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ABSTRACT. The space CMO of functions of finite central mean oscillation is
an analogue of BMO where the condition that the sharp maximal function is
bounded is replaced by the convergence of the sharp function at the origin. In
this paper it is shown that each element of CMO is a singular integral image
of an element of the Beurling space B? of functions whose Hardy-Littlewood
maximal function converges at zero. This result is an analogue of Uchiyama’s
constructive decomposition of BMO in terms of singular integral images of
bounded functions. The argument shows, in fact, that to each element of
CMO one can construct a vector Calderén-Zygmund operator that maps that
element into the proper subspace B2.

1. INTRODUCTION

A function f, defined modulo constants on R™, is said to have finite central mean
oscillation provided the L? normalized sharp function of f converges at z = 0. That
is,

(11) MEFO) = (sup g [ 1) frPde) " < v,

R>0 |z|<R
where fr is the average of f over B(0; R). The space of all such functions is denoted
by CMO(R™) and M £(0) defines a norm on this space.

The space CMO bears a simple relationship with BMO, the space of functions
of bounded mean oscillation: g € BMO precisely when g and all of its translates
belong to CMO uniformly a.e., that is, when the sharp function of g belongs to
L. As demonstrated in work of Chen and Lau [3] who first defined CMO, of
Garcia-Cuerva [4] (they define inhomogeneous versions, restricting to R > 1 in
(1.1)), and of Chao, Gilbert, and Tomas [1], many precise analogies exist between
CMO and BMO from the point of view of real Hardy spaces. In fact, the purpose of
the present paper is to draw a further analogy: to develop a version of Uchiyama’s
constructive decomposition of BMO in terms of sums of images of bounded functions
under certain singular integrals, in the context of CMO. Facts about CMO are
not always simpler versions of facts about BMO. For example, there is no John-
Nirenberg lemma for CMO. That lemma implies that the L> norms of Mgg(x),
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where 2 is replaced by some other p, 1 < p < oo in (1.1), define equivalent norms
on BMO. But as Chen and Lau showed, the condition Mgg(O) < 00, p # 2, defines
a space CMOP? different from CMO. In the sequel, by CMO we will always mean
CMO>.

CMO(R") is the dual of the Beurling-Hardy space HA'(R™). This space and
the Beurling algebra A(R™) upon which it is built are given by:

Definition 1.2.

A(R") = {f R"—=C: HfHA = Z2nj/2”fX{2jg\m\g2j+1}||L2 < 00};
JEZL

HA®) = {750 = ([ [ 195w 0Py e awn),

The relationship between HA(R") and A(R") is the same as that between the

real Hardy space H'(R™) and L*(R™). The dual of A(R™) is the Beurling space

2 mon 1 oN1/2
(1.3) B*(R"™) = {h : M2h(0) = (sup — |h(z)]?)" < oo},

r>0 B" Jiz1<r

and the HA! «» CMO duality is then analogous to the H! +» BMO duality. In
the latter case, f € BMO is the same as Mgf belonging to the dual of L. In the
former case, g € CMO is the same as Mg g belonging to the dual of A, a corollary
of the fact that My is bounded on B? just as it is on L™ (cf. [3]).

Among the real-variable analogies between these pairs of spaces is the fact that
standard singular integrals map HA! into A just as they map H! into L! (cf.
[4]); and just as the identity I and Riesz transforms R; : f +— cp,p.v.f * MmTJH
together characterize H' and BMO in the sense that f € H(R") if and only if
f,Rif,..., R, f € L*(R"), Garcia-Cuerva showed that the same holds when H* and
L' are replaced by HA' and A. A consequence of our present work is a constructive
version of this Fefferman-Stein decomposition for CMO: g € CMO(R") if and only
if one can construct g = hg — Z?:l Rjhj where ho,hi, ...,y € B2(R™).

The conditions defining B? and CMO are simpler than those defining L> and
BMO because they only need to be checked at the origin — not at every point.
In this sense, a constructive version of Uchiyama’s result should be simpler for
these spaces. Yet there are still good reasons for carrying out that program in the
present setting. First, the constructive decomposition argument that we propose
for CMO has substantially new features; for example, there is no John-Nirenberg
lemma to use. The argument is simpler from a computational standpoint than
Uchiyama’s. This could potentially lead to a simpler version of the constructive de-
composition of BMO and more tractable attacks on problems in Hardy space theory
such as existence of boundary values of harmonic functions that use Uchiyama’s
techniques, e.g., [7]. The second reason is that we can say more about the func-
tions hg, h1,...,h, in the Fefferman-Stein decomposition this way. In particular,
if g € CMO, then there are Calderén-Zygmund operators (CZO’s) Lo, L1,..., L,
such that h; = L;jg and such that Lo — Z?:l R;L; = 1. It is as yet unknown
whether such operators exist for the corresponding Fefferman-Stein decomposition
of BMO.

To state the main result of this paper, we need to recall some features of the
work of Janson and Uchiyama. First, we shall say that a singular integral operator
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K is homogeneous if it commutes with translations and dilations. This means that,
up to a constant multiple of the identity, K can be expressed by

(14) Kf(x)= [ fEm(€)e*™ ¢ de,
Rn
where m(€) is homogeneous of degree zero, that is, m(§) = m(£/[¢]), and m(&) €
C>(R™\ 0).
We shall say that a family K = (K7, ..., Kjs) of homogeneous singular integrals
satisfies the Janson-Uchiyama condition provided that

miw) ... mpw) |
(JUC) rank [ml(—w) L ma(ew)| T 2 (weX,_q).
Theorem 1.5. Suppose that the family K = (K1, ..., Knr) of homogenous singular
integrals satisfies (JUC). Then to each g € CMO(R™) one can construct a CZO
family L. = (L1,...,Ly) such that Ljg = h; € B*(R") and g = Z;\il Kih;.
Moreover, Zﬁl 1l B2 < Cllgllemo-

Since part of our goal is to make our approach seem as simple as possible, we will
begin by making some technical assumptions that, while not critical, do allow us to
avoid many technicalities that would only clutter the arguments. First, any singular
integral in the sequel will be assumed to map real-valued functions to real-valued
functions. Though this hypothesis excludes many important examples, nevertheless
Theorem 1.5 continues to hold without it. We will assume that all functions are
real-valued as well. Second, Theorem 1.5 will only be proved in the case where
one of the operators K1,..., Ky in K is the identity. Again, the arguments are
simplified in this case. In any event, neither of these hypotheses exclude the most
well-known case, the Fefferman-Stein decomposition.

The proof will rely on some facts about wavelets and singular integrals that we
will review first.

2. WAVELETS, SINGULAR INTEGRALS, AND CMO

Here we will review some basic facts about wavelets on R™ and their roles in
describing certain Calderén-Zygmund operators and in norming CMO. These facts
are either known or follow readily from familiar techniques, so no proofs will be
given in this section.

First we recall some very basic properties of orthogonal wavelet bases for R™.
We refer to Meyer [5] for more details concerning the construction of wavelets.
Let E = {0,1}"\ (0,0) and let Q denote the family of dyadic cubes of the form
Q= Qjr={z: 22—k e€[0,1)"}). Given f(z) and Q = Q; € Q, we write
folw) = 279/ f (233 — k).

Theorem 2.1 (Existence of wavelets). There is a set {1 }ccp of 2" —1 real-valued
‘mother wavelets’ such that the functions {G}ccp,Qeg form an orthonormal basis
for L2(R™). Furthermore, the ¢ can all be chosen to be in C*(R™) for any given
a > 0, to have support in B(0;m) for some m > 0, and to have integral zero.

In particular, we will want the wavelets to have continuous derivatives of order
at least one.
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Lemma 2.2. Suppose that a homogenous singular integral L and a wavelet Yg as
in Theorem 2.1 with Q = Q1 having center xq are given. Then there is a constant
Cr depending only on L and a > 0 such that Wg, = L(1g) satisfies

2nj/2
(14 2]z — zq|)"*+

W5l < Cr

and

4 2| — 1+ 9| — nty
Wole) — V()| < Cpria ZE AL (ARSI

1427z —y| \1+ 2|z — zg|

The lemma is a standard fact about the images of smooth functions with vanish-
ing integrals under singular integrals. There is nothing special about the wavelets.
In fact, we define any function satisfying the conclusions of Lemma 2.2, and having
integral zero, to be a vaguelette.

Next, we recall a technical lemma due to Uchiyama [6].

Lemma 2.3. Suppose that K = (K1,...,Ku) is a system of homogenous singular
integrals satisfying (JUC). Then to each v € Xp_1 there exists a homogeneous
pseudoinverse family L, = (L1, ..., Ly) such that

K* L, =" KiL =1,
I/-L,, = le\il VlL[ =0.

The constants Cp, associated with the 1L, appearing in Lemma 2.2 are bounded
independent of v by a constant Ck.

Such a family L, will be referred to as a v-pseudoinverse of K. Next, we briefly
discuss wavelet-vaguelette operators. These are operators of the form

(2.4) fe > (fvg)Th.

e€FE,QeQ
The ¢, are the wavelets in Theorem 2.1, but the Ug, can be any vaguelettes. For

the application that we have in mind they will have the form \175Q = L, (vg) where
v = v will depend on € and Q. Though such operators are no longer homogeneous,
they are still nice CZO’s:

Proposition 2.5. Any wavelet-vaguelette operator is a Calderdn-Zygmund opera-
tor. In particular, any operator as in (2.4) is continuous on L?, and will map H A
into A and B? into CMO.

The by now standard proof of this fact is left to the reader (cf. [4] and [5], where
a precise definition of Calderén-Zygmund operator can also be found).

As a final preparation for the constructive decomposition, we need to make note
of the wavelet decomposition of CMO. The proof of the following theorem runs
along the same lines as the corresponding result for BMO (see pg. 154 of [5] and
Theorem E of [3]).

Theorem 2.6. Suppose that g € CMO and wavelets yg, as in Theorem 2.1 are
giwen. Then g has a wavelet expansion

g~ Y Aavg

e€EE,QeQ
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converging weakly to g and satisfying the central Carleson condition

1/2
1
(5w X oP) < Clglovo.
R>0 QEQ,QCB2r

where the supremum is taken over those balls centered at the origin and C. just
depends on the wavelet family.

3. PROOF OF THEOREM 1.5 FOR g HAVING ['(-TYPE

In light of Theorem 2.6, we shall say that g € CMO has I'y-type provided g =
Deem 2goq X2M PP (20a) = 37y g°. The terminology stems from the fact that
the supports of 1§ = 273/24h€(27z), when raised a height 2/ above R™ inside of
]R’}r“ all lie inside of a cone centered at the origin. Coupled with Lemma 2.2,
this observation lies at the heart of the constructive decomposition in this special
case. In the ensuing arguments we shall assume, in addition, that g = g€ for some
fixed € € E. The constructive decomposition of g will then follow by summing
the constructive decompositions for g¢ over E. We shall then write ¥ = ¥° and
9= 50 A2 /24)(27x). In section 4 we will show how to reduce the constructive
decomposition for any g € CMO to this special case.

Now for each j = 1,2. .., we will choose below a vector v; € ¥ps 1. Let L; = L,
be a vj-pseudoinverse of K and set 71; = L;(¢;). Then h; satisfies the conclusions
of Lemma 2.2 with 2o = 0. Our goal is to show that s = PRy Ajh; € B2 Tt
clearly suffices to show that the averages ||y s, || 12/|Bk|"/? are uniformly bounded,
where By, = B(0;1/2%). This is done by showing the same for > isk Ak (Lemma
3.1)and 30, A;h; (Lemma 3.3) when the h; are chosen appropriately.

Lemma 3.1. For each k > 0,

1/2
1 2
(_|Bk|/3 ‘E /\jhj(;v)’ dx) < const. ||g]lcmo-
k j>k

-

Proof of Lemma 3.1. L = 3 (-, ¥;)h; is a vaguelette operator as in (2.4) so, in
view of the dependence of IL on K, there is a constant Cik such that the L? operator
norm of L is at most C, independent of the choices of each IL;. Therefore,

jzk
< Cﬂi/ > 2220 a)| de
B>k
= C2 >IN < G027 gl Eao = comst. [ BrlllgllEmo
Jjzk
because of orthogonality of the wavelets and the Carleson characterization of CMO.
This proves the lemma. O
The ﬁj =IL;(¢;) will be chosen iteratively. For reasons that will become appar-
ent, the K-pseudoinverses L; will be chosen as I; = IL,,, with v; proportional to
either: (1) 32,4, My (0), or (i) /\jﬁj(O) +23 4 Ahy(0). In case (i), we will
say that j € k1; in case (i) we shall say that j € ko. While there is no issue as to
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whether ﬁj is well-defined in case (i), this does become an issue in case (ii), since ﬁj
depends first on v;. This dilemma will be resolved in terms of our criterion below
for specifying whether j € k1 or j € ko.

In what follows, let A be a constant such that A > 2C.Ck. Notice that by
Lemma 2.2 and Theorem 2.6, whenever |x| < 1/2* and j < k one will have

- A
[Ajhj(z)| < EgHQHcmﬂ), and
(3.2)

. . A
|Aj(hj(x) — h;i(0))] < 2J|x|§|\9||01v10-

Lemma 3.3. The ﬁj can be chosen iteratively so that for each k,

L

e 2 2 2
|Bk| Bk}z)‘jhj(x)‘ <54 ”gHCMO'

j<k

To begin the induction, we note that the k = 1 case is trivial. Next, suppose
that hi,...,hg_1 are chosen. If choosing v proportional to Zj<k Ajh;(0) allows
us to find a pseudoinverse solution hj, = LL,, (1) such that

(3-4) Y (@) < 24%|gl2mo

I<k,l€krq

whenever x € By, then we put k& € ;. If it is impossible to choose Ry this way, then

any pseudoinverse solution hy with v, proportional to > i<k Ajﬁj(O) must satisfy

(3-5) e (@)] + Y (@) > 24%g) o
I<k,lek1

for some x € By. We then put k € ks, though we must show the well-definedness
of v in that case.

Lemma 3.6. If (3.5) is necessitated for some x € By, then one can find a pseu-
doinverse solution hy, = Ly, such that (hy(z), hx(0) 4 2 > i<k 1 (0))rm = 0.

Proof of Lemma 3.6. In view of (3.2), any choice of hy = L, (¢r) will satisfy
| Akhi(z)| < 2 A|gllcmo independent of . Thus, (3.5) implies that

- 7
Y. Pih@o)l® > 1 A%gllEmo

j<k,jEr1

for some xg € By.
Next, observe that

| MR OP = ST (00, 255(0) + 237 MiAu(0))

j<k—1 j<k—1 1<j

= Y INR0)

j<k,jE€Er1
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because of the definition of k; and the induction hypothesis. Since xy € By,

ST R OF = Y (INR0) — INR (o) 2] + By (o)

I<k,jE€Er1 I<k,jE€Er1

= D N[(hi(0), h;(0) = hy(wo)) + (h;(0) — hj(x0), hj(x0))] + [Ajhj(w0)]?
I<k,jE€Er1

7 1 j
> 1A2|Ig|\szo - 5( Z 27|z0]) A%||gllEnt0
j<h—1

5
> ZA2||QH%MO

because (3.2) applies uniformly to any choice of hy. This shows that for H =
> i<k Ajh;(0), one has |H|> > 2A2?||g||y0- This is just what we need to solve for

-

h.

Let K € RM be the closed convex hull of those unit vectors whose angles with
H are at most arccos(3/5). By (3.2), for each v € £/, we can find fzk,y such
that [ A/, ()2 < 1A% gllEno < %|1§T|2 The solution fy,, can be chosen to vary
smoothly with v (this is due to Uchiyama’s observations). Consider the mapping

. Akﬁk,l/(o) + 2ﬁ
|Akﬁk,l/(0) + 2ﬁ| .

The mapping ©(v) can be extended to K by setting ©(u) = @(TZ_I) (note that 0 ¢

K). But then O sends K into itself. This means that if v € K, then (©(v)-H /|H|) >
3/5, which follows from the observation that [Azh,, (0)| < 1|H|. Therefore © is a
continuous mapping from the compact, convex set K into itself. Brouwer’s fixed

point theorem then guarantees that © has a fixed point in ¥3;_1. The lemma now
follows from the definition of ©. O

Remark. Since we are after a constructive decomposition, every step must be con-
structive. Brouwer’s fixed point theorem is only an existence result. But, in this
particular case, the fixed point can be constructed by optimization techniques since
© and its derivatives can be computed explicitly. In fact, similar techniques must
be used to verify (3.4) or (3.5) to begin with. It is not obvious that the definitions
of k1, ko are constructive. They can be made so by fixing a canonical choice of L,
in (2.3) for each v € Xp_1 (cf. [6]). If (3.4) then fails for the ‘canonical’ hy —
which is decidable by similar optimization techniques — the same estimate for |H|,
and therefore Lemma 2.6, still hold.

Proof of Lemma 3.3. It just remains to show that

/ |ZAjﬁj(x)|2 dz < const. |By||gllcmo
B

koj<k
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with constant independent of k. Now fix k. Then by the definitions of k1 and ko
and by Lemma 3.6,

N Nh@P = 30 @R +2Y ] M) — 7i(0), ()]

i<k JERL,j<k I<j
+ Y HRy(@), by () — hi(0) + 2> Ahi(hi (), hu(x) — hi(0))]
JER2,j<k I<j
=I+1I.

By (3.4), if x € By, then
> k()P < 24%|glEao

JER1
which gives a desired bound for the first term in .
For the other terms we apply (3.2) to estimate

- - - 1
|AjAu(hy (@), o (z) — ha(0))] < 2l|x|ZA2”gH%MO

whenever [ < j < k and x € By. Therefore

S s (@), Faa) — Fa(0))] < = A2)|g]2 o < 22l g2y 2

(@), Fa(e) = T < 722%0gl2n0 32 2 < =H A%gl o

1<j<k 1<j<k
This gives desired bounds for the second terms in I and II. Similar observations
show that the first term in I7 is bounded by 12*|z|A?(|g||Z\;o when z € By. The

proof of Lemma 3.3 is then completed by taking the average of these inequalities
over By. The constant 54 can be improved somewhat. O

Lemmas 3.1 and 3.3 together show that, for appropriate choices of ﬁj = L1,
one gets h = 372 \;h; € B2 with ||hl| g2 < 24]|g]lcmo. Since L = 25 (-, v;)h;
is a vaguelette operator of the desired form, this proves Theorem 1.5 in the case
where g € CMO is of TI'p-type.

4. REDUCTION TO ['g-TYPE

Before proceeding further we make a few additional comments along the lines of
Uchiyama’s work. First, just as Uchiyama did, we can assume for convenience that
g has compact support. In this case one can show that in the wavelet expansion of g,
Mg —oo || Xgu(@)>2x Ag¥5llemo = 0 (cf. Lemma 3.4 of [2]). By an approximation
and rescaling argument, then, to prove Theorem 1.5 it suffices to assume that
9= 2qu@<1 e

With such assumptions on g € CMO, we write g ~ ZEGE,QGQ AQUo asg=g1+
g2. Here, under the assumption that each ¢ is supported in B(zg,mi(Q)), g1 ~
> ceB.0co A\g¥G where Q' is the set of those cubes such that 0 € B(zq, 3ml(Q)).
Thus the supports of the wavelets associated to Q' have length proportional to the
distance from xg to the origin. gs is the sum over the remaining wavelet terms.
When written this way, one sees that for each level j, there are at most a fixed
finite number of cubes Q € Q' N Q; where Q; = {Q € Q:1(Q) =1/27}.

It turns out that go € B? already. That is:

Lemma 4.1. In the decomposition g = g1 + go above, one has go € B? with
lg2llB2 < Cllgllcmo where C' just depends on the particular choice of wavelet basis.
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Proof of Lemma 4.1. Let B be any ball centered at the origin. Rewrite go = gi +
g5 + g5 where the wavelets occurring in g4 are supported completely inside of B
and those occurring in ¢g§ are supported completely outside of B. It is clear, then,

that
1 1 i e 1 i e
g | 1ok = o [l = o [ 13+ sl

because the wavelets occurring in gi are supported inside of B and are orthogonal
to those occurring in ¢g§. By the definition of g2, any wavelet occurring in ¢g§ must
be completely supported in 2B. Thus the right-hand side is clearly bounded by

1 _ 1
g 1l < g 3 1l < const. oo
QC2B

The proof is completed by noting that B is any ball centered at the origin. O

We now complete the reduction to the I'p-type case under the hypothesis that
the family K in Theorem 1.5 includes the identity operator. First note that g; can
be split into a finite sum of terms each of which has the form

gr =) X2 2y (20 — ).

ecFE jEZ

The g7 are indexed by r € Z" N B(0,3m): this is essentially the condition that the
center of @) = @, has distance at most 3m from the origin. In view of Lemma
2.2, the argument applied to ¢g having ['g-type in section 3 works equally well for
each g7 to show that there is an ﬁ{ € B? with K*ﬁ{ = g7. Since there are at
most #(Z™ N B(0,3m)) such r, this shows that g; has the desired constructive
decomposition.

On the other hand, if I is one of the operators occurring in K, I = K, say, then
by Lemma 4.1, hy = (g2,0, . ..,0) is itself an element of B? satisfying K*hy = gs.
This proves the constructive decomposition Theorem 1.5 in the case where I occurs
in K.

Remark. To prove the general case of Theorem 1.5, that is, when the identity does
not necessarily occur on K, one needs to perform a constructive decomposition on
g2. It is not true that any singular integral will map go into B2, though it will map go
into CMO, of course. As above, it is not difficult to reduce everything to establishing
an analogue of Lemma 3.6. Let g ; be the sum of wavelet terms in go at scale j.
Then one wishes to choose pseudo-inverse operators such that ﬁgd = L3 g2, will
be orthogonal at each point either to 37,_, h2.1(0) or to BQJ(O) +23 ha.1(0)
according to a criterion similar to that used in the I'g-type case. This is possible,
but the estimates are more technical in the general case.
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