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ULTRADIFFERENTIABLE FUNCTIONS ON LINES IN Rn

TEJINDER NEELON

(Communicated by Theodore W. Gamelin)

Abstract. It is well known that a function f ∈ C∞(Rn) whose restriction
to every line in Rn is real analytic must itself be real analytic. In this note we
study whether this property of real analytic functions is also possessed by some
other subclasses of C∞ functions. We prove that if f ∈ C∞(Rn) is ultradif-
ferentiable corresponding to a sequence {Mk} on every line in some ‘uniform

way’, then f is ultradifferentiable corresponding to the sequence {Mk}.

Given an integer r, 0 ≤ r < ∞, one can construct a function u ∈ Cr(R) which
is not real analytic but whose restriction to any line is real analytic. In 1970,
Bochnak [1] and Siciak [6] independently proved that a C∞ function that is real
analytic on every line must itself be real analytic. In this note we study whether the
subclass of real analytic functions can be replaced with some other subclasses of C∞

functions. The classes we study are so-called classes of ultradifferentiable functions.
Ultradifferentiable functions occur naturally in harmonic analysis, PDE, and other
areas of analysis. See for example Hörmander [2], Mandelbrojt [3], Matsumoto [5],
and references there. For an open set X ⊂ Rn and a sequence M ={Mj}∞j=0 of
positive real numbers, define the class CM(X) of all u ∈ C∞(X) such that for
every compact subset K ⊂ X there is a constant CK > 0 such that

sup
x∈K

|∂αu(x)| ≤ C
|α|+1
K M|α|, ∀α ∈ Zn

+.(1)

When Mk = (k!)ν , ν > 0, the class CM is called the class of Gevrey functions of
order ν. When ν = 1, it just the class of real analytic functions.

For u ∈ C∞(X), x ∈ X , and ξ ∈ Rn, define the function

uxξ(t) = u(x + ξt),

for all t ∈ R such that x + ξt ∈ X.

Theorem 1. Let X ⊆ Rn be an open set, and let u ∈ C∞(X). If K ⊂ X is a
compact subset such that for every ξ ∈ Sn−1, there is a constant CKξ > 0 such that

sup
x∈K

∣∣∣u(k)
xξ (0)

∣∣∣ ≤ Ck+1
Kξ Mk, ∀k,(2)

then there is a constant CK > 0 such that the inequality (1) holds. Hence, if (2)
holds for every compact subset K ⊂ X, then u ∈ CM(X).

Received by the editors August 28, 1997 and, in revised form, October 15, 1997.
1991 Mathematics Subject Classification. Primary 30D60; Secondary 46F05.
Key words and phrases. Ultradifferentiable functions, Vandermonde determinants.

c©1999 American Mathematical Society

2099



2100 TEJINDER NEELON

We will use multiindex notation: For α = (α1, α2, . . . , αn) ∈ Zn
+ and ξ =

(ξ1, ξ2, . . . , ξn) ∈ Rn, we define

ξα = ξα1
1 ξα2

2 · · · ξαn
n , |α| = α1 + α2 + . . . + αn, α! = α1!α2! · · · αn!,

and the binomial symbol (|α|
α

)
=

|α|!
α1!α2! · · ·αn!

.

By the Stirling formula l! ≥ e−lll, we have, for any α ∈ Zn
+,

α! ≥ e−|α|αα1
1 αα2

2 · · · ααn
n .

It is easy to see that tt · (r − t)r−t ≥ 2−rrr for all t, r/2 ≤ t ≤ r. By repeatedly
applying this inequality to the above, we see that

αα1
1 αα2

2 · · · ααn
n ≥ 2−|α||α||α|.

We get a multiindex version of Stirling formula:

(2e)−|α||α||α| ≤ α! ≤ |α||α|, ∀α ∈ Zn
+.(3)

Since there are at most kn−1 ≤ 2k(n−1) multiindices of order k, (3) gives us the
following: ∑

|α|=k

1
α!
≤

(
e2n

k

)k

.(4)

For an integer l, 0 ≤ l ≤ d, define

Vl(x1, x2, . . . , xd) = det
[
xj

i

]
1≤i≤d
0≤j≤d

j 6=l

.

When l = d, we have by the classical Vandermonde formula

Vd(x1, x2, . . . , xd) =
∏

1≤i<j≤d

(xj − xi).(5)

Let σk(x1, x2, . . . , xd) =
∑

1≤i1<i2<...<ik≤d xi1xi2 · · ·xik
denote the elementary

symmetric polynomial of degree k in x = (x1, x2, . . . , xd). The following lemma
generalizes the formula (5).

Lemma 2. Vl(x) = Vd(x) · σd−l(x) for all l = 0, 1, . . . , d.

Proof. The proof is by induction on the number of variables d. The result is obvious
for d = 1, so assume the result is true for d − 1 variables. Define the polynomial
P (t) in one variable as follows:

P (t) = Vl(x′, t)− Vd(x′, t) · σd−l(x′, t),

where x′ = (x1, x2, . . . , xd−1). Clearly P (xi) = 0 for i = 1, 2, . . . , d − 1. Also we
claim that P (0) = 0. Indeed, since Vl(x′, 0) = (x1 · x2 · · ·xd−1) · Vl−1(x′), and
σd−l(x′, 0) = σd−l(x′), we have by induction,

P (0) = (x1 · x2 · · ·xd−1) · Vl−1(x′)− (x1 · x2 · · ·xd−1) · V (x′) · σ(d−1)−(l−1)(x′) = 0.

Hence the polynomial P (t) has d roots and is of degree at most d. To complete
the proof it is enough to show that deg P < d. The coefficient of td in Vl(x′, t)
is Vl(x′), and the coefficient of td−1 in Vd(x′, t) is Vd(x′). Finally the coefficient
of t in σd−l(x′, t) is σ(d−1)−l(x′). Hence the coefficient of td in P (t) is equal to
Vl(x′)− V (x′) · σ(d−1)−l(x′), which is zero by induction.
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Lemma 3. Let k > 0 be a fixed integer.
(i) Let a, ε be real numbers with |a| ≤ 1, 0 < ε < 1. If (x0, x1, . . . , xk) is a

solution of the linear system1

k∑
j=0

(
k
j

) (
a +

εi

k

)j

xj = yi, 0 ≤ i ≤ k,(6)

then

max
l
|xl| ≤

(
8e3

ε

)k

max
r
|yr|.

(ii) Let a1, a2, ..., an, ε be real numbers with |ai| ≤ 1, 1 ≤ i ≤ n, 0 < ε < 1. For
i = 1, 2, ..., n, set Γi =

{
aij = ai + εj

k : j = 0, 1, ..., k
}

. Any solution {xα}α of the
linear system ∑

|α|=k

(
k

α

)
ξαxα = yξ, ∀ξ ∈ Γ = Γ1 × Γ2 × ...× Γn(7)

satisfies

max
|α|=k

|xα| ≤
(

8e3

ε

)nk

max
ξ∈Γ

|yβ |.(8)

Proof. (i) Set bi = a + εi
k , i = 0, 1, ..., k. By using (5), we compute the determinant

of the linear system (6):

∆ =
( ε

k

) k(k+1)
2

 k∏
j=0

(
k
j

) ∏
0≤i<j≤k

(j − i).

Now we use Lemma 2 to evaluate ∆rl, the (r, l)-th minor of ∆:

∆rl =
( ε

k

)k(k−1)
2 ∏

0≤j≤k,j 6=l

(
k
j

) · ∏
0≤i<j≤k,i,j 6=r

(j − i) · σk−l (̂br),

where b̂r = (b0, . . . , b(r−1), b(r+1), . . . , bk). Since |bi| ≤ (k + i)/k, each term of
σk−l (̂br) in absolute value is at most(

1
k

)k−l k∏
i=l+1

(k + i) =
(

1
k

)k−l (2k)!
(k + l)!

≤
(

1
k

)k−l (2k)2k

e−k−l(k + l)k+l
≤ (

4e2
)k

.

Since σk−l has
(
k
l

)
terms, we obtain

|∆rl|
|∆| =

kkε−k
∣∣∣σk−l (̂br)

∣∣∣(
k
l

)
r!(k − r)!

≤
(

k

r

) (
4e3

ε

)k

.(9)

By applying Cramer’s rule we get

xl =
∑k

r=0 yr ·∆rl

∆
, ∀l = 0, 1, ..., k.

1Here 00 = 1.
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By using (9), we have for all l,

|xl| ≤ max
r
|yr|

(
4e3

ε

)k k∑
r=0

(
k

r

)
=

(
8e3

ε

)k

max
r
|yr|.

(ii) We proceed by induction on dimension n. When n = 1, (7) reduces to ak
1jxk =

ya1j , for all j = 0, 1, ..., k. By taking j = k, we see that (8) is trivially verified. Let
n > 1, and assume (8) holds in dimension n − 1. Put α′ = (α2, α3, . . . , αn) and
ξ′ = (ξ2, ξ3, . . . , ξn), and rewrite the linear system (7) as follows:

k∑
α1=0

(
k

α1

)
ξα1
1 z

α1ξ′ = y
ξ1ξ′ , ∀ξ1 ∈ Γ1,(10)

where

∑
|α′|=k−α1

(
k − α1

α′

)
(ξ′)α′

xα1α′ = zα1ξ′ , ∀ξ′ ∈ Γ
′
= Γ2 × Γ3 × ...× Γn.

(11)

By applying part (i) and induction to linear systems (10) and (11), respectively, we
have

|xα1α′ | ≤
(

8e3

ε

)(n−1)(k−α1)

max
ξ′∈Γ′

|zα1ξ′ | ≤
(

8e3

ε

)nk

max
ξ∈Γ

|yξ|.(12)

Proof of the Theorem. Since the functions

ξ → u
(k)
xξ (0) =

(
[ξ1∂1 + · · ·+ ξn∂n]ku

)
(x), x ∈ K, k ∈ Z+,(13)

are continuous, the function

v(ξ) = sup
k∈Z+
x∈K

(∣∣∣u(k)
xξ (0)

∣∣∣
Mk

) 1
k+1

is lower semi-continuous. In particular, the sets

Fm = {ξ ∈ Dn : v(ξ) ≤ m} , m = 1, 2, 3, ...,

are closed, where Dn = {ξ ∈ Rn : |ξ| ≤ 1} . Observe that for ξ ∈ Dn, we have
u

(k)
x,ξ(0) = |ξ|ku

(k)

x ξ
|ξ|

(0). Hence the inequality (2) also holds for all ξ ∈ Dn, i.e.

Dn =
∞⋃

m=1

Fm. It follows from the Baire Category Theorem that there is an m > 0

such that the interior F 0
m of Fm is nonempty. Let a = (a1, a2, ..., an) ∈ F 0

m, and let
ε > 0 be such that the polydisk [a1, a1 + ε]× [a2, a2 + ε]× · · · × [an, an + ε] ⊂ F 0

m.
By (13), we have

u
(k)
xξ (0) =

∑
|α|=k

(
k
α

)
ξα(∂αu)(x), ∀k, ∀ξ ∈ Rn, x ∈ K.(14)
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By Lemma 3(ii), we have with CK =
(

8e3

ε

)n

m,

max
|α|=k
x∈K

|(∂αu)(x)| ≤
(

8e3

ε

)nk

max
ξ∈Fm
x∈K

∣∣∣u(k)
xξ (0)

∣∣∣ ≤ Ck+1
K Mk.

Consider the following two statements concerning the sequence {Mk}:

(A) lim sup
k→∞

M
1
k

k

k
< ∞.

(S) ∃R ≥ 1, Mm+n ≤ Rm+nMmMn, ∀m, n.

If {Mk} satisfies (A), then CM is a subclass of the class of real analytic functions.
The condition (S), called the separativity condition (see [4]), makes the class CM

‘stable under ultradifferential’ operators. The class C{1,1,1,...}, and Gevrey classes
of order ν, 0 < ν ≤ 1, are some of the examples of the classes whose sequences
satisfy both (A) and (S). For more examples of sequences satisfying (A) and (S)
see [4] and [5].

We get the following generalization of the Bochnak-Siciak theorem

Corollary 4. Suppose M = {Mk} is a sequence satisfying both (A) and (S). If
u ∈ C∞(Rn) is such that ux0ξ ∈ CM(R) for every ξ ∈ Sn−1, then u is CM in a
neighborhood of x0.

Proof. Let ũ denote the Taylor series expansion, around x0, of u:

ũ(x) =
∑
α

∂αu(x0)
α!

(x− x0)
α

.

Since u satisfies the (2) with K = {x0}, by (1) and (4) we see that ũ is majorized
by the series

Cx0

∞∑
k=0

(2neCx0)
k

kk
Mk |x− x0|k ,

which by (A) has a positive radius of convergence. Hence ũ represents a real analytic
function near x0. Since CM(R) is a subclass of the class of real analytic functions,
for any ξ ∈ Sn−1, we have ux0ξ ≡ ũx0ξ. Hence u ≡ ũ. It remains to be shown that
ũ ∈ CM.

By (1), and the condition (S), we have for any β ∈ Zn
+,∣∣∂βũ(x)

∣∣ ≤ C|β|+1
x0

R|β|M|β|
∞∑

k=0

(2neCx0R)k

kk
Mk |x− x0|k .

As before, the last series has a positive radius of convergence, say ρ > 0. Hence
ũ ∈ CM in |x− x0| < ρ.

References

[1] Bochnak, J., Analytic Functions in Banach Spaces, Studia Mathematica. T, XXXV (1970)

273-292. MR 42:8275
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