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ABSTRACT. A simple, elementary proof of the existence, uniqueness, and
smoothness of solutions to ordinary differential equations is given. In fact,
it is shown that for a differential equation of class C", the successive approxi-
mations of Picard converge in the C"-sense.

It is a fundamental theorem of ordinary differential equations that an equation
of the form o/(t) = f(a(t)), where f is a C" function (1 < r < o0) on an open
set in euclidean space, has a unique solution for each initial condition and the
solution is of class C" as a function of both ¢ and the initial condition. It is well
known that the existence and uniqueness follow easily from the contraction mapping
principle, but the usual proofs of the smoothness of the solution are difficult (see
for instance [C-L], [D], [H-S], [L1], or [L2]). In fact, Michael Spivak [S] refers to
the smoothness as “a very hard theorem”. However, we will give below a simple,
elementary proof of smoothness by extending the contraction mapping proof of
existence and uniqueness. In fact, we will show that the successive approximations
of Picard converge to the solution in the C"-sense. The precise result is given in
the theorem below. (As usual given a bounded function f defined on a set X, we
will denote the supremum of f over X by || f||x or, when the set X is understood,
by ||flleo. Given a function g : U x V' — R™ where U and V are open sets in
euclidean spaces, D;’? g will denote the kth partial derivative of g with respect to the
jth variable (j = 1,2).)

Theorem. Let f : U — R™ be a C" function (1 < r < o0), where U C R™ is
open, and let xg be an arbitrary point in U. Choose a > 0 such that the closed ball
Bao(z0), of radius 2a and center xg, is contained in U, and choose n > 0 such that

n < a/llflB,. (20
N <1/IDf115,. (0.

Then there is a unique function ¢ : (—n,n) x Ba(xo) — R™ satisfying the equations

D1¢(t7 I) = f(¢(t7x))7
#(0,2) = x.

and
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Now let M denote the set of continuous maps of (—n,n) X Ba(xo) into Bas(zo),
and define a map S : M — M by

(Sa)(t,xz) == —I—/O fla(s,x))ds.

Then for every C" function ag in M whose derivatives up to order r are bounded,
the sequence (S" )5, obtained by iterating S converges in the CT-sense to ¢, and
hence, ¢ is of class C".

Before proving the theorem, we need a simple lemma which is reminiscent of the
contraction mapping principle. The proof of the lemma given below was shown to
me by Andrew Browder and is a simplification of my original proof.

Lemma. Suppose (X,d) is a metric space, and suppose (Qn)>2, is a sequence of
contractions on X for which there exists a number ¢ < 1 such that

d(Qn (), Qn(y)) < cd(z,y)

for all x,y € X and all n. Suppose also that there is a point o, € X such that
Qn(Too) = Too as n — 0. Let xg € X be arbitrary, and define a sequence (z,,)
recursiely by setting

Tn+1 = Qn(xn)

Then x,, — Too AS M — 0O.

Proof. For each n,
A(Tpt1,Too) = d(Qn(x0n), Too)
< d(Qn(7n), Qn(Too)) + d(Qn(Too), Too)
< ed(Tn, Too) + A(Qn(Too); Too),
so since Qp(Too) — Too, We obtain

limsup d(xy,, Too) < climsup d(zy,, Too)-

n—oo n—oo

It follows that lim sup d(z,, Zoo) = 0, 80 Ty, — Too- O

Proof of the Theorem. We will establish existence and uniqueness in the usual way
by applying the contraction mapping principle to S. First we should check that S
is well-defined, that is, that Sa really is an element of M for each v in M. It is
easy to see that Sa is continuous. Moreover, for any ¢ € (—n,n) and € B, (o)
we have

|(S)(t,2) — | = /0 Fa(s, ) ds

<[l f 1B, w0)
< a,

so |(Sa)(t,z) — xo| < 2a. Thus Sev is in M.
Note that if a: (=n,n) X Bs(xg) — R™ satisfies

{Dlo‘(tv 13) = f(oz(t,x)),

a(0,z) ==,

(1)

then the image of « must in fact lie in Bag(xg). (If af(t,z) lies outside Ba, (o)
for some t > 0 and x € By(xg), then there must be a smallest positive number 7
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for which «(7,z) lies outside Bag(x0). Then |o(7,2) — a(0,x)| > a, whereas the
vector-valued form of the mean value theorem shows that we should have

(7, 2) — a(0,2)| < 7| D1allonx iy < 1l Fl5,, @) < o

A similar argument applies if «(t,z) ¢ Bog(2o) for some t < 0 and © € B,(x¢).)
Now the fundamental theorem of calculus shows that a function a : (—n,n) x
B, (x0) — R™ satisfies (1) if and only if « is a fixed point of S.

Note that M is a complete metric space under the supremum metric. Moreover,
given o, € M we have

[Sa = 56|00 = sup

(t,x)

S NlIDF By, o) = Blloo,

/0 [Flals,2)) — F(B(s,2))] ds

as

|[f(a(s,2)) = £(B(s, )| < IDSIB,, (o) o = Bllo

for all s and z. Since n|[Df[5,, (4, < 1, this shows that S : M — M is a contrac-
tion. Therefore, by the contraction mapping principle, S has a unique fixed point
¢, and moreover, if ag € M is arbitrary, then the sequence (S™a)5, converges
uniformly to ¢.

Now let ag be an arbitrary C" function in M whose derivatives up to order r
are bounded. Since the limit of a sequence that converges in the C"-sense must be
of class C", the proof of the theorem will be complete once we have shown that
the sequence (S™ag) converges in the C"-sense to ¢. For the moment we consider
only the case r = 1. First we note that if a is a C! function in M whose derivative
is bounded, then the same is true of S«, for applying the fundamental theorem of
calculus to the equation defining S gives

(2) Dy (Sa)(t, ) = fla(t, )

and differentiating under the integral sign gives

(3) Dy(Sa)(t,x) =1 —l—/o (Df)(a(s,z)) - Dac(s, ) ds

where [ is the identity on R™.

Since we already know that (S™ag) converges uniformly to ¢, to show that
(S™ap) converges in the Cl-sense to ¢ it suffices to show that (D1(S"ap)) and
(D2(S™ap)) converge uniformly. Since equation (2) gives D1(S"ag) = fo(S" tayp),
the uniform convergence of (S™ap) and the uniform continuity of f on Ba,(7)
together show that (D;1(S™ag)) converges uniformly.

For notational convenience, let o, = S"ag and o, = ¢. Let L(R™) denote the
space of linear operators on R™ with the usual operator norm, and let L denote
the space of bounded continuous maps from (—n,n) x Ba(zo) to L(R™) under the
supremum norm. For each n € Z U {0, 00} define Q,, : L — L by

Qu)(t.) =T+ [ (Don(s.) - Us.a) ds.

It is easy to see that the formula on the right-hand side defines an element of L so
that @, is well-defined.
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Now note that equation (3) shows that
(4) D205n+1 == QnDZQn
for all n € Z4 U {0}. Moreover, for every l1,l2 € L and n € Z; U {0, 00} we have
[@nli — Qnlallc = sup

(t.2) /0 (Df)Y(an(s,2)) - (I1(s,2) — la(s,z)) ds

S llDfIB,. o) 1 — l2lloo

as [|[(Df)(an(s,2))|| ||la(s,2) = l2(s,2)]| < D fll5,, (zo) 111 — l2]loc for all s and
z. Since n||Dfl5,,z,) < 1, this shows that the sequence (Qn) satisfies the first
condition in the lemma. Of course it also shows that ()~ is a contraction.

Now note that for every [ € L and n € Z; we have

|| (in)(tv x) - (Qool)(tv x) ||

/0 [(Df)(n(s, ) = (Df)(aco(s, ))] - (s, x)ds

(5) B ‘

< | (D an(o,2) = (D) el )|
S,T

Since ai,, — Qo uniformly and D f is uniformly continuous on Ega(wo), the expres-

sion in brackets on the last line goes to 0 as n — co. Hence Q,l — Ql in L. In

particular, if we let [, denote the fixed point of @, then Qpnloe — loo-

Recalling equation (4) and applying the lemma, we conclude that Doy, — I
as n — 00. This completes the proof of the theorem in the case r = 1.

The case 2 < r < oo we handle by induction. Assume that («,) converges to
¢ in the C"~!-sense whenever f is of class C"~!. Now suppose that f is of class
C". Note that if a is a C" function in M whose derivatives up to order r are
bounded, then by induction, formulas (2) and (3) imply that the same is true of
Sa. By our assumption, (a,) converges in the C"~!-sense, and since by equation
(2) we have Dy, 41 = f o au, it follows that (Djau,) converges in the C"~!-sense.
Therefore, to prove that (a;,) converges in the C"-sense, all we need to show is that
(D% ou,) converges uniformly. If « is a C” function, then repeated application of the
chain rule shows that D5(f o «) is a polynomial in (D'f)oa,...,(D"f) o a and
Dla, ..., D5a whose only dependence on Dja is the term ((Df) o «) - (D5a). In
particular, if we let p, = D5(foa)—((Df)ow)-(D5a), then p, depends continuously
on Dia,..., D5 a and is independent of Dja. Thus since (ay,) converges to .
in the C"~1-sense, (pa, ) converges uniformly to p,_ . Let L (R™) denote the space
of r-multilinear maps on R with the usual norm, and let L” denote the space of
bounded continuous maps from (—7,n) x Ba(zg) to L"(R™) under the supremum
norm. For each n € Z, U {0, 00} define Q,, : L” — L" by

t

t
@u)(t0) = [ po,(ss)ds+ [ (D) 1s,)ds.
0 0
Applying D5 to the formula defining Sa, we see that
Diopy1 = Qanan.

Note that since (pa,, ) converges uniformly to p,__, the first term in the definition
of @, converges in L" to fot Do, (8,2) ds. Now we can apply to (Q,) the same
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reasoning as we applied to (@), to conclude that (D}, ) converges. This completes
the proof in the case r < co. The case r = oo is an immediate consequence of the
case r < 00. O

If one is interested only in showing that ¢ is of class C”, then the induction
argument given above can be eliminated as there is a standard argument (which
also uses induction) showing that the C" smoothness of solutions to C" differential
equations follows from the C'' smoothness of solutions to C* differential equations.
See [H-S], p. 302. However, if we attempt to use the standard method to show C"
convergence of (S™ayg), then the set on which we get convergence shrinks each time
we apply induction. In particular, we would not obtain C'* convergence when f
is of class C*°. The theorem above gives C" convergence on a set that depends on
1 £15,. o) @and IDfl5,, z) Put is independent of higher order derivatives of f.

Although we have considered above only differential equations in R, our method
can also be applied to differential equations in a Banach space. If we replace R™ by
a Banach space throughout, everything goes through as before (provided a is chosen
such that f and D f are bounded on Ba,(x0)) except that we can no longer conclude
that the expression in brackets on the last line of (5) goes to 0 as n — oo since we
are no longer assured that Df is uniformly continuous on By (o). However, the
continuity of Df still implies that (Df) o o, — (Df) 0 aoo uniformly on compact
subsets of (—n,n) x Ba(xg). We thus conclude that (S™agp) converges to ¢ in the
C"-sense on compact subsets of (—n,n) x Bg(xg). This is sufficient to ensure that
¢ is of class C".
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