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ABSTRACT. Let L(H) denote the algebra of (bounded linear) operators on the
separable complex Hilbert space H, and let (J;].||5) denote a norm ideal in
L(H). For A,B € L(H), let the derivation 64 g: L(H) — L(H) be defined
by 64,B(X) = AX — XB, and let Ay p : L(H) — L(H) be defined by
A4 B(X) = AXB — X. The main result of this paper is to show that if A,
B are contractions, then for every operator 7' € J such that ATB = T, then
|AXB — X +T||5 > ||T||z for all X € 3J.

1. INTRODUCTION

Recently Du Hong Ke ([2]) proved that if A, B are contractions, then for every
operator S such that ASB = S, A*SB* = S, then

|[AXB— X + S| > ||S|| for all operators X € L(H).

Duggal ([4]) proved that if A, B are contractions, then S € Cs and ASB = S
imply
IAXB — X + S5 = [|AXB — X |3 + [|SI3,

for all X € L(H), where Cy denotes the (Hilbert) space of Hilbert-Schmidt opera-
tors on H. In this note, we shall prove the following theorem.

Theorem 1. If A, B are contractions and (J;].||5) is a norm ideal in L(H) and
T €7 is such that ATB =T, then

|AXB—X+T|5>||T|l5 for all operators X € L(H).

2. SOME PRELIMINARIES

Definition 2.1 ([5]). A proper two-sided ideal J in L(H ) is said to be a norm ideal
if there is a norm on J satisfying the following properties:

i) (Z; |- ]l3) is a Banach space;
ii) |AXB|l5 < ||A|l 1 X5]| | B|| for all A, B € L(H) and for all X € J;
iii) | X||z = || X|| for X a rank one operator.
Remark. If (J;] . ||3) is a norm ideal, then the norm || . ||5 is unitarily invariant, in

the sense that |[UAV |5 = ||A||5 for all A in J and unitary U,V in L(H).
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Example. Each proper ideal of L(H) is contained in the ideal of compact oper-
ators. For any compact operator A, denote by s1(A4) > s2(A) > --- the singular
values of A, i.e., the eigenvalues of (A*A)z.

Two special families of unitarily invariant norms satisfying conditions i), ii), and
iii) of Definition 2.1 are the Schatten p-norms defined as

1

P

1Al = | > si(AP ) . 1<p<os,
j=1

where by convention
[A]loo = maxs;(A) = s1(A) = [|A],
and the Ky Fan norms defined as || Al|x = Z?Zl sj(A4), k> 1.

Theorem 2.2 ([3]). a) Let A, B* € L(H) be contractions with Cy completely non-
unitary parts. If Ag p(X) = 0, then ran X reduces A, kert X reduces B*, and
Alsimx and B*| et x are unitarily equivalent operators.

b) Let A and B be contractions such that Ag p(X) =0 and X a compact oper-
ator. Then the conclusions of part a) hold.

3. MAIN RESULTS

Theorem 3.1. If U is a unitary operator, (J;||.||3) is a norm ideal in L(H) and
T €7 is such that TU = UT, then

lUX —XU+T|5 >||T|lz for all operators X € 7.
Proof. The proof is similar to J. Anderson’s ([1, Theorem 1.4, p. 136]).

Corollary 3.2. If U,V are unitary operators, (J;||.||5) is a norm ideal in L(H)
and T € T 1s such that UT =TV, then
10U v (X)+Tlls > |Tlls  for all operators X € 3.

Proof. On H & H, let

U o0 ~ 0T > 0 X
w=() v). T=(y o) ma T=() 3)-

Then T € 3@ J and WX — XW +T = (JUVX-XV+T). Since UT = TV, it follows
that WT = TW. By Theorem 3.1 we have |[WX — XW + T||5e5 > || T||5 and so
WX = XW +Tlly > [|T]|5.

Corollary 3.3. IfU is a unitary operator, (J;|| . |l3) is a norm ideal in L(H), and
T €73 is such that UTU =T. Then

WUXU-X+T|5>|T|l5 for all operators X € 3.

Proof. Let T be such that UTU =T. Then TU = U*T and so
IUXU - X+T|; =|UXU-UX+U"T)|5
=||XU-UX+U"T|5
> ||\ U*T||s (Corollary 3.2)
> |7|>.
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Corollary 3.4. If U,V are unitary operators, (J;|.||3) is a norm ideal in L(H),
and T € T 1s such that UTV =T, then

WUXV =X +T|5 > |Tlls for all operators X € 3.
Proof. On H ® H, let

U 0 ~ 0 T > 0 X
o (U0) F (0 T) wa w0 ).

Then T € 3®T and WXW — X +T = (§ UXV5X+T). Since UTV =T, it follows
that WTW = T. By Corollary 3.3 we have |[WXW — X + T||3e5 > || T||5 and so

IUXV = X +Tll5 = [ T]l5.

Proof of Theorem 1. Let T be an operator such that A(T) = 0 and T' € 3. By
Theorem 2.2b) ran X reduces A, ker™ X reduces B* and Almix and B*|y,+ x are

unitary operators. Put Hy = H = ranT @ ranT+, Hy = H = ker(T)* @ ker(T) so
that we get decompositions of operators respectively:

(A 0 . (B 0
W‘(o Ag)’ B_(o B;)'

For linear operators X, T from Hs into H; we have:

_ (X1 X _(Ty 0
~(ow) m=(0)

So
T+ Ay, 5, (X
||AA,B(X)+T||3:H< ! "‘*’B( 1) :)
J
> T1+AA1,31(X1) 0
- 0 0/,

2 [Ty + Aay,, (X1) |5
Since Aj, B; are unitary operators, then Corollary 3.4 implies that
[A4,5(X)+Tls = Tz = (|75
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