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ABSTRACT. A construction of the crystal bases for the quantized enveloping
algebra of sl(2,1) is discussed.

1. INTRODUCTION

The crystal bases introduced by Kashiwara for the quantized universal envelop-
ing algebras of the symmetrizable Kac-Moody Lie algebras have many remarkable
properties (see [7, 8]). Since the same idea of Drinfeld [1] and Jimbo [4] can also be
employed to define the quantized enveloping algebra of a contragredient Lie super-
algebra (see [2, 3]), a natural question is whether one can also define crystal bases
for the quantized enveloping algebras of these Lie superalgebras, especially for the
classical ones. In this paper, we discuss a construction of the crystal bases for the
quantized enveloping algebra U of the Lie superalgebra si(2,1).

Since the finite dimensional representations of U are not completely reducible,
one should not expect to have a complete analog of the crystal bases defined by
Kashiwara. In our construction, we require the following properties for the crystal
bases:

1) A crystal basis of a U-module M must be a crystal basis for the even part of
U when M is viewed as a module for the even part of U.

2) If a U-module M has a crystal basis, then any quotient module of M has a
crystal basis obtained by taking the image of the crystal basis of M.

Our idea is to construct these bases for the indecomposable projective modules in
the category of finite dimensional weight modules. Then based on the fact that any
finite dimensional weight module is a quotient of a direct sum of these projective
modules, we can obtain a crystal basis for any finite dimensional weight module by
taking the quotient of the crystal basis of the corresponding projective cover.

2. THE ALGEBRA U AND ITS HIGHEST WEIGHT MODULES

Let ¢ be an indeterminate over the complex number field C. Let A be the ring of
rational functions in ¢ without pole at ¢ = 0 (the localization of C[q] at ¢ = 0). Let
G =sl(2,1), and let (a;;)2x2 be defined by a11 = 2, ags = 0 and a12 = a21 = —1.
Let U = U,(G) be the associative Zs-graded algebra over C(g) (with 1) generated
by e;, fi, tiil, i = 1,2, with grading given by deg(e;) = deg(f1) = deg(tlil) =
deg(t5!) = 0, deg(ez) = deg(f2) = 1, and the following relations:
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(1) tit; =t = 1, tity = tity, tiejt; ' = q%ie;, tifit;t = q~ % f},
(2) eifi = (1) fie; = 8i5(ts — ;1) /(g — q7"), a = deg(e;), b = deg(f;),
(3) 616’2 —(g+q Nerezer +e2ef =0, fEfo— (¢ +q~ ) fifafr + f2ff =0,
(4) e3=0, f3 =0.
The algebra U is a Ze-graded Hopf algebra, but we do not need the Hopf algebra
structure in this paper. There exists an anti-automorphism 6 : U — U defined by

Oe; = f;,0fi = e;,0t; = t;',0g=q7*,

and 6(zy) = 0(y)6(x) for any z,y € U.

We let e3 = q€1€2 — ege1, fz3 = O(e3) = —fifo + ¢ Lfaf1, and let H; =
(t; —t;1)/(q — g~ "), i = 1,2. Then the following identities hold in U ([9, Lemma
2.1 and Lemma 2.2]):

(21) e3 =0, f3 =0; fses+esfs = toHy + ¢ Ha;

(2.2) e1e3 = gese, €263 = —qe3e2; Tifs =afsfi, fafs = —afsf2;

(2.3) fres —esfr =17 e, fzer —e1fs = fotu;

(24) f263 + 63f2 = gtgeq, f362 + €2f3 = t2 lfl.

Let U, U~ and U° be the subalgebras (with 1) of U generated by the e;, the
fi and the ! (i = 1,2) respectively. Let UZ0 = UtUO, let P be generated by
U=zo together with f1, and let Uy be generated by e1, fi, tfl and t;tl. Then the
clements e?e32ek (resp. f5fd2 fF), ds,dy € {0,1}, k € Zy, form a basis of U™
(resp. U7), and the monormals th2 7™, mi,ma € Z, form a basis of U%. Let
r = (d1,da, k) € {0,1} x {0,1} x Zy, m = (m1,mz) € Z x Z, and let ¢” = 3" e3¢k,
fr=fhfdefk o ¢m =472 Then the elements f7't"e” form a basis of U.

Let G = N~ + H + NT be the standard triangular decomposition. Then H =
(h1 = F11 — Eag, ho = Eas + E33). We use €1, €2 and 7 to express the roots of G
and choose o = €1 — €3, § = €5 — J1 to be a simple root system. The positive even
and odd root sets are Rf = {a}, R = {B3,a + B} respectively. For A\ € H*, let
a = A h1), b = A(hz2), and write A = (a,b). Note that a = (2,-1), 8 = (—1,0).

By [6], A € H* is typical if and only if b # 0 and a + b+ 1 # 0. Let K () be the
Kac G-module with highest weight A and let L(\) be the simple G-module with
highest weight A. We call A = (a,b) € H* dominant integral if a € Z, b € Z.

Let Q = {mia+maf: my,ma € Z} and let QT = {mia+maf : mi,ma € Z }.
We identify @ as a subset of Z x Z, and denote the elements of @ by (a,b) as before.

By a weight of U, we mean an element w = (w1, ws) € (C(q)*)2. If ' is another
weight, we write w’ < w if w7 w; = ¢ and W'y 'wy = ¢° for some (a,b) € QT. If V
is a U-module, then its weight spaces are just the non-zero C(¢)-linear subspaces of
the form V,, = {v € V : t;u = w;v,i = 1,2}. The nonzero vectors in V,, are called
weight vectors. A weight vector v is called maximal if UTv = 0. A U-module is
called a weight U-module if it is a direct sum of weight subspaces. We call a weight
w integral if w = (¢%, ¢°) with (a,b) € Z x Z.

A highest weight U-module V' is a U-module having a maximal vector v such
that V' = U - v. For a weight w, one can define the Verma module V(w) by letting
V(w) = U/J(w), where J(w) is the left ideal of U generated by e; and t; — w;,
¢ = 1,2. The module V(w) has a unique simple quotient L(w) and every simple
highest weight U-module is isomorphic to some L(w). One can also define Kac
modules by first taking the simple highest weight Up-module Ly(w) and extending
to a P-module by letting es act trivially on it, then setting K(w) = U ®p Lo(w).
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The unique simple quotient of K(w) is isomorphic to L(w). If w = (w1, ws), then
the U-module L(w) is finite dimensional if and only if wq = +¢® for some a € Z..

By [9], every finite dimensional highest weight G-module with integral weight
admits a deformation. If A = (a,b) is dominant integral, we call the U-module K (w)
(resp. L(w)) with w = (¢%, ¢%) type 1 deformation of the G-module K()\) ( resp.
L(\)). We will restrict our attention to the category of U-modules whose composi-
tion factors are type 1 deformations of the corresponding simple finite dimensional
G-modules.

Let U; be the subalgebra of U generated by e;, fi, tzil, i = 1,2. For A\ =
(a,b) € Z2, let My = {m € M : t;m = ¢°m,tam = ¢"m}. We call a U-module M
integrable if (i) M = @,z M with dim My < oo; and (ii) as a U;-module, M
is a direct sum of finite dimensional U;-submodules. For A = (a,b) € Z?, H; and
Hs act on the weight subspace M) by the scalars [a] = (¢ — ¢~ %)/(¢ — ¢~ ') and
0] = (¢" — ¢7")/(q¢ — ¢~ ") respectively.

For an integrable U;-module M, Kashiwara [7,8] has defined the operators é;
and f1 by letting &£ u = £ Du and fifu = 7. where u € kere; and

fk) = [k]!"'fF. In the next section, we will define é; and fo.

3. WEIGHT Us-MODULES, THE OPERATORS €2 AND f2
By a weight Us-module, we mean a Us-module M such that
M = @Mb, where M, ={ve M :tyv= qbv} and dim M, < oco.
bezZ

We assume that all the Us-modules are weight Us-modules in this paper. The
simple Us-modules L(b) for b € Z are given by:

b
(3.1) 62—>(8 [8])7f2—>((1) 8),t2—><q0 (ﬁ) if b+£0.

(32) €2 — O,fg — O,tg — 1, if b=0.

Lemma 3.1. Let M be a Usy-module. Then M = @bez My is a direct sum of
Usy-submodules.

Proof. We only need to verify that each weight subspace M, is actually a Us-
submodule. But this fact follows from the relations taeaty L= ¢y and to foty =
2 O

Lemma 3.2. Forb € Z, b# 0, M, is a direct sum of simple Us-modules.

Proof. For any v € keres|p,, the linear span of v and fav, denoted by (v), is a
Us-submodule isomorphic to L(b) (since e fov = Hav = [blv and [b] # 0). Hence as
a Us-module, My is isomorphic to the direct sum of (1/2) dim M, copies of L(b). O

In order to control the case b = 0, we introduce an indecomposable Us-module
B(0) as follows. Let UJ be the subalgebra generated by t2i1. Let Vp be the one
dimensional US-module defined by tov = v for any v € Vg, and let B(0) = Us ®U3V0.
Then dim B(0) = 4 and for any nonzero vy € Vp, the vectors vy (identify vg with
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1 ® wg), v1 = favg, V2 = eavp, v3 = faeaug form a basis of B(0). With respect to

the basis {vg, v1,v2,v3}, the actions of e3, fa2, t2 on B(0) are given by
0O 0 0 0 0 0 0 O
0 0 0 0 1 0 0 O .
(3:3) =11 0 oo 27 o0 0 of
0 -1 0 0 00 1 0

Lemma 3.3. The Us-module B(0) is an indecomposable projective object in the
category of Us-modules.

Proof. The Uz-module B(0) is projective because for any U9-module V and any Us-
module M, we have that Homy, (Uz ®yg V, M) = Homyg(V, M) and that the one
dimensional US-module V; is projective in the category of weight US-modules. To
see that B(0) is indecomposable, one just needs to note that any nonzero submodule
of B(0) contains the one dimensional submodule (v3). In fact, if N # (0) is a
submodule of B(0), let 0 # v =) _, 5 ¢;v; € N; then one can always get v3 from

v by using the action of Us. For example, if ¢y # 0, then vz = Calfgeg’l}. O

Let My be a Us-module such that ¢y acts on it as the identity. Then by Lemma
3.3, My is a quotient of a direct sum of copies of B(0); hence one can understand
the action of e5 on My through the quotient. Thus for a Us-module M = @bez My,

we define operators fg, €2 on M by letting

q_thEQ’U, if v € My, b > 0,
(3.4) fo=fo and év =< ey, if v € My,
—q_ltgleg, if v e My, b<O0.

If we decompose M, (b # 0) into a direct sum of copies of L(b) and choose
{v, fav} as a basis for each L(b), where v # 0 is such that eav = 0, then the action
of é; on My is given by:

0 s _ @@ =1/ -1, b>0,
(3.5) v =0, éa(fav)= {(1 )0 — . b<o.

4. THE CATEGORY OF FINITE DIMENSIONAL INTEGRABLE U-MODULES

Let X7 = Z, x7Z (i.e. ©1 is the subset of Z? consisting of those A such that L())
is a finite dimensional U(G)-module), and let QF = {w = (¢%,¢") : (a,b) € ¥T}.
Let § be the category formed by finite dimensional weight U-modules M whose
simple subquotients are those L(w) with w € QF. For a U-module M and an
element v € M, we denote by (v) the submodule of M generated by wv.

For w € QF, we set Q(w) = U @y, Lo(w). Then Q(w) is a projective object in
§. Fix a highest weight vector vg of Lg(w), write the element u ® v of Q(w) as uw,
and let

(4.1) Q" =Qw), Q'=(eavy), Q%= (esv0), Q= (ezeavp);

wO == (qa7qb)7 wl _ (qa—17qb)7
Then if a = b = 0, we have Q' = Q?, Q3 = K(w?
Q'/Q° = K(w?); otherwise, we have Q° 2 Q' 2
Q/QT 2 K(w'),0<i<3.

2:

&

—
(=
\/:Q
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The U-module Q(w) is a direct sum of indecomposable objects in §. We are
interested in the indecomposable direct summand I(w) of Q(w) which has K(w)
as its quotient. Consider the weight subspace Q(w).. Let {vgo<k<a be a basis of
Lo(w) such that (set v_1 = v,41 = 0)

(4.2) toe = ¢* oy, equ = [a — k + 1og—1, frox = [k + ogsa.

Then {vo, faeavo, f3esvo, foezvi, f3frezeavp} is a basis of Q(w)..
To find a generator of I(w), let

(43) Vy = CoUg + 01f2€2U0 + 02f3€3’UQ + 03f2€3’l}1 + C4f3f2€3€2’l}0.

Then the condition for v, to be a maximal vector is ejv, = esv, = 0, which leads
to a homogeneous linear system on the ¢;’s with a one-dimensional solution space,
we choose the following solution:

(4.4) co=—q 'Blla+b+1],e1 =q b, ca=q 3bl,c3=—q "2 cs=1.

Ifb#0,a+b+1# 0, then (4.3) and (4.4) provide a unique (up to multiple)
maximal vector v,, which generates a copy of K(w) as a direct summand of Q(w).

Lemma 4.1. Let w = (¢%,¢°) € Q1 be such that b # 0 and a + b+ 1 # 0. Let
v, be the mazimal vector provided by (4.3) and (4.4). Then Q(w) = (v,) ® Q' as
U-modules, where Q' is defined in (4.1).

Proof. Under the assumption of the lemma, the coefficient ¢y of v, defined in (4.5)
is not zero; hence vy € (v,) + Q! and therefore Q(w) = (v,) + Q. To see that
the sum is a direct sum, we only need to note that the sum is a direct sum as
U~ -modules. O

Ifb=0ora+b+1=0, then the maximal vector v, does not generate a direct
summand of Q(w). However, we have the following lemma.

Lemma 4.2. Let w!' and w? be defined as in (4.1). Then we have

i) For b=a =0, there exists a weight vector v,, of weight w such that

1) erv, =0, (ezeavy,) = (eseavp);

2) (vy) is a direct summand of Q(w) and (vy,)/(eseav,,) = K(w).

it) For b=10, a > 0, there exists a weight vector v, of weight w such that:

1) e1v, = egv, =0, eav, # 0;

2) (vo) is a direct summand of Q(w), eav, is mazimal, (eavy,)
(v)/(e200) = K(w).

iii) For a+ b+ 1 =0, there exists a weight vector v, of weight w such that:

1) eyv, =0, esv, # 0,

2) (v,) is a direct summand of Q(w), esv, s mazimal, (e3v,)
(vw)/(esvs) = K(w).

Proof. i) For a = b = 0, let v, = vo — qfae2vo — ¢~ L faezvg, v2 = e3vg + faezesvp.
Then v? is maximal, (v?) = K(w?), eav, = fzezeavp, and e3v, = qfrezeavy. Hence
the statement follows with the U-module decomposition Q(w) = (v,) ® (v?).

i) If b =0, a > 0, let v, = qla+ 1Jvg — fzezvg — q*[a] "' f2e3v1; then ejv, =
e3v, = 0 and egv, # 0. It follows that esv, is maximal, (eqv,) = K(w!), and
(vo)/(e2v,) = K(w). Furthermore, Q(w) = (v,,) ® Q2. In fact, since Q% = (ezvy),
it can be verified that vy € (v,,)+Q?; hence Q(w) = (v,)+ Q2. Since the coefficient
of vy is not zero, the sum is a direct sum as U~ -modules.

IR

K(w') and

IR

K(w?) and
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ili) fa+b+1=0, let u, = —[bJvg + f2e2vp, and let
v = —q(q+ [B])[aleavo + (1 + g7 [b))esvr + ¢"F [a] fseseavo + faeseaus.

Then egu,, = 0, ezu,, # 0, and e3u,, is maximal, so (ezu,,) = K (w?) and (uy)/(e3u,,)

~ K(w) (since ejuy, = [1 — b]7faesu, € (e3u,)). Also v! is maximal and
QW) = (uy) ® (v!) @ (ezeavp). Now let v, = [a + 2]u, — fre1uy; then (vy,) = (uy)
and ejv,, = 0. So iii) follows. O

Let the direct summand of Q(w) provided by Lemma 4.1 and Lemma 4.2 be
I(w) (ie. I(w) = (vy)); then I(w) is a projective object in §. If b #0, a + b+ 1 #
0, then I(w) = K(w) is indecomposable. For b = 0 or a+b+1 =0, I(w) is
also indecomposable. Because for b = 0, any submodule of I(w) contains the
submodule (f2fsezeszvy,) ( for a = 0) or (faeqv,) = L(w) (for a > 0); and for
a+b+1 =0, any submodule of I(w) contains the submodule (uegv,,) = L(w),
where u = [a]f3 + q*f2f1. Hence I(w) is the projective cover of L(w) in §. On the
other hand, if P is an indecomposable projective object of §, then it must be the
projective cover of some L(w) and hence must be one of the I(w). Hence we have
the following theorem:

Theorem 4.3. The indecomposable projective objects of § are indexed by the ele-
ments of ©T, and their structures are given by Lemma 4.1 and Lemma 4.2.

5. CRYSTAL BASES

Let § be the category of U-modules defined in section 4, and let M € §. Follow-
ing [7], we define a crystal basis for M to be a pair (L, B) satisfying the following
conditions:

(5.1) L is a free A-module such that M = C(q) ®4 L.

(5.2) B is a basis for L/qL.

(5.3) L is stable by é; and f;, i = 1,2.

(5.4) é,B, f;BC BU{0},i=1,2.

(5 5) L= @L)\,B ]_[BA,where Ly = LQMA,B)\ZBQ(LA/QLA).

(5.6) For b, b’ € B, b = f1b if and only if &b’ = b.

We first consider the crystal basis for a highest weight U-module in §. Let

= (¢% ¢*) € O, and let {v;}o<k<a be the basis of Lo(w) as described by (4.2).

Let Lk (w) be the lattice in K (w) consisting all A-linear combinations of the
elements of

(5.7) B (w) = {vk, ¢ favr, =" f3vr, —q~* f2 f30r o<h<a-

By abusing notation, we also let B (w) C Lk (w)/qLk (w) be the set of the equiv-
alence classes of the elements in Bg(w). Then we have

Theorem 5.1. The pair (Li(w), Bi(w)) is a crystal basis for K(w).
In order to prove this theorem, we need two lemmas.

Lemma 5.2. As a Uy-module, K(w) decomposes as follows:

i) For a = 0, K(w) = C® C @ Lo(q,q°) with generators vo, f3fove and fovg
respectively.

i) For a > 0, K(w) 2 Lo(w) ® Lo(w1) ® Lo(ws) ® Lo(ws), where wy = (¢+1,¢%),
wa = (¢% ¢**Y), ws = (¢, ¢**Y), with generators vy, fovo, f3favo, q*[a]™! foavy +
favg respectively.
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Proof. We just need to note that vectors listed in the lemma are in the kernel of e;
and the dimensions add up right. O

Let

By = {vk, f1* favo, — 1247 fafavo, — 12 ([a] ™  favr + ¢~ fawo) :

5.8
(5:8) 0<k<a0<k <a+1,0<ky<a,0<ks<a-—1}

Lemma 5.3. The linear span of By over A is Lx(w) and Bx = Bi(mod ¢Lk(w)).

Proof. In the proof, the congruences will always be modulo gLk (w). We first note
that when a = 0, By = {vq, favo, — faf3v0, — f3v0} = Bk (w). For a > 0, we claim
that
—k
g q f2vk7 k<a+ 17
5.9 ¥ favg =
( ) f1f2 0 {—fg’Ua, k:a—|—1
Fial ™ favs + ¢ fav0) = ¢ favk, 0<k<a-—1.
These relations can be proved by using induction on k. For example, for the first
formula, note that it holds for £ = 0, and assume that it holds for £ — 1 > 0; then

FE favo = (K] fuff " favo = (K] g fufovk
= K] T oy = o1 = g7 favr — K] g TF oo
_ {q_kfgvk, k<a+1,
—f3ve, k=a+1.
Now the lemma follows from (5.9). |

Proof of Theorem 5.1. By Lemma 5.2 and Lemma 5.3, (Lx(w), B1) is a crystal
basis for K(w) as a Uj-module (a lower basis, see [8]); hence (5.1)— ( 6) hold for
¢ = 1. Since it is clear from the definition of B (w) that foBx(w) C Bx(w) U {0},
the theorem follows.

FEfafsvo = fafsvn, 0<k<a;

(by (5.7))

Remark. In our definition of the crystal bases, we do not require é28 C B U {0}.
This reflects the fact that in order to require a crystal basis be a crystal basis for Uy
via restriction, we need to give up something, due to the presence of the relations

= f2 = 0, which lead to ejegeies = esereser and fifafifo = fafifof1 in U, and
in these last two relations, the indeterminate ¢ is not involved.

Corollary 5.4. Let 7 : K(w) — L(w) be the quotient map, let L1 (w) = 7(Lk (w))
and let Br(w) = ' (B (w))\{0}, where ' : Lx(w)/qLk(w) — Lr(w)/qLr(w) is
the induced map. Then (L1 (w),Br(w)) is a crystal basis for L(w).

Proof. One just needs to note that the kernel of 7 is given by: i) {0} if a+b+1#0
and b # 0; or ii) (fafsvg) if @ = b = 0, or (favg) if @ > 0 and b = 0; or iii)
([a]= Y fav1 + ¢ % f3v0) if a + b+ 1= 0. |

In order to construct crystal bases for any U-module M € §; we need to construct
crystal bases for the indecomposable projective modules I(w). By Theorem 4.3,
I(w) is generated by a single vector of weight w; we fix such a generator provided by
Lemma 4.1 and Lemma 4.2, and denote it by v,,. If a = b = 0, we have ésv,, = esv,,,
€162V, = €3V, €2€1€2V, = e2e3V,, with esesv, a vector of maximal weight in
I(w). If b= 10, a > 0, then éyv, = esv,, is a vector of maximal weight in I(w). If
a+b+1 =0, direct computation shows that é;é2v, = —¢* (¢~ — [a]q) tesv,, is
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a vector of maximal weight in [(w). For all these three cases, we use v to denote
the vector of maximal weight we just described. Also if I(w) = K (w), we let v = 0.
For our convenience, we also denote vy = v, and v = flkvo. Set

By (w) = {vr, ¢ F fovr, =" favn, —q " fafavk, fF0, ¢ fof o,
— ", —q s fi 0 0 < k< a,0 < ky <d},

whered=0ifa=b=0,ora—1ifb=0anda>0,ora+1ifa+b+1=0. Let
L;(w) be the linear span of B} (w) over A, and let B;(w) be the image of B}(w) in
L1(w)/qLr(w).

Theorem 5.5. The pair (L1(w), Br(w)) is a crystal basis of I(w), and if M is a
quotient of I(w), 7 : I(w) — M is the projection, then (w(Lr(w)), 7' (Br(w))\{0}) is
a crystal basis of M, where ' : L1(w)/qL1(w) — 7(L1(w))/qr(L1(w)) is the map
induced by 7.

Proof. Since eqv, = 0 and e;v = 0, by Lemma 5.2, Lemma 5.3 and the definition of
Br(w), (Lr(w), Br(w)) is a crystal basis for I(w) as a Uy-module. Since foB8r(w) C
Bi(w)U{0} by the definition of Br(w), we see that (L;(w), Br(w)) is a crystal basis
for I(w). Hence the first statement follows.

Now let M be a quotient of I(w) and let I(w)/N = M. We may assume that
N # (0). By Corollary 5.4, we may also assume that I(w) # K(w). We consider
the three cases listed in Lemma 4.2 separately.

Casei): a = b= 0. In this case, note that by the proof of Lemma 4.2, f5fseaesv,,
is maximal, fov,, is primitive and

es fov, = (HQ - f2€2)vw = —f2€2(U0 — qfaeavp — q_lf?,esvo)
= fafzesezvo = fafzeaezv, = fafsv.

We see that N must be one of the submodules (f2f3v), (v), (f2v,) and (fav,,v).
Hence from the structure of I(w) and the definition of B;(w), we can conclude that
the theorem holds in this case.

Case ii): @ > 0, b = 0. In this case, fov is maximal, fyv, is primitive and
es fav, = faeav, = fov, and the theorem holds in this case.

Case iii): a+b+1=0. Let

u=q"[a]" fovr + fsvo, w1 = (¢""a+ 1" fof1 + f3)v.

Then N is one of the submodules (u), (u1), (v) and (u,v), and the theorem also
holds in this case. O

Corollary 5.6. FEvery projective object in § has a crystal basis.

Theorem 5.7. Every module M € § has a crystal basis. In fact, if P is the
projective cover of M in §, (Lp,Bp) is a crystal basis of P, m : P — M s the
quotient map, then (m(Lp), 7' (Bp)\{0}) is a crystal basis for M, where 7' is the
induced map from Lp/qLp to w(Lp)/qm(Lp).

Proof. Let P = @, ;< I(wi). We use induction on k. The case k = 1 is covered
by Theorem 5.5. Assume the result for 1 < k < n and consider the case k = n.
Let I1 = I(w1), I» = @yejcp, I(wi). Let V =m(I5) and let m : V& I — M be
defined by m; = id@n|;,. Then by the induction assumption, V has a crystal basis
formed by the images of the crystal basis of Io; let this crystal basis be (L, B).
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Let the kernel of m; be N. Then we may assume that N # {0}. Otherwise
M =2V & I, and there is nothing to prove. Note that NNV = {0} and 71 ([;) is
not a subset of 71(V) (since P is the projective cover of M, n must be minimal).
So there exists a proper submodule N’ of I; such that N = N’. Hence in order to
find a crystal basis of M we only need to take L and a crystal basis of I; /N’. Now
the proof of the second statement of Theorem 5.5 applies, and we can complete the
proof of the theorem. O

Corollary 5.8. Let M € §, let (L, B) be a crystal basis of M provided by Theorem
5.7, and let m : M — M’ be a quotient map. Then (w(L),n'(B)\{0}) is a crystal
basis of M', where ' : L/qL — w(L)/qn(L) is the induced map.

Proof. This is clear from Theorem 5.7. |

It is clear from the construction of the crystal basis of K(w) (see also (5.9)) that
crystal bases for L(w) are not unique. If @ > 0 and b = 0, then K (w)/(favo) = L(w);
we let

(5.10) Bl (w) = {vr, ¢f 7 favg : 0 < k < a,0 < ky < a—1},
and if a + b+ 1 =0, then K (w)/(q%[a] "t fav1 + favo) = L(w), we let
(5.11) Bl (w) = {vk, fi* fovo : 0< k < a,0 < ky <a+1}.

Then in each of these cases, (L1 (w), Br(w)) is also a crystal basis for L(w).

6. A CRYSTAL BASIS FOR U~
As in the Lie algebra case, we now try to melt a crystal basis.

Lemma 6.1. For every u € U™ with deg(u) = b, there exist unique elements u™
and uw~ € U™ such that

6.1)  eu— (—1)%ue; = (Liw™ —t;7'wT)/(g—q7t), i=1,2, b=deg(e).
Proof. This follows from the following identity:

eiff = fler = (" k + 1 =t g R+ 1)/ (a— a7,
the relations e fo = faeq, eafi = fies, and (2) in section 2. O

By Lemma 6.1, we can define endomorphisms e;" and e;, ¢ = 1,2, of U™ by
letting efu = ut and e; u = u~ for all w € U~ with u* and u~ as in (6.1). Then
U~ becomes a U’-module, where U’ is generated by the endomorphisms e;” and f;
(fi acts on U~ by left multiplication), i = 1,2, with the relations

e; fi =q " fie; + dij,
(e7)%e5 —(g+q Nereyer +e;(er)? =0,
fife=(a+q ) fifafr+ foff = 0.

Lemma 6.2. We have K = {1, fa, fafs, f3} C kerel, and {ffu:u € K,k € Z,}
is a basis of U™ .

Proof. The first statement follows from a direct computation and the second state-
ment follows from the PBW theorem. O
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Thus, we can define endomorphisms é; and fl (note that these operators are
defined not just for the finite dimensional representations of Uy) of U~ by

e (1)) = ()" u,  fi((f1)Du) = (f1) " Du, € kerey.

We also define the operators &, and f; as in (3.4).
Now imitating the definition of the crystal basis for K(w), we consider the fol-
lowing set of elements of U ~:

Boo) ={ff 1Lfif2-Lafffs -1, —flfofs - 1:k € Zy}.

Let L~ (o00) be the linear span of B(oo) over A, let B~ (00) be the images of the
elements of B(co) in L™ (00)/gL~ (00). Then we have

Theorem 6.1. With the above notation, (i) The pair (L~ (c0), B~ (00)) is a crystal
basis for U™.

(i) Let w = (¢%,¢°) € QF be such that (a,b) is atypical, let vo be a highest
weight vector of L(w), let L be the linear span of B’ = {b- vy : b € B(c0)} over
A, and let B be the nonzero images of the elements of B' in L/qL. Then (L,B) =
(Lr(w), Br(w)), where Br,(w) is chosen as in (5.10) or (5.11).

Proof. From the definition of B(c0), in order to verify (i), we only need to verify
(5.3) and (5.4) for f,. By using induction on k, one can prove the following identity
inU™:
k—1
Y IO D A VPR A

=0

Thus we have foff - 1= qff " fs- 1, foflfo- 1= [ fofs- 1, foqfifs-1=0,
and fo(—fFfafs-1) = 0. So (i) follows. To verify (i), we consider the case that
a+b+1 = 0. The other cases can be considered similarly (and more easily).
We need to verify that we get the images of the elements in (5.11) from B’. By
comparing these two sets, we see that we only need to note that the images of
qfF fsvo and —fF fa f3vp are 0 in L/qL. But by the statement preceding (5.11), we
have

aff favo = q"Ha] " i fov1 =0 ( mod ¢L),

and
— [t fafavo = —q[a] "M ff fafrvr = 0.
Thus (ii) follows. O
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