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ULTRADIFFERENTIABLE FUNCTIONS ON LINES IN R"
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(Communicated by Theodore W. Gamelin)

ABSTRACT. It is well known that a function f € C°°(R™) whose restriction
to every line in R" is real analytic must itself be real analytic. In this note we
study whether this property of real analytic functions is also possessed by some
other subclasses of C*° functions. We prove that if f € C°°(R") is ultradif-
ferentiable corresponding to a sequence {M}} on every line in some ‘uniform
way’, then f is ultradifferentiable corresponding to the sequence {My}.

Given an integer r, 0 < r < 00, one can construct a function v € C"(R) which
is not real analytic but whose restriction to any line is real analytic. In 1970,
Bochnak [1] and Siciak [6] independently proved that a C'°° function that is real
analytic on every line must itself be real analytic. In this note we study whether the
subclass of real analytic functions can be replaced with some other subclasses of C'*°
functions. The classes we study are so-called classes of ultradifferentiable functions.
Ultradifferentiable functions occur naturally in harmonic analysis, PDE, and other
areas of analysis. See for example Hérmander [2], Mandelbrojt [3], Matsumoto [5],
and references there. For an open set X C R" and a sequence M ={M; };?‘;0 of
positive real numbers, define the class CM(X) of all u € C>°(X) such that for
every compact subset K C X there is a constant C'x > 0 such that
(1) sup [0%u(z)| < C’L?‘HMM,VQ SYAS

reK

When My, = (k!)”,v > 0, the class C™ is called the class of Gevrey functions of
order v. When v =1, it just the class of real analytic functions.

For u € C*(X), z € X, and £ € R", define the function

Uge(t) = ul(z + &£t),
for all ¢ € R such that x + £t € X.

Theorem 1. Let X C R"™ be an open set, and let u € C¥(X). If K C X is a
compact subset such that for every £ € S*~1, there is a constant Cx¢ > 0 such that

k
(2) sup uif) (O)’ < C’?gle,Vk,
reK
then there is a constant Cx > 0 such that the inequality (1) holds. Hence, if (2)
holds for every compact subset K C X, then u € C™(X).
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We will use multiindex notation: For a = (ai,az,...,a,) € Z7} and § =
(&1,8&2,...,&n) € R™, we define
§r =887 lal =ar tag .ot ap,al = arlag! - ap,

and the binomial symbol

o _ ol
o arlos! - ay,!

By the Stirling formula I! > e~'I!, we have, for any o € Z",
an
on

ol >eldlafas? o

It is easy to see that ' - (r —¢t)"=t > 27"p" for all ¢, r/2 < t < r. By repeatedly
applying this inequality to the above, we see that
Oé(lllag2 e ag" Z 2_|a‘|a|‘a|
We get a multiindex version of Stirling formula:
(3) (2e)~1a|lol < ! < |afll, Vo € 7.

Since there are at most k"~ < 25("=1) multiindices of order k, (3) gives us the
following:

k
1 e2™
4 o< =
) Z al = ( k )
For an integer [,0 <[ < d, define

V}(xl,xg, ce ,LUd) = det [l'ﬂ 1<i<d -
0<j<d
J#
When [ = d, we have by the classical Vandermonde formula

(5) Va(zy,za, ... za) =[] (25— ).

1<i<j<d
Let o (z1,22,... ,24) = Zl§i1<i2<...<ik§d Xy Tiy - - i, denote the elementary
symmetric polynomial of degree k in = (z1,2,...,24). The following lemma

generalizes the formula (5).
Lemma 2. Vi(z) = Vy(z) - 04— (x) for alll =0,1,... ,d.

Proof. The proof is by induction on the number of variables d. The result is obvious
for d = 1, so assume the result is true for d — 1 variables. Define the polynomial
P(t) in one variable as follows:

P(t) = V(2 t) — Vy(a',t) - oqg_i (2, 1),

where ' = (x1,x2,... ,24-1). Clearly P(x;) =0 for i =1,2,...,d— 1. Also we
claim that P(0) = 0. Indeed, since Vi(2/,0) = (21 - 2+ - xq-1) - Vi—1(2’), and
ca—1(a’,0) = 04— (2’), we have by induction,

P(0) = (21 @2+ @a-1) - Vi1 (') — (21 22 24-1) - V(@) - 0(4-1)— 1) (2") = 0.
Hence the polynomial P(t) has d roots and is of degree at most d. To complete
the proof it is enough to show that deg P < d. The coefficient of ¢ in Vj(a/,t)
is Vi(2'), and the coefficient of ¢4~ in Vy(a',t) is Vy(2'). Finally the coefficient
of t in oq—y(a',t) is o(4_1)—i(a’). Hence the coefficient of ¢ in P(t) is equal to
Vi(z') = V(2') - 0(4—1)—1 ("), which is zero by induction. |
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Lemma 3. Let k > 0 be a fized integer.
(i) Let a,e be real numbers with |a] < 1, 0 < & < 1. If (zo,x1,... ,2k) 1S a
solution of the linear system!

~ ei\’

then
3

k
8e
max |2 < [ — | max|y,|
l g r

(ii) Let ay,az, ..., an, € be real numbers with la;| < 1,1 <i <n,0 <e < 1. For
1=1,2,...,n, set'; = {aij =a;+¢:j=0, 17...714:}. Any solution {To}a of the
linear system

k
0 > <a>€“xa=ys,vger=r1 x Ty X ... x T
la|=k
satisfies
3\ nk
¥ max ool < () g ol

Proof. (i) Set b; = a+ %,i =0,1,..., k. By using (5), we compute the determinant
of the linear system (6):

c k(k+1) k
2 k ..
A= (E) H (g) H (J —1).
=0 0<i<j<k
Now we use Lemma 2 to evaluate A, the (r,1)-th minor of A:
c k(k—1)
2 . . o~
aa=(7) 7 I G T G=0-oelio,
0<j<k,j#l 0<i<j<k,i,j#r

where b, = (bo, -+ ybr=1), b(r41s - - - »br). Since [b;| < (k + i)/k, each term of

o~

ok—1(b;) in absolute value is at most

(%)H I] 60 - (é)kl B S (%)k_l g < ()

i=l+1

Since o4—_; has (I;) terms, we obtain

o SRR O)

By applying Cramer’s rule we get

k
T'Ar
%,vz:o,l,...,k.

X =

1Here 09 = 1.
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By using (9), we have for all [,
43\ " N [k 8e3\ "
< (== == .
|Il|_mTaX|y|(€> ;(T) (E) ——

(ii) We proceed by induction on dimension n. When n = 1, (7) reduces to af;xzx =
Yay,, for all j = 0,1,..., k. By taking j = k, we see that (8) is trivially verified. Let

n > 1, and assume (8) holds in dimension n — 1. Put o/ = (ag,as,...,q,) and
& =(&,8,...,&), and rewrite the linear system (7) as follows:
"k
(10) Zo <a1) U2 = Yeyon VE €11,
a1 =
where
(11)

k- : /
> < /al>(§/)o‘ Toyar = Zg e, V€ €T =Ty x Ty x ... x T

la! |=k—ay

By applying part (i) and induction to linear systems (10) and (11), respectively, we
have

8e3 ) (n=1)(k=a)

863 nk
. max |zq,¢| < <—> max |yel.

¢'er € €er

(12)  foa,wl < <

Proof of the Theorem. Since the functions
(13) € —uld(0) = ([6101 + - + £.00)"0) (2), 2 € K, k € Ly,

are continuous, the function

1

(k) k+1
ugg (0)
U(f) = sup <—f,k |>

keZ
zeK

is lower semi-continuous. In particular, the sets

Fp={£e€D":v() <m},m=1,2,3,..,
are closed, where D" = {£ € R™: |{] < 1}. Observe that for £ € D™, we have
u;kg(()) = |§|kuik% (0). Hence the inequality (2) also holds for all £ € D", i.e.
D" = Ejl F,,. It follows from the Baire Category Theorem that there is an m > 0

such that the interior FY of F,, is nonempty. Let a = (ay,as,...,a,) € F2, and let
€ > 0 be such that the polydisk [a1,a1 + €] X [ag,az + €] X -+ X [an,an + €] C FY.
By (13), we have

(14) uld(0) = > (e (9°u) (), Vk,VE € R"z € K.
la|=k
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By Lemma 3(ii), we have with Cx = (Sgis) m,

8 3\ Nk
0@l < (55) e 0] < ok
rzeK rzeK

Consider the following two statements concerning the sequence { My}

1
k
k

(A) limsup

k—o0
(S) 3R> 1,Myipy < R™T" M, M,,,Ym, n.
If { M} satisfies (A), then CM is a subclass of the class of real analytic functions.
The condition (S), called the separativity condition (see [4]), makes the class CM
‘stable under ultradifferential’ operators. The class C1111-3 and Gevrey classes
of order v, 0 < v < 1, are some of the examples of the classes whose sequences
satisfy both (A) and (S). For more examples of sequences satisfying (A) and (S)
see [4] and [5].
We get the following generalization of the Bochnak-Siciak theorem

Corollary 4. Suppose M ={My} is a sequence satisfying both (A) and (S). If

u € C®(R") is such that uz,e € CM(R) for every & € S, then u is C™ in a
neighborhood of xg.

< 0Q0.

Proof. Let u denote the Taylor series expansion, around xg, of u:

i) = 30 ZUI) (o)

Since u satisfies the (2) with K = {x}, by (1) and (4) we see that u is majorized
by the series

S n k
) Pt DTN
k=0
which by (A) has a positive radius of convergence. Hence u represents a real analytic
function near zo, Since CM(R) is a subclass of the class of real analytic functions,
for any &€ € S"71, we have ug,¢ = Uy,e. Hence u = 4. It remains to be shown that
e CcM.
By (1), and the condition (S), we have for any 8 € Z7,

_ > (2"eC,, R)"
|0%(x)| < CEFRIPIMg D =
k=0

My, |2 — zo|* .

As before, the last series has a positive radius of convergence, say p > 0. Hence
€ CMin |z — x| < p. O
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