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ABSTRACT. Erdos and Szemerédi proved that if A is a set of k positive integers,
then there must be at least ck!t9 integers that can be written as the sum or
product of two elements of A, where ¢ is a constant and 6 > 0. Nathanson

proved that the result holds for § = %1 In this paper it is proved that the
result holds for § = % and ¢ = %

1. INTRODUCTION
Let h > 2, and let A be a finite set of positive integers. Let
hA={a1+as+---+apla;€ Afori=1,..., h},
Al = {ajas---apla; € Afori=1,...,h}.
We let
En(A) =hAU A",
It is not difficult to see that (see [3])
|En(A)| < %kh +O(k" ).
Erdés and Szemerédi [1, 2] conjectured that for every e > 0,

|En(A)] > kM=,
For h = 2, Nathanson and Tenenbaum [4] have proved that if |A| = k and
|2A] < 3k — 4, then
|A?] > ke
Erdos and Szemerédi [2] showed that there exists a real number ¢ > 0 such that
|Ea(A)] > A",
1

Recently Nathanson [3] proved that the result holds for § = z7. In this paper I
show that the result holds for § = %
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2. THE MAIN RESULT

Lemma 1. Let a; (i € I) be nonnegative real numbers and > 1. Then
B
= (S
i€l i€l
In particular,
2
Stz (L)
i€l i€l
Proof. By the Holder inequality we have
(B-1)/8 1/8
Sus(Xren) (e
i€l i€l i€l

Then the lemma follows immediately.

Lemma 2. Let B be a nonempty, finite set of positive integers such that
max(B) < 2min(B).
Then

Ea(B) > Lv3 (@)/

Proof. If min(B) < 4, it is trivial, so we may assume that min(B) > 4. Thus

(1) B*N(2B) = @.

SCAl

Let |B| = k and

If | B|] < 12500, then
|Ba(B)] 2 2(2|B| — 1) 2 3| 2 2 (?) ,

so we may also assume that |B| > 12500. Thus [ > 49. Let
B:{bl,bg,...,bk}, by < by < -+ < by <2bq,
di = biyi—1 — b;, d;, = mind,,
B* = {big, big+1, - - -, bigt1-1},

B; = {b2it+1, b2ir42, - - -, b2sr2 },
E(B*,BZ) = (B* + Bl) U B*B;.
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If b7,b5 € B* and j —i > 2] — 1, then

by +b; — (b] +b;) =b5 —b] +b; —b; > —d;, +d; >0,

1
b;bj—b’{bi:<b* b) )+b ( +b2—b)

> b; (d +gl+l - —dm> >0

Hence, if j — i > 2, then
(B*+ B;)n(B* +Bj) =g
(2) B*BlﬁB*BJ = .
Let
B(i,u,v) = {(b7, b3, b3,03) € (B*)* : 07 # b3

and there exist b}, by € B; such that

by + by = b5 + b} = u, biby = bybly = v}.
Suppose that

B(i1,u1,v1) N B(ia, u2, v2) # @,

say
(b1,03,03,b1) € B(i1,u1,v1) N B(ia, uz, va).

Then

(3) by + = =b5+y, bsx = by

has at least one solution in integers x,y. It is easy to see that (3) has at most one
solution. So (3) has a unique solution xg,yo. Thus

X0 EBil ﬁBiz, U1 :bf-i-xo:’U,g, U1 :ng():’l)g,
whence i1 = i9,u; = us,v; = v2. Hence

(4) > B u,v)| < B = B[P =1t 17,

Let
Bgv) = {b: b € B; and there exists a b* € B* such that b*b = v},
piv(u) = |{b* : b* € B* and there exists a b’ € B\") such that b* + b’ = u}|.
Then
1B, u,v)| = pio(u)(pio(u) = 1),
(5) > Pl =1BIB" = 1B

ueB*+B{"
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By Lemma 1 and (5) we have

Z|Bzuv|> Z Z |B(i,u, v)]

vEB*Bi yepr 4 p(*)

Z Z pio(w)(pi(u) —1)

vEB*Bi e gx4+B™)

2
> S (1B + B Y s | = YD pia(w)
vEB*B; UEB*-‘FBEU) UEB*'FBSU)
> N (B + BB P - 1B)
vEB*B,;
>PB B Y BP0 Y 1B
veB*B; vEB*B;
2
>12|B*+Bi|-l|B*Bi|-l< > |B§”>|) -1 Y B
vEB*B; vEB*B;

> 4% B* + B;| Y B*B;|~ —21®
> 161%(|B* + B;| + |B*B;|) % — 21
> 161°|E(B*, B;)| % — 21°.
Let
I ={i:|E(B*,B;)| <20*?} and I, ={i:|E(B*,B;)|>21*?%}.
If I; # @, then by (4) and the inequality just above we have
21°|1,| < Y (16I°|E(B*, B;)| 7 — 21%)

i€l
<> N IBGu,v)| <1 =18
i€l w,v
So
1 1 1
I - L <=]l-1
1] < 50— 5 11| < 5 ;

k] 1 ko1
Li>|=|—-=l4+1>—=—=L
|2|—{2z} SRR

By (1), (2) and [ > 49 we have

U E®

i€ls

1 I \Y? 1 1 1\ Y 749\ 2
S 2(p 2 12 b S 2 1 1 49
> g2 () 25 (e-50) (54) - (5)

7 k 5/4
> = = .
_5¢§(5)

This completes the proof of Lemma 2.

1 1
|E2(B)| =2 B;)| = 3 Z |E(B*,By)| > 5 - 2| L|1*/?

2

i€ly
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Theorem. Let A be a nonempty, finite set of positive integers. Then
1

Ey(A)| > =|A|%/5.

Ba(A)] > oA
Proof. Let

7 . .

A=k, ¢ = g\/55—5/4, Aj =271 2)n A

Since

j=1

without loss of generality, we may assume that

U A2j_1 > %k

j=1
Let j1, 72, ..., jr be all positive odd integers with A;, # &. Let
> 145 =0.
t<0
Since
1
Z |A.7t| > _k7
2
t<T
there exists an integer ¢y such that
S SE S Al < k.
=12 12
t<to t<to—1
Thus
o 5
t>to t=1 t<to—1
If i < u, then max(A;,) < min(A4;,), whence
2 2
A5 NA5 =2, 24;N24;, =2

Hence each integer n belongs to at most two of the sets E2(Aj,). Therefore, by
Lemma 1,

(6)
T 1 T 1 T
Ey(A) > [ Ea(4;,)| = 3 > 1B (4;,)] > 30 1A
t=to t=to t=to
5/4
L ~1/4 1 a5\
> 501(T—t0+1) Z |Ajt| > 561(T—t0+1) <Ek) .

t>to
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Suppose that i < u and

CL;GUAJ'“ aiEAji,

t<i
a;E UAj“ G,UEAJ‘“.
t<u
Then
a;+a; <27 <290 <ay < dl +aw.
Hence
UAjt +A; | N UAjt +A4;, | =9, ififu
t<i t<u
Therefore
T
U UAJt+AJ7 >Z UA]t+A]7
i=1 \t<q i=1 |[t<i
T T
g >y U4 =X X4
=1 |t<q i=1 t<i
>(T—to+1)) | Jt|> T —to + 1)k.
t<to

Therefore, by (6) and (7) we have

1 5\ 1
Ey(A) > —e) (T —to+ 1) Y4 =k T—ty+1)—=k
2 ( )max{ch( o+1) 15  ( o+ )12
5
> 4/5 6/5
1
—k9/5,
~ 30
This completes the proof of the theorem.

ADDED IN PROOF

One should also refer to Elekes, Gy., Acta Arith. 81 (1997), 365-367, for a very
different method and Kevin Ford, The Ramanujan J. 2 (1998), 59-66.
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