}) =0.
On the other hand, it is a positive valued additive set function on the set field
generated by intervals (see IIL.1 of [3]).

Proposition 3. Let U and U’ be p-measurable subsets of Q. Then the following
properties hold:
L p(®) =0;
2. UUU' is p-measurable, and (U UVU') < u(U) + w(U"), with equality holding
if U and U’ are disjoint;
3. 1(Q) =1.
Proof. Points 1 and 3 follow immediately from the definition of u, as does point

2 when U and U’ are disjoint. To prove point 2 in general, one uses the identity
vuU =U\U)YuUNUYUU'\U). O

Theorem 4. p is an additive set function on the set field generated by the intervals
in Q. Furthermore, its value is given by

- ifr < —1,
(1) p((—o0,z]) =43+ % iflal <1,

1- L ife>1.
Definition. For every integer ¢t > 0, we define
() ={reQ:H(r)=t},
O(t,x)={reQ:H(r)=t, r <zx}.
Lemma 5. Ift > 1, then #®(t) = 44(t).
Proof. If we write r = m/n, with m and n relatively prime integers and with n > 0,

then ®(t) = {m/n: (m,n) € Z x Z>°, max{|m|,n} =t, ged(m,n) = 1}.
If t > 1, then clearly +t/t & ®(¢) and

O(t) ={£t/n:neZ, 1<n<t, ged(n,t) =1}
U{m/t:meZ, —t<m<t, ged(m,t) =1},
whose order is 4¢(t). |

Definition. In analogy to Euler’s ¢ function, we define for any positive integer ¢
and any positive number x, a function

¢(t, x) = #{positive integers < x which are relatively prime to ¢}
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and a function
d(t, z) = #{positive integers < = which are relatively prime to ¢}.

Proposition 6. Suppose t > 1. Then

) 20(t) = (t,—at) if-1<z<0,
#o(t@) = 20(t) + o(t, xt) ifo<z <1,
149(t) = §(t, ~t/x) ifz>1.

Proof. Analogously to the proof of Lemma 5, we can rewrite ®(t, z) as
{m/n:(m,n) € ZxZ7°, max{|m|,n} =t, ged(m,n) =1, m < zn}.
Suppose now that x < —1; then m < —n and ¢t = H(m/n) = —m. Thus
O(t,x) ={-t/n:neZ, ged(n,t)=1,1<n<—t/x}.
Hence, #®(t,x) = ¢(t, —t/x). The other cases are similar. |

Proposition 7. For any x and t > 0 we have that |p(t,z) — £¢(t)| < d(t), where
d(n) is the number of divisors of n. As T increases to infinity,

Zgb (t,x) = —T2+O(TlogT)
t<T ¢(2)

where the O-constant is independent of x. The same estimates hold when ¢ is
replaced by ¢.

Proof. By definition, ¢(t, z) is equal to

B(t,x) = Z 1.

n<z
ged(n,t)=1

Let p(n) be as usual the Mobius function of n. We have that, for every positive
integer n,

S ) {1 ifn=1,
i ifn>1.

(See, for example, Theorem 2.1 of [1].) Then

D= Y ud=3 Y )= || ua

n<z d|(n,t) dlt n<z dlt
n=0 (d)
-E - So (5-[5)

It is well known (see Theorem 2.3 of [1]) that 3_;, u(d)/d = ¢(t)/t. Therefore, since
x x
12 <
’“(d) (d M)\ =L

o) 20 <t

we have that
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Analogously, we have that

0= X =2 e S ([5] -2 -1).
d|t n;gzsd) djt d|t

Once again we get

thus

o(t, x) — @x’ <d(t).

The second part follows at once from the following formulae, as T tends to
infinity (see Theorems 3.3, 11.7, and 3.7 of [1]):

(2) > d(n) =TlogT + O (T),
n<T
3) S 6(n) = %(Q)TQ +O(TlogT).
n<T

|

Proof of Theorem /. Suppose that eq. (1) holds: it follows immediately that inter-
vals are p-measurable. By Proposition 3, all finite combinations of intervals are
p-measurable. Thus, p is additive on the set field generated by intervals.
We are left to prove eq. (1): we have that
#{reQHE) ST, r<a} Y #0(ta)
lim = lim =—=——F——.
T—o0 # {’I" S Q : H(’I”) < T} T—o0 Zt:l #Q)(t)

Suppose that £ < 1. Then, by Lemma 5 and Proposition 6,
T T
li Zt:l #(I)(tv ;U) — 1 Zt:l ¢(t= _t/x)
im =F——— = lim ==F———.
Tooo S #R(H)  Toee 3o 40(1)
By Proposition 7 and eq. (2), this is

i izt (OO +0(W) 1 +O< TlogT )

=1 —_—

T ST 46(t) e ST 6(t)

By eq. (3), the error term is actually O (logT/T), so that the limit converges and
wu(x) = —1/4x. The remaining cases are proved in a similar way. O

Definition. The height measure i of R is the measure induced on the Borel sets
of R by the function pu(z).

Remark 8. Since p(z) is a bounded monotone increasing continuous function, dif-
ferentiable at every x # %1, by standard measure theory p is well defined (see, for
example, Chapter 7 of [8], in particular Exercise 13), and it is absolutely continuous
with respect to the standard Lebesgue measure.

Proposition 9. Let f be a step function over Q, i.e., f = > a;X;, where a; € Q
and x; is the characteristic function of an interval. Then Av f(t) = [ f(t)du(t).
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Proof. If x is the characteristic function of some interval I, then it is clear that

pox(t) = Jim FEETOEL ST i = [ aue.

By linearity, we get the same result for f. O

2. ROOT NUMBERS

Recall that the root number of an elliptic curve has an intrinsic definition (see
[2], [10] and especially [7]) independent of any conjectures, as a product of local
factors.

Definition. Given an elliptic curve E and a polynomial f(t), we say that f(t) is a
Rohrlich polynomial for E if, for every t such that f(t) # 0, W (Ef(t)) = esgn f(t),
where € = 1 is independent of ¢.

Proposition 10. Let m, n be even integers with 0 < m <n. If E does not satisfy
the technical condition (§) of [6], we further suppose that n is divisible by 4. Then
there exists an irreducible polynomial f(t) € Q[t], Rohrlich for E, of degree n, and
exactly m real zeros, all of them simple.

Proof. See Proposition 8 of [6]. |

Notation. Given a real function f(t), write sz (t) for the function sgn f(t).

Proposition 11. Let f be a Rohrlich polynomial for E of even degree n. For any
rational number r # 0, define f.(t) =" f(t/r). Then f.(t) is a Rohrlich polynomial
for E.

Proof. Since n is even, f.(t) = f(r/t) mod Q*2. Hence,
%% (EfT(t)) =W (Ef(t/r)) =sgn f(t/r) =sgn f(t/7).
O

Lemma 12. Suppose f(t) is a Rohrlich polynomial for E. Then, for every r € Q,
g(t) = f(t —r) is Rohrlich.

Proof. Obvious. O

Proposition 13. Let f be a polynomial with real coefficients, even degree, and an
even number of real roots. Let € = limy_,o 5¢(t). Define a map

MR —R
e [ st
R

Assume that €f(0) < 0. Then A(Q) is dense in [—1,1].

Proof. The idea is to prove that:
1. lim A(r) =e.

2. 1ir% A(r) = s£(0).
3. A is a continuous function from R to R.
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Thus, if the two limits are +1 and —1, then A(r) spans [—1,1] as r runs from 0 to
00. Restricting r to Q leaves the image of A dense.

Let x1,...,2, be the real roots of f, and let zg = —o0, Typ+1 = +00. By
assumption f(0) # 0, say x;, < 0 < x;,41. Let x; be the characteristic function of
(24, xi41). Since we assumed that f has even degree and an even number of real
roots, we can decompose sz (t) = > -, (—1)%ex;(t). Since sy, (t) = sz (t/r),

i o Odu®) = 31 i f it/ duco)

where we can exchange the limit with the sum, since the latter is finite. By Theo-
rem 4,

. . 1
@ Jim [ olt/r)dute) = lim p(ao/r) — p(=50) = p(0) — (=o¢) = 3.
Analogously,

. 1
(5) tim [ (t/r) dp(t) = 5.
T—00 R

On the other hand, for any i =1,...,m — 1,
(6) lim - xi(t/r)du(t) = i pu(@ia/r) = plzi/r) = 0.

Putting (4), (5) and (6) together, we have proved that

lim [ sp.(t)du(t) =e.
T—00 R

Consider now the same problem as r decreases to 0. If i # i, then x;(¢t/r) — 0;
on the other hand, x;,(t/r) — 1. Hence,

1 if i =g,

li
r—0 0 otherwise.

m [ xi(t/r)du(t) = {
R
Therefore,

lim [ sy (t)du(t) = s4(0).
R

r—0

We are left to prove the continuity of A. Since sy is a finite linear combination
of characteristic functions of intervals, it is enough to prove that the map
br

r— / Mo (t/7) dpa(t) = / dpa(t) = p(br) — pa(ar)
R a

.
is continuous for any —oo < a < b < 0o, where X(a,b) 18 the characteristic function
of (a,b). Since p is bounded and p(t) is continuous by Theorem 4, we are done. O

Proof of Theorem 1. By Proposition 10, we can choose a polynomial f of degree
two or four, with exactly two real roots 1 < x2, both simple. By Lemma 12, we
can suppose that ;1 < 0 < z3. By Propositions 9 and 11,

(7) W (B0 = /R 55, () du(t).

But f satisfies the conditions of Proposition 13, and this proves the statement of
the theorem. O
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3. EXAMPLE

Let E be the modular curve Xo(11): y? +y = 2% — 2% — 102 — 20, and let f(t) =
11 — 2. It is shown in 4.2.1 of [5], using the machinery of [6], that W (E/®)) =

—sgn f(t).
Proposition 14. If E and f are as above, we have that:
1. Foranyr e Q, r >0,

1/ (rV11) =1 ifrv11 > 1,
1—rV/11 if rv/11 < 1.

2. The set {Av, W(EF®)) :r e Q, r >0} is dense in [-1,1].
Proof. As in eq. (7), we have that

Avy W(EfT(t)> = / —sgn (11r% — %) du(t),
R

Av, W(Efr“)) =

since the roots of 1112 — t? are t = v/11r, this is

=1+2u (—’/‘\/ﬁ) —2u (’/‘\/ﬁ) .

Item 1 now follows from Theorem 4. Item 2 follows either from 1 or from Theorem 1.
O
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