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A NOTE ON HOLOMORPHIC MAPS WITH UNIPOTENT
JACOBIAN MATRICES
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(Communicated by Steven R. Bell)

ABSTRACT. We prove that a holomorphic map H : C2 — C? is invertible if its
Jacobian matrix JH is unipotent.

1. INTRODUCTION

Let C be the complex number field. Given a polynomial map F' : C" — C™ with

F = (f1,f2,--, fn), where f; € C[z1, 22, -, zn], & simple algebraic argument tells
us that
Ofi
Jr = det| / | e C* =C\{0}
(?Zj

whenever F' is invertible. The Jacobian Conjecture asserts that the converse is true
also.
The Jacobian Conjecture is false for holomorphic maps. An easy example is

F:C%? - (C?
z

fl =€ la

fQZZQB_Zl.

In [BCW] the Jacobian Conjecture has been reduced to the Unipotent Jacobian
Conjecture, which states

The Unipotent Jacobian Conjecture. If the Jacobian matrix JF of F is a
unipotent matriz, then F is invertible.

We suspect that this conjecture could also be true for holomorphic maps. In this
note, we give a proof of the Unipotent Jacobian Conjecture for holomorphic maps
with n = 2.

2. MAIN RESULTS

In this section, we first prove a theorem concerning holomorphic maps F' : C"* —
C™ with JF? = 0. The idea of the proof is obtained from [CSW]. We then apply
the theorem to the case n = 2 and F(z) = H(z) — z, where H(z) is an arbitrary
holomorphic map H : C?> — C2? with unipotent Jacobian matrix. This yields that
H is invertible, i.e. Corollary 2.3.
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Theorem 2.1. Let F': C* — C™ be a holomorphic map. The following statements
are equivalent:

(1) JF(2)? =0 for all z € C",

(2) F(z+ JF(2)2') = F(z) for all z,2" € C™, and

(3) JE(z+ JF(2)z")JF(z) =0 for all z,2 € C".

Proof. (1)=-(2). Using Taylor expansion

f(2+y)—f(2)+ZE_ Z 02002, - 07y, Yig
k=1 11,82, ,ip=1 s=1
one has
filz + JF(2)2") =
— 1 = O 3fzb
fite) + k; R Z 92,0z, 0z, 3sz 1;[ Z % =

1 = S 9" fi(2) Afi.(2) 1T .
fi(2)+Zy > > 824, 0z, - -~ Oz, H 0z, [IER

k=1 """ ji,j2,,dk=111,02, ix=1 s=1 s=1

Define
n k
pli -y 0" fi(2) Ofi,
J1,J2, 5 Jk i 8251.18251.2 .. 32;% it 82;].5
We now show that D£?1j2),,,)jk =0forall k> 1andall 1<ji,j2, " ,Jki<nby
induction on k. When k =1, the D[-i] s are the entries of JF(z)?2, and therefore are
equal to 0. Suppose Dgl] oy g = 0 forall 1 < i, jo, -+, jk, @ < n. Then
n k+1
pil. =% Ofilz) Ty 0i(2)
Jtsd2y g Oz Oz .
1,]2 k+1 i1z ring1=1 32’118212 8z1k+1 el 32’35
n [7]
= Z 8D31 goy g Winga
ing1=1 azlk+1 azjk+1
n n k k
Z Z " fi(z Z 9 fi.(2) Ofi,(2) H ofi, (2)

e TR R A 024,024, -+ 8zlk — 8zjs<9zzk+1 0%j, . =1 tits 0zj,

Since
Xn: 8f1 6f1k+1( ) -0
’Lk+1 =1 azzk+1 azjk+1 ’
we have
i 6 fzb aflk+1 i aflb a2fik+1( )

02,0z, azj,c“ 0z, 025,02, .,

ipr1=1 ipr1=1
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Thus
Dt [7]

J15925 5 Jk+1
k n

_ Z Z ka—z i 6fzs 8 f1k+1( )
02,0z, - - 0z, . azzk+1 8zjsazjk+1

s=111,i2, - ,ip=1 ig41=1

k n 2
=3 pl i
- J1:J2, 3 Js—10k41,0s415 3Jk—1,Jk aZj BZj

. s k+1

k

ofi,(2)

0z;
t=1,t#s Jt

(2)=(3). We fix z and consider 2’ as variable and compute the Jacobian matrix
with respect to z’ in the left-hand side of (2). (3)=(1). Set 2/ =0 in (3). O

Theorem 2.2. Let F: C?2 — C2 be a holomorphic map. Then JF(z)? =0 if and
only if there exist an entire function f : C — C and constants a, b, ¢1, and ¢ in C,
such that F = (bf(az1 4 bza) + ¢1, —af(az1 + bza) + ¢2).

Proof. If JF(z) =0 for all z € C?, then F is a constant map and the assertion is
trivial. If JF(z) # 0, we define

QO ={zec C?¥JF(z) #0}.
Note that €2 is an open subset of C2. For every z € €, define
L. ={z+JF(2)?|' € C*}.

Since JF(z) # 0 and JF(2)? = 0, L, is a complex line in C? passing through z.
From Theorem 2.1(2), F|r. is a constant map. We claim that all these lines are
parallel to each other. Suppose to the contrary. Then there are two lines L., and
L.,, 21,22 € Q, meeting at a point z € C2. Thus, F is constant on L,, U L,,. Also
for every z € Q, L, meets at least one of L,, and L,,. Therefore, F' is a constant

map on
Qc U L..
z€Q)

Since © is open, F is a constant map on C%, which contradicts JF(z) # 0. Hence
there exist two complex numbers a and b, |a| + |b| # 0, such that

(a,b)JF(z)z' =0
for all z, 2" € C2. Therefore
(a,b)JF(2) =0
for all z € C2. Let
G:C? - (C?,
g1=a'z1 + bz,
g2 = az1 + bz,
be a linear map such that G is invertible. Set H = GFG~!. The Jacobian matrix
JH(z) = JG(2)JF (G (2))JG(2)~*
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satisfies JH (2)? = 0 and its second row equals 0. This implies

H:C? -2
hl = h(ZQ),
h2 =7,

where h is an entire function and  is a constant. If we denote det JG(z)~* by d,
dh by f, —db'vy by ¢1 and da’y by ¢z, then

F:C%? - (C?

fi=0bf(az1 + bza) + c1,

fo=—af(az1 + bz2) + ca.
The converse is obvious and the proof is completed. O

Corollary 2.3. If the Jacobian matriz JH of a holomorphic map H : C* — C? is
a unipotent matriz, then H is invertible.

Proof. Let H(z) = z+ F(z), where F is a holomorphic map with nilpotent Jacobian
matrix. By Theorem 2.2, it is easy to check that G(z) = z — F(z — F(2)) is the
inverse of H. O

Remark 1. If F is a polynomial map, Theorem 2.2 can be derived from a result of
[BCW].

Remark 2. Given a holomorphic function f : C? — C, there is a holomorphic
function g : C? — C such that the holomorphic map F = (f, g) or (g, f) : C*> — C?
has nilpotent Jacobian matrix JF if and only if f satisfies the partial differential

equation
(*) (8_f)282_f (ﬁ)Q_ o4 Y Y J

0z1” 023 Dzo" 023 0z Oz 021029
This follows since det(JF) = 0 and Tr(JF) = 0 and we can then eliminate the
function g by using the mixed second derivative of g. Thus Theorem 2.2 is equivalent
to the following, which can also be proved in the same way as the combination of
proofs of Theorem 2.1 and Theorem 2.2:

0*f _,0f 0f 0f

Theorem 2.4. Let f be a holomorphic function on C2. Then f satisfies the differ-
ential equation (*) if and only if f = h(az1 + bza), where h is an analytic function
on C and a and b are constants.
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