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ABSTRACT. Hélder’s inequality states that |z|, ||lyll, — (z,y) > 0 for any
(z,y) € LP(Q) x L9(Q) with 1/p+ 1/¢ = 1. In the same situation we prove
the following stronger chains of inequalities, where z = y|y|?~2:

Izl lylly = (@ w) > @/p) [(llll, + ll2ll,)? = llz+ 2] >0 ifpe (1,2,

0 < llzll, llylly =z, %) < /p)[(llzll, +lI2ll,)? =Nl + 215 ] ifp>2.
A similar result holds for complex valued functions with Re({z, y)) substituting

for (x,y). We obtain these inequalities from some stronger (though slightly
more involved) ones.

1. INTRODUCTION

Holder’s inequality states that

lll, ylly = {z,y) =0

for all p, ¢ > 1 such that 1/p+1/¢ =1, and all z € LP(Q), y € L1(Q), where (-, ")
denotes the duality pairing.

We will prove the following stronger inequalities (for the case of p, ¢ > 1 and
real valued functions):

1 .
el llylly = (. y) = ]—3[( lll, + 1121l )" = Il + Zlﬁ} >0 if pe(1,2),

1 .
0 < lzll, llylly = (=, 9) < . [( lzll, + 11z, )" = e + leﬁ] if p>2,

for all £ > 0, where z = y |y|?* Equivalently, z = ||y||g_2 J(y), where J : B — B* is
the normalized duality mapping with B = £(f2) (see, e.g., [3, p. 72]). In the case of
complex valued functions, these inequalities also hold with Re({x,y)) substituting
for (x,y).

We will present two proofs of these inequalities. The second one rests on the
results on local moduli of convexity developed in [1]. This was our initial proof,
and has some interest on its own because it relates these Holder-Minkowski type
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inequalities with the local modulus of convexity of f(z) = Hx||§ On the other
hand, the first proof is direct and makes the paper selfcontained. Afterwards we
give an application of our technique to inequalities between Bregman distances
induced by compositions of convex functions. These are of interest because Bregman
distances have been used to solve convex feasibility problems, and particularly
convex optimization problems, in ¢, and LP (see [2]). In the final remarks we
present some alternative statements of the inequalities.

2. THE NEW INEQUALITIES

For a Banach space B, B* will denote its dual and (-, -) : B x B* —C the duality
pairing. Given p > 1 and a measure space (2, A, u), £LP(€) is the set of measurable
functions h : @ —C such that [h(x)|” is integrable, and ||h]|, = ( [, [k(2)[” du)l/p.
We will also use this notation, with the same formula, for any 0 # p € R, though
[[[|,, is not a norm for p < 1 (rather it is a pseudonorm). R’ and R’} will denote
the nonnegative and positive orthants of R™ respectively.

We will prove the inequalities with the help of an estimation which is indeed
stronger and quite interesting on its own, and will be established in Lemma 1. We
will start with the case of C™ provided with the p-norm, and then extend the result
to LP(2) through a standard limiting argument. Later on, we will comment on the
difficulties confronted when a direct proof of the result in LP(Q) is attempted. We
recall that in C", the p-norm is defined as ||z, = (327, ||")/P. In this case (-, -)
denotes the Euclidean inner product.

Lemma 1. Take p, ¢ > 0 such that 1/p+1/q = 1. Take x, y € C", and define
z €C™ as zj = y; |yj|q_2 (with the convention that z; = 0 if and only if y; = 0)
Then

O el Il ~ Retlo)) =sup { & (e, + I1l,)” = e + 21 | | 2 0
ifpe(1,2],

1
@ 0= i, ol ~ Rello)) = juf { o | ¢l + 11, )7 = Jeo 21 |}
if p>2.

Proof. The inequalities in (1) and (2) are a consequence of Minkowski’s and Holder’s
inequalities respectively, so that it suffices to prove the equalities. Observe that for
p =2 we get y = z and the middle expressions in (1) and (2) become independent
of ¢ and trivially equal to [|z|, [[yl|, — Re (z,y), so we assume that p # 2. Define
v:Ry —Ras

1
3) p(t) = ]—?[(tllxllpﬂL I211,)" = litz + =]} ].
It is easy to compute the first derivative of ¢ by the chain rule, obtaining
-1 - 2 _
@ &' = (e, +lIzl,)" lell, - ZRe< ltw; + 2777 (to; + Zj)xj)-
j=1
We remark that ¢’(t) is well defined for all ¢ > 0 and continuous, because

[tx; + zj|p_2 (tz; + z;) = |tx; + zj|p_1 arg(tx; + z;).
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The computation of ¢ from (4) gives

@ (1) = (p— D)(tllzll, + =l )" lell? —

. - _ 72
(5) D Mty + " { (0 — 2) [Rel(te; + )] + |(ta + 25)a50” },
j=1
Observe that (5) holds for all ¢ > 0 excepting for some of those values of ¢ such that
tz; + z; = 0 for some j, in the case of p € (1,2), for which ¢ (t) = —co. Observe
also that

(6) [Re[(tz; + 2)%;]])° < |(tj + 2;)a; )
In view of (5) and (6)
™) )
¢0 2 =1l + el ol = Yoy + 5ol | it 5>,
=1
®) )
¢ < 01| (tlel, + 21,7 ] - >t 5 o] itpe ).

We claim that ¢ is convex for p > 2 and concave for p € (1,2). Define v, w € R}
as vj = [tz; + z;|" =2 (excepting for the exceptional values of ¢ mentioned above, if
any), w; = |;vj|2, r=p/(p—2), s =p/2. Note that 1/r+1/s =1, HxH; = [Jw]|,
and 307, [tz; + P72 25 = (v,w). Now we consider the case p > 2. Tt follows
from (7) that

(9) @ (t) > (p—1)| (¢ 12, + l12ll, )" lwll, — (v, ) |.
Note also that ||tz + z||§_2 = ||v||,.. Since p > 2,
(tl2l, + N20,)" 7 = lltw + 2|22 = o],
using Minkowski’s inequality and p — 2 > 0. As a consequence, we get from (9)
(10) ¢"(t) = (p = D[ llvll, wlly = (v,w) ] =0,

using Holder’s inequality, since 1/r +1/s = 1 and r, s > 1. We conclude that in
this case @ is convex.
If p € (1,2), then we get from (8)

-2
(11) ¢"(6) < =1 |(tlel, +lzl,)" lwl, = (v,w) |.
In this case,
_92 _92
(tllzll, +11=0,)"" < e+ 2[lp~" = o],

using again Minkowski’s inequality, but noting that now p — 2 < 0. Thus, we get
from (11)

(12) ¢"(t) < (p = DIIvll, lwll, — (v, w)] <0,
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using now the reverse Holder’s inequality (see [4, p. 99]), since 1/r +1/s = 1,
s €(0,1), r < 0 and v, w are nonnegative vectors. (12) holds for all values of ¢ > 0,
excepting the exceptional values where, as noted before, ¢’’'(t) = —oo. Therefore,
¢’ is always nonpositive. We conclude that in this case ¢ is concave, completing
the proof of the claim.

Note that ¢(0) = 0. By the Mean Value Theorem

(13) p(t)/t =[p(t) = p(0)]/t = ¢'(s)
for some s € (0,t). Since ¢’ is nondecrasing in R when p > 2 and nonincreasing

in Ry when p € (1,2), by (10) and (12), we get from (13)
(14) e(t)/t = ¢'(0) if p>2,

(15) p(t)/t < ¢'(0) if pe(1,2),
for all t > 0. Now we observe that

-1 -2 _
'(0) = ll=lp " llzll, = > Re(lzl"" 2525) =
j=1

(16) ], =1~ ~ Re{z Bl Zﬂ?a} = llzll,, [lyll; — Re({z,y)).

j=1
by (4). Note also that, since ¢(0) = 0, it holds that ¢'(0) = lim,_q+ ¢(t)/t.
Therefore, taking infimum over R4y in (14) and supremum in (15), we get the
result immediately from (16). O

We mention also that if we try to use the argument above directly in LP(2),
we confront the problem that ¢ is differentiable but not twice differentiable for

€ (1,2), because the same happens with f(z) = [|z|]?.

Now we present our main result.

Theorem 1. Tuke p, ¢ > 1 such that 1/p+1/q =1, x € LP(R), and y € LI(R),
and define z =y |y|""? (with the convention that z(€) = 0 if and only if y(€) =0).
Then z belongs to LP () and

(17)

[, [yll, — Re({z,y)) = [( lzll, + l12,)" = = + zllﬁ] >0 if pe(L2],

bR

(18) 0= el ol ~ Re((z:)) < 1 [( lell, + 121, )7 1z + z|5} i p>o.

Proof. The fact that z belongs to LP(€2) can be established either by direct com-
putation or by noting that z = ||y||g_1 J(y) where J : LI1(Q) — LP(Q) is the
normalized duality mapping (see, e.g. [3, p. 72]).

Note that (17) and (18) hold for z, y, 2 € C™ by Lemma 1, taking ¢t = 1 in (1)
and (2) respectively.

Now we consider the case of LP(Q2) and we start with the case when x and y are
simple functions, i.e. when both z and y have finite images. In this situation, there
exists a partition Q = [J;",Q; in pairwise disjoint and measurable sets such that
both z and y are constant in each ;. Let «;, 3; be the values of x, y respectively in
;. By convention Q¢ = {€ € Q: z(¢) = y(&) =0}, i.e. ag = Fo =0 (Qp is possibly
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empty). Since z € LP(Q), y € L1(N), it follows easily that u(€;) < oo for all ¢ > 1.
By definition of z, we have y; 1= 2(€) = 8; |3:|7 2 if B; # 0, : := 2(€) = 0 otherwise,
for all ¢ € ;. Now we define &, §, 2 € C™ as &; = ()P, §; = Bip ()9,
Zi = 'yiu(Qi)l/p, for 1 <1i < m. Then, it is clear that Z, ¢, Z are exactly as requested
in Lemma 1, so that (1) and (2) hold with &, §, £ and m substituting for z, y, z
and n. Now we observe that

Il =l12ll, . lylly =19l =l =120, ey =9,

and conclude that (17) and (18) hold for z, y and z.

We proceed to consider arbitrary x € £P(Q), y € £L9(Q2). It is well known that for
any measurable, real and nonnegative h € LP(Q) there exists a sequence of simple
functions {h"} C LP(£2) such that for all £ € Q, it holds that

(19) Tim A7(€) = ()
and
(20) 0 < h™(§) < h(&).

For a measurable and real h € LP(Q2), we get a similar approximation, considering
separately the positive and negative parts of h, where |h"™(£)| < |h(§)| substitutes
for (20). Finally, for a measurable and complex h € LP(2), we consider separately
its real and imaginary parts, and get again a similar pointwise approximation, where
now

(21) [R"(©)] < [Re[h(&)]] + [Tm[A(&)]]

substitutes for (20).

We consider now sequences of simple functions {z"} C £P(Q), {y"} C LI(Q)
such that (19) and (21) hold with h = z, b = 2™ and with h = y, A" = y™. In
view of (21) we can apply the Dominated Convergence Theorem, and therefore we
have

(22) i 2", = [lz],,  lm [ly"[, = llyll,, ~ lim (2",y") = (z,9).
n—o00 P P n—oo q q n—oo

Let now 2"(€) = |y™(€)|" > y™(€) if y™(€) # 0 and 2"(£) = 0 otherwise. It is easy
to check that 2™ belongs to £P () for all n. Also, since

2 = " (O < ([Re[y(&)]] + [tmly(©])*,

because g—1 > 0, we can conclude again from the Dominated Convergence Theorem
that

(23) T (12", = =l lim 2+ 2, = e+ 2],

Note that z" = |y™|9"* 4", so that we can apply the result already established for
simple functions and conclude that (17) and (18) hold with ™, y™, 2™ substituting
for z, y, z, respectively. The result of the theorem follows by taking limits as n
goes to oo in (17) and (18) after such substitution, in view of (22) and (23). O

We remark that the result in Theorem 1 concerning the spaces LP(2) is in
principle weaker then the results in Lemma 1 for C™ (it corresponds to the particular
case of t = 1). We will now establish (1) and (2) in £P(£2). In this case we will
follow an inverse procedure: we start with the already established case of t = 1 (i.e.
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(17)—(18)) and proceed from there to the case of the infimum or supremum over ¢,
using the fact that f(z) = ||z} is once (though not twice) differentiable in L?(1).

Lemma 2. Take p, ¢ > 0 such that 1/p+1/q = 1. Take x € LP(Q), y € LI()
and define z =y |y|q_2 (with the same convention as in Theorem 1). Then

@24) Il = Ret(o.0)) = sup { o[ ¢l + 1:1,)7 = e 21 | =0
if p e (1,2],
@) 0= el Il Re(Co)) = juf { - | ¢l + 11, )7 = feo + 51 |}

t>0 | tp
if p>2.

Proof. Again, it suffices to prove the equalities in (24) and (25). Consider ¢ defined
as in (3), but with z and z in £P(€2). Note that the equalities in (24) and (25) can
be rewritten as

(26) el Iyl - Rel(e ) =sup { 204 it pe 1.2
27) el Iyl - R ) = jut {204 it

Replace now x by tx, with ¢ > 0, in (17)-(18), use homogeinity in x of [|z|, [|yl|, —
Re({x,y)), divide both (17) and (18) by ¢ and conclude that

(29) el Iyl - Rel(e ) 2 sup {204 it pe .21
(29) el Iyl ~ R ) < jut {204 it o,

so that in order to establish (26) and (27) it suffices to prove that the inequalities
in (28) and (29) are indeed equalities.

It is well known that f: LP(Q) — R defined as f(x) = ||z||} is Fréchet differen-
tiable and that its derivative at x is the R-linear (though not C-linear) operator
f'(x) : LP() — R defined as

(30) Fa)e) = Re( (plaa.0) )

(see e.g. [3, 72]). In view of (30), we can compute the derivative of ¢ by the chain
rule, obtaining

()= (tlel, +11z0,)" =, - /Q Re( [t (€) + 2(€)[7 7 (t2(€) + Z(ﬁ))i(§)> dp

GO = (el +11,) el = Re( (f + 5 i+ 2)0) ),

with [tz + 2|7 72 (tz + z) € £9(Q), = € LP(Q). Note that ©(0) = 0 by (3), so that,
using (31),

(32) lim o(t)/t = ¢'(0) = [l lyll, — Re((z, y))-

t—0t
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In view of (32), the inequalities in (28) and (29) are indeed equalities, so that (26)
and (27) hold and the result is established. (]

It is interesting to consider (17) in the case of p =1 (i.e. ¢ = 00). In this case
our definition of z as y |y|q_2 becomes meaningless, but similar inequalities hold
when y belongs to a subset of £2(Q2), as we discuss next. For p > 1 the relation
z=y|y|? % can be inverted to y = z ||’ 2. For p = 1 the application from £(£2)
to £2() given by z — z|z["? is still well defined, but it is not onto any more:
with the convention of Lemma 1, its image consists of those y € £>°(2) such that
for all £ € Q either y(§) = 0 or |y(§)| = 1. In other words, defining y in terms
of z through the relation just mentioned, (17) becomes |z||, |ly| ., — Re({z,y)) >
Uzl + 2]l = [z + 2[|;] > 0 with y = 2 |z]~!. We proceed to prove this inequality.
Proposition 1. Take complex valued functions x, z € LY(Q) and define y =
z|z|7", with the convention of Lemma 1. Then y € £°()) and
(33) Izl [Ylloe —Re({z,9)) = l[=ll, + llz]l; — ll= + 2], = 0.

Proof. y belongs to L£>°(€)) because |y(£)] is equal to either 1 or 0 for all £ € Q.

The rightmost inequality in (33) is trivial. We proceed to prove the leftmost one.
We claim that for all £ € € it holds that

(34) Re[z(§)7(&)] + [2(§)] < [x(&) + 2(£)]-

If z(§) = 0, then we have y(§) = 0 by definition, and (34) holds. Otherwise, let
B =x(&)/z(§). Clearly, 1+ Re(8) =Re(1 + 3) < |1 + |, which, after multiplying
by |z(§)| and rearranging terms, becomes

|2(€) + 2(6)] = |2(€)] + Re[|2(€)| 8] = |2(6))| +Re[|z(i)ﬂ}

HOHO] _ 1o s reltere
(€)1 + Re| “EEE | — f9) + R,

establishing the claim. From (34)

(35)

()] + [2(E)] = () + 2(&)] < [2(§)| — Re[z()F(&)] = [yl [£(E)] — Re[z(£)H(£)];

since |ly||., = 1, because |y(§)| is equal to either zero or 1 (if y(§) = 0 for all
&, in which case z(§) = 0 for all £, then (33) is trivial). Then the result follows
integrating (35) over €. |

We give now an alternative proof of the chain in inequalities in (17) for the
real case, based on the results of [1], which are indeed the source of our results in
this paper. Given a real Banach space B and a convex and Gateaux differentiable
f:B — R, we define Dy : Bx B— R as

(36) Dy(z,y) = f(z) = fy) = (f' ).z — ),

where f'(y) € B* is the Gateaux derivative of f at y. If f is convex but not
differentiable we can extend (36) to

(37) Dy(z,y) = f(x) = f(y) —inf{(n,x —y) : n € Of(y)},

where 0f(y) C B* denotes the set of subgradients of f at y. In both cases we have
0 < D¢(z,y) for all z, y € B, and Dy(x,z) = 0 for all z € B. Also, Ds(x,y) is
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always finite because the subdifferential of a real convex function at any point is
bounded (e.g. [5, p. 7]), so that the infimum in (37) cannot be —oo. Finally, we
remark that D(-,y) is convex for all y € B, because the infimum of linear functions
is concave. Dy is called the Bregman distance associated with f, though in general
Dy is not symmetric and the triangular inequality does not hold.

Next we define the local modulus of convezity of f, vy : B x Ry — Ry as

vy(2,1) = E{Dy(u,2) : lu — 21| = 1}.
This notion was introduced in [1], where the following result has been proved for
real functions:
Proposition 2. Take p € (1,2], B = LP(Q), f(z) = |=|;. For allt > 0 and
all z € B, z # 0, the infimum of Dy(u,z) subject to |[u— 2|, =t is attained at
u* = (1+t/|zl,)z with value vy (2,t) = Dy(u*, 2) = (||z], +t)? — 2]} —p ||z||§_1 t.

We present now the alternative proof of the chain of inequalities in (17) based
on Proposition 2.

Alternative proof of (17) for real functions. The rightmost inequality in (17) fol-
lows from Minkowski’s inequality, and so it suffices to establish the leftmost one.
Note that z = 0 if and only if y = 0 and that the result is trivial if either = or y are
zero. We assume therefore that x # 0 # z. We prove that z belongs to £P(£2) with
the same argument as in Theorem 1. It is easy to check that

-1
(38) Izl = llyll,
either by direct computation or using the properties of the normalized duality
mapping J (e.g. [3, p. 27]). Take f(z) = ||1:||£, t=|zll, >0, u=2+u,
u* = (1+t/|zll,)2. Then [[u— z|, = ¢, and, by Proposition 1, we have D¢(u, z) >
* -1 . .
Dy(u*,2) = (=], +ll2ll,)? = llzll; = p Izl ll=]l,, which becomes, after expanding
Dy (u, z),
—1
(39) ezl = 2l —pl,y) = (l2l, + 1121,)7 = llz1; = p Izl =, -
By (38) and (39),
-1

e+ 2l = p(z9) = (Il + 21,7 = plll, =1,

= (lll, + lzll,)" = plll, Iyl
and (17) follows easily from (40). O

(40)

3. AN APPLICATION TO INEQUALITIES BETWEEN BREGMAN DISTANCES

As an application, we discuss now some results on the behavior of D¢ when f is
a composition of two functions. First we present a general result of some interest
on its own.

Proposition 3. Let B be a Banach space, g : B — R a convezr function and
¢ : R — R a conver, differentiable and nondecreasing function. Let f(x) = ¢(g(x)).
Then f is convexr and

Dy(z,y) = Dy(g(x),9(y))
forall x, y € B.
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Proof. Tt is easy to get convexity of f directly from the definition of convexity.
Also, it follows from the definition of subgradient that for any z € B, w € 9f(z) if
and only if w = ¢/(g(2))n for some n € dg(z). Then

Dy(z,y) = ¢(g(x)) — ¢(g(y)) — inf{d'(g(y)) (n,z —y) : n € dg(y)} =

(41) o(g9(x)) — ¢(9(y)) — ¢'(9(y)) inf{(n, x —y) : n € dg(y)},
using nonnegativity of ¢’. From (41),

Dg(z,y) = o(g(x)) — d(9(y)) — &' (9(y))g(z) — g(y)] +
o' (9(y)lg(x) — g(y) —inf{(n,x —y) : n € dg(y)}] =

Dy(g(x),9(y)) + &' (9(W))Dyg(,y) = Dy (9(x), 9(v)),
using nonnegativity of ¢’ and D,. O
We have the following immediate corollary of Proposition 3.
Corollary 1. Under the hypotheses of Proposition 3,
Dy(z,x+2) = Dy(9(2), g(x + 2))
forall x, z € B.

We look now at the relation between Dy (z, z+2) and Dy (g(z), g(x)+g(2)), which
is more interesting, in a certain sense, than the relation between D¢(z,x + z) and
Dy(g(2), g(z+ z)) established in Corollary 1, because Dy(g(z), g(x + #)) vanishes if
g(z) = g(x+2), while Dy(g(2), g(x) +g(z)) > 0 whenever g(x) # 0 and ¢ is strictly
convex, as a consequence of (36). We will analyze the case of B = R", f(x) = ||a:||£
and ¢(t) = tP with the help of the technique developed in Lemma 1.

Lemma 3. Let f : R" — R, ¢ : Ry — R be defined as f(x) = [lz[|,, ¢(t) = ¢
with p > 1. Then, for all x, z € R",

Dy(z,x+2) < Do(llzll,, [l<ll, + llzll,) i pe(1,2),

Di(z, 2+ 2) = Dy(llzll, » [l<ll, + llzll,) & p>2.

Proof. Let g(z) = [|z[|,- Then g is convex, ¢ is convex, nondecreasing and differ-
entiable, and we have

Df(z,2 + 2) = Dy(9(2), 9() + 9(2))

n
= llzllp = lle +2lp + 2D e + 277" (@ + 25)e; —
j=1

212 + (llzl, + 21, )" = 2(llell, + l1z0,)" " iz,
= plp(1) — ¢'(1)] = ple'(s) — ¢'(1)]

for some s € (0, 1), with the notation of Lemma 1, using (3), (4) and (13). Since it
has been proved in Lemma 1 that ¢’ is nondecreasing for p > 2 and nonincreasing
for p € (1,2), the result follows from (42). O

(42)
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4. FINAL REMARKS

1. Clearly, all our results hold in R"™ or C" with the p-norm, or in the Banach
spaces £, of summable sequences, since these spaces can be seen as particular cases
of £P(2) when  is the set of the first n natural numbers, or the set of all of them,
and all singletons have unit measure. In the case of the £P() with real functions,
(17) and (18) take the form:

el llylly =z y) = [( lzll, + Nzl )" = llz + ZIﬁ} >0 if pe(1,2],

SRR

1 .
0 < lzll, llyll, = (,y) < » {( ], + llzll, )" — ll + Zlﬁ} if p=2.

2. (17) and (18) can be condensed in the following single chain of inequalities,
assuming, without loss of generality, that p < ¢:

1
0< 2 (el + el )7 = o + 21| <l Iyl — Reda. )
1
< 2, + 120,07 = Iy + 12,
with z =y [y|972, 2/ =z |z[P~>.

3. (17) and (18) can be rewritten exclusively in terms of z and y, using the
normalized duality mapping J, as:

el I, = R 0) > 5| (L, + Bolly ™) = o+ 1y 500 = 0

ifpe(1,2),

— _ p
0 < llell, lgll, ~ Re((z,9)) < [( lall, + sg™ )" = || + Iyl 2J(y>Hp] >0

SRR

if p> 2.
Alternatively, we can write (17) and (18) exclusively in terms of z and z as:

_ _ 1
3) Nl o1 = Re( {wuleP22) ) = 2 el + 21,7 — o+ 215 | 2 0

if pe(1,2],

(44) 0 < ol 1"~ Re( (n s ) ) <

if p>2.

4. For p = 2 we get y = z so that the leftmost inequality in (17) and the
rightmost one in (18) become trivial equalities, and our result gives no additional
information in Hilbert spaces. For p # 2 the inequalities in (17) and (18) are strict
unless © = dz or z = Jz with 6 > 0, in which case all expressions in (17)—(18)
vanish.

(il + 11,7 = o+ =1

D=
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5. For a complex function h € £P(Q) the following inequalities hold:
min { [Re(R)|l,, [Tm(2)[2~", [Re(m)|[~" [Tm(R)], } >

%[( Re(R),, + [Tm(A)ll, )" = [Illp]  if p e (1,2],
max { [Re(h)|], [[Tm(R)[5~", [Re(h)|[; " [Tm(R)], } <

1 .
];[( [Re()]l, + [Mm(A)ll, )" = lAllp]  if p>2.
These inequalities follow from (43) and (44) respectively, taking © = Re(h), z =
iIm(h), and then x = iIm(h), z = Re(h), because in such cases Re({x,y)) = 0.

6. The proof of Proposition 1 given in [1], after reversing the appropriate in-
equalities, can be used to prove that for p > 2 and f(z) = |||}, the supremum of

Dy (u, 2) subject to |lu — z||, =t is attained at u* = (1 +1/||z||,)z with value
* -1
Dy(u”,z) = (lzll, + )" = llzll, = p =l ¢,

enabling us to prove (18) with the same argument as in the alternative proof of (17)
given above. The result just mentioned is not explicitly presented in [1], which is
devoted to the properties of v, defined as the infimum rather than the supremum.

7. The result of Lemma 3 holds indeed for f : £P(Q) — R defined as f(z) = ||z|]}.
We have presented it in its finite dimensional version to fit the statement of Lemma
1.
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