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POINCARÉ INEQUALITIES AND QUASICONFORMAL
STRUCTURE ON THE BOUNDARY

OF SOME HYPERBOLIC BUILDINGS

MARC BOURDON AND HERVÉ PAJOT

(Communicated by Frederick W. Gehring)

Abstract. In this paper we shall show that the boundary ∂Ip,q of the hyper-
bolic building Ip,q considered by M. Bourdon admits Poincaré type inequali-
ties. Then by using Heinonen-Koskela’s work, we shall prove Loewner capacity
estimates for some families of curves of ∂Ip,q and the fact that every quasi-
conformal homeomorphism f : ∂Ip,q −→ ∂Ip,q is quasisymmetric. Therefore
by these results, the answer to questions 19 and 20 of Heinonen and Semmes
(Thirty-three YES or NO questions about mappings, measures and metrics,
Conform Geom. Dyn. 1 (1997), 1–12) is NO.

1. Introduction

In a recent work Heinonen and Koskela [8] showed that in metric spaces in which
the modulus of the family of curves joining two continua is controlled, quasiconfor-
mal homeomorphisms are quasisymmetric. They characterized such spaces (called
Loewner spaces) by the existence of Poincaré type inequalities. For instance, Rn

(n ≥ 2), Carnot groups, and so the boundary of any noncompact symmetric space
of rank 1 (and dimension at least 3) are Loewner spaces. In this paper we shall
show that the boundary of some hyperbolic buildings belongs also to this class of
spaces.

For every p ≥ 5 and every q ≥ 3, we denote by Ip,q the Tits building whose
apartments are hyperbolic planes with curvature −1, whose chambers are regular
hyperbolic p-gons with angle π

2 and whose link of each vertex is the complete
bipartite graph with q + q vertices (see [2] and [12] for complete treatment about
buildings; see [1] and section 2 for more details on hyperbolic buildings).

The hyperbolic building Ip,q is a hyperbolic space in the sense of Gromov (see
[3]). More precisely, it is a CAT(−1)-space (which means that its triangles are
thinner than those of the hyperbolic space with curvature −1) and therefore has
a boundary at infinity ∂Ip,q. Here the boundary ∂Ip,q is homeomorphic to the
Menger’s Universal Curve (recall that this set is a continuum obtained as an ana-
logue of the classical Cantor middle-third set by punching holes out of a cube in
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some regular manner). We can equip the boundary of Ip,q with a natural metric
δp,q which has the following properties:

- the metric space ∂Ip,q is geodesic (which means that every couple of points
can be joined by a curve whose length is equal to the distance between the
two points);

- its Hausdorff dimension Qp,q is equal to Pansu conformal dimension of ∂Ip,q;
- its Hausdorff measure µp,q is Ahlfors-regular with dimension Qp,q, which

means that there exists C > 0 such that, for every ξ ∈ ∂Ip,q and every
r ∈ (0, diam ∂Ip,q),

C−1rQp,q ≤ µp,q(∂Ip,q ∩B(ξ, r)) ≤ CrQp,q .(1)

Throughout the paper, B(ξ, r) denotes the open ball in ∂Ip,q with center ξ and
radius r for the metric δp,q.

Remark. The number Qp,q = 1 +
log(q − 1)

Argch(p−2
2 )

(see [1], Theorem 1.1) is strictly

bigger than 1 and is not an integer.

We shall prove in this paper the following results:

Theorem 1. Let Ip,q be a hyperbolic building as defined above. Then its boundary
∂Ip,q admits weak (1, α)-Poincaré inequalities for every α ≥ 1, which means that
there exist constants C0 > 0 and Cα > 0 such that

−
∫

B

|u− uB|dµp,q ≤ Cαdiam B

(
−
∫

C0B

ραdµp,q

) 1
α

(2)

whenever
- B is an open ball in ∂Ip,q;
- u : ∂Ip,q −→ R+ is a bounded continuous function in the ball C0B (which is

the ball with the same center as B but whose radius is equal to C0 times the radius
of B);

- ρ : ∂Ip,q −→ R+ is a very weak gradient of u in C0B, which means that for
any two points x, y in C0B,

|u(x)− u(y)| ≤
∫

γ

ρ(s)ds(3)

for every rectifiable curve γ joining x and y in C0B.

We denote by uB the average of u in B : uB =
1

µp,q(B)

∫
B

udµp,q = −
∫

B

udµp,q.

Remarks. (i) In fact, we can take C0 = 1 in (2) (see [6]). The weak (1, 1)-Poincaré
inequality is the strongest Poincaré inequality as it implies the others by Hölder
inequalities. Therefore, we shall prove inequality (2) only for α = 1. It should be
noted that the Poincaré inequalities (2) are similar to the usual inequalities in Rn

(see e.g. [5]).
(ii) The definition of the very weak gradient is not so surprising. For instance,

in Rn, |∇u| is a very weak gradient of the smooth function u. It should also be
mentioned that for every function u in ∂Ip,q, a very weak gradient always exists
(take ρ = ∞) and it is not unique.



QC STRUCTURE ON THE BOUNDARY OF SOME HYPERBOLIC BUILDINGS 2317

Theorem 2. Let Ip,q be a hyperbolic building as defined above. Then,
a) ∂Ip,q is a Loewner space;
b) every quasiconformal homeomorphism f : ∂Ip,q −→ ∂Ip,q is quasisymmetric.

This theorem is an easy consequence of the results contained in [8] and of The-
orem 1. We now provide some of the definitions needed.

The metric space ∂Ip,q is a Loewner space if the modulus of the family of curves
joining two continua is controlled. More precisely, for every t > 0,

λ(t) = inf{mod(E, F, ∂Ip,q) : ∆(E, F ) ≤ t} > 0(4)

whenever E and F are nondegenerate continua in ∂Ip,q (recall that a continuum is
a compact connected set),

∆(E, F ) =
dist(E, F )

min(diam E, diamF )
and

mod(E, F, ∂Ip,q) = inf
∫

∂Ip,q

ρQp,q dµp,q,

where the infimum is taken over all the measurable positive functions ρ such that∫
γ

ρ(s)ds ≥ 1 for every rectifiable curve γ joining E to F .

Roughly speaking, in a Loewner space, there are a lot of nice curves joining two
continua. Since the metric measure space ∂Ip,q is geodesic, compact and Ahlfors
regular, Theorem 2 follows from Theorem 1 and Theorem 5.7 in [8] (which gives a
characterization of Loewner spaces in terms of weak Poincaré inequalities).

Let f : ∂Ip,q → ∂Ip,q be a homeomorphism.
For every ξ ∈ ∂Ip,q, every r > 0, set

Hf (ξ, r) =
sup{|f(ξ)− f(η)|; |ξ − η| ≤ r}
inf{|f(ξ)− f(η)|; |ξ − η| ≥ r} .

We say that f is quasiconformal (QC) if there exists H < ∞ such that, for every
ξ ∈ ∂Ip,q,

lim sup
r→0

Hf (ξ, r) ≤ H.

We say that f is quasisymmetric (QS) if there exists H < ∞ such that, for every
ξ ∈ ∂Ip,q, every r > 0, Hf (ξ, r) ≤ H .

Quasiconformal (respectively quasisymmetric) homeomorphisms distort the
shape of infinitesimal balls (respectively of every ball) by a uniformly bounded
amount. For instance, a quasiconformal (respectively quasisymmetric) homeomor-
phism of C transforms a ball of small radius (respectively, every ball) in an “ellipse”
whose eccentricity is bounded. Theorem 2 part b) is an easy application of Theo-
rem 4.9 of [8] and of the fact that ∂Ip,q is a Loewner space. In fact, the equivalence
between quasiconformal structures and quasisymmetric structures was proved by
Gehring [4] in R2, by Gehring and Väisälä in Rn, n ≥ 2 (see [14]), and by Heinonen
and Koskela [7] in Carnot groups. Heinonen and Koskela showed (see [8]) that the
crucial point to obtain this equivalence was the Loewner capacity estimates (4).

Väisälä [15] proved that every quasisymmetric homeomorphism of a metric space
is quasimöbius. Moreover, Paulin [11] showed that every quasimöbius homeomor-
phism of the boundary of a Gromov quasihomogeneous hyperbolic space is induced
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by a quasiisometry of the space. Hence, from this and Theorem 2 we deduce the
following result (see [7] for similar theorems for Carnot groups).

Corollary 3. Let Ip,q be a hyperbolic building as above and let f : ∂Ip,q → ∂Ip,q

be a quasiconformal homeomorphism. Then, f is induced by a quasiisometry F :
Ip,q → Ip,q.

A mapping F : Ip,q → Ip,q is a quasiisometry if there exists λ > 1, k ≥ 0 such that

λ−1|x− x′| − k ≤ |F (x)− F (x′)| ≤ λ|x − x′|+ k,

whenever x and x′ are in Ip,q and if there exists ε > 0 such that F (Ip,q) is ε-dense
in Ip,q .

Remark. The converse of Corollary 3 is true for general hyperbolic spaces (see [3]).

It seems that the boundaries of hyperbolic buildings Ip,q are the first examples
of regular metric spaces admitting weak (1, 1)-Poincaré inequalities and of Loewner
spaces with Hausdorff dimension Q not an integer. Thus, the answer to question
19 of [9] (“If X is a Q-Ahlfors regular space that admits a weak (1, 1)-Poincaré
inequality, is then Q an integer?”) and the answer to question 20 (“If X is an
Ahlfors regular Loewner space for some Q > 1, is Q then an integer?”) is NO.

Our arguments to prove (2) are quite standard (see for instance the discussion in
[13]): we shall prove an inequality equivalent to (2). Namely, whenever ξ, η ∈ ∂Ip,q,
we control the variation |u(ξ)− u(η)| by some maximal functions of the very weak
gradient of u. The key point is then to find a “good” family of curves joining two
points ξ and η in ∂Ip,q.

The paper is organized as follows. In section 2, we introduce the hyperbolic
buildings and we give some of their useful properties. In section 3, we shall prove
Theorem 1.

2. The metric measure space ∂Ip,q

The hyperbolic building Ip,q has the following property. It is the unique simply
connected cell 2-complex such that:

- its 2-cells are regular hyperbolic p-gons with angles
π

2
;

- two of its 2-cells share at most one edge or one vertex;
- the link of each vertex is the complete bipartite graph with q + q vertices.

Recall that the link of the vertex x of the complex X is the graph Lx such that:
- its vertices are the edges of X containing x;
- two vertices i and j of Lx are related by an edge if a face of X contains both

the edges represented by i and j (see Figure 1).
An apartment A of Ip,q is a copy of the hyperbolic plane of curvature −1. It is
equipped with a natural tesselation by its chambers. A wall of A is a hyperbolic
geodesic contained in the 1-skeleton of the pavage.

A geodesic ray R of Ip,q is defined by R = s([0,∞)) where s : R → Ip,q is an
isometry. We say that two geodesic rays are asymptotic if their Hausdorff distance
is finite. This relation on the set of geodesic rays is an equivalence relation and the
set of equivalence classes coincides with the boundary of Ip,q (see [3] Proposition
3.2).

Let I be a hyperbolic building as above. We omit henceforth the letters p and q
and we shall follow in this section the terminology of [1].
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L 3,3 6,3I

Figure 1. The building I6,3 and its link L3,3

We now choose a basepoint x in the space I and let δx be the metric on the
boundary ∂I of I related to x and defined in [1] (Lemma 3.1.4). This metric has
the following fundamental property:

There exists a positive constant C so that

C−1a−{ζ|ζ
′}x ≤ δx(ζ, ζ′) ≤ Ca−{ζ|ζ

′}x ,(5)

whenever ζ, ζ′ are in ∂I. Here {.|.}x denotes the combinatorial Gromov product

defined in [1], 2.4.C, and a = exp
(

log (q − 1)
Q− 1

)
. In particular, the combinatorial

Gromov product {ξ|ξ′}x is the number of walls of A which intersect both [x, ξ) and
[x, ξ′) whenever x, ξ and ξ′ are in the same apartment.

Remark. The last inequality is classic for visual metrics and Gromov product in
hyperbolic spaces (see [3]).

Thus, fix two points ξ and η in ∂I. The main goal of this section is to find a
nice family of curves (Γt) joining ξ and η in 2Bξ,η (where Bξ,η is a ball in ∂I which
contains ξ and η and whose diameter is δx(ξ, η)) such that we can control the size
of the set of parameters t.
We begin with some notations and remarks. Let A be an apartment of I whose
boundary contains ξ and η, let c be a chamber of A which contains x, let K be the
compact subgroup of Isom(I) which fixes c pointwise and let H be the subgroup
of K which fixes ξ and η. We can always suppose that x ∈ A, since for each
y ∈ I, we have in a neighborhood of ∂A, δy ∼ a−|y−z|δz where z is the “orthogonal
projection” of y on A (see [1] 2.4.5).

Note that K and H act isometrically on (∂I, δx) because of the definition of δx

(see [1], page 262).
We denote by dk and dh the Haar probabilities of K and H and by da the Haus-

dorff measure of (∂A, δx |∂A). Consider the continuous and surjective projection
Π:

Π : K × ∂A −→ ∂I

(k, ζ) −→ Πζ(k) = kζ.

Thus, µ = Π∗(dk×da) (namely the image measure of dk×da by Π) is Q-regular on
∂I where Q is the Hausdorff dimension of ∂I (see [10] for the definition of Hausdorff
dimension and Hausdorff measure).



2320 MARC BOURDON AND HERVÉ PAJOT

Finally, we denote by [ξη] the segment of ∂A joining ξ and η of smallest length
and C the “cone” defined by

C = Π(H × [ξη]) =
⋃

h∈H

h[ξη].

The restriction of the metric δx to [ξ, η] is geodesic; therefore [ξ, η] is isometrically
equivalent to the real interval [0, l] where l = δx(ξ, η). We denote by t the point of
[ξ, η] whose distance from ξ is t. We identify the measure da with dt. For every
t ∈ [0, l], let γt be the probability Πt∗(dk) on Kt (= {kt, k ∈ K}; namely, the fiber
over t).

Note that (h[ξ, η])h∈H is a family of curves joining ξ and η of length δx(ξ, η) and
the following lemma will give an estimate on the size of the “set of parameters” H
on each fiber.

Lemma 4. a) For every t ∈ (0, l), the probability Πt∗(dh) on Ht is

Πt∗(dh) =
1

γt(Ht)
γt |Ht.(6)

b) There exists a positive constant C > 0 (which depends only on I) such that

C−1(φl(t))Q−1 ≤ γt(Ht) ≤ C(φl(t))Q−1(7)

whenever t ∈ (0, l), and where φl(t) = inf(t, l − t).

Proof. Note that b) implies a). Indeed, by b), γt(Ht) 6= 0 for every t ∈ (0, l);

therefore the probability
1

γt(Ht)
γt |Ht is well defined. Moreover, the probabilities

Πt∗ and
1

γt(Ht)
γt |Ht are H-invariant on Ht, since Ht is homogeneous under H ;

thus they are equal (by unicity of the invariant measure, see for instance [10],
Theorem 3.1).

We begin now with the proof of b). We shall start by defining geometrically Kt
and Ht. For this, we consider first the geodesic rays [xξ), [xη) and [xt) of A (recall
that the geodesic ray [x, ξ) is the image of the interval [0,∞) by an isometry s such
that s(0) = x and s(∞) = ξ). Even if it means moving x in the chamber c, we
can suppose that [xt) does not pass through any vertex of the pavage of A by its
chambers.

Set T = K[xt). Then, T is a tree whose root is x and whose geodesic rays from
x are the images of the ray [x, t) by the elements of K. Its vertices are the points of
intersection of T with the walls of I. Since [xt) does not intersect any vertex of the
pavage of A, the valence of each vertex is equal to q. We can identify the boundary
of T with Kt and the probability γt with the standard probability of a rooted tree
of valence q.

We now consider the subset U = H [xt) of T . To describe it, we associate each
vertex of the ray [xt) of T with an integer. Since each vertex of T is the image
of an unique vertex of [xt) by a unique element of K, the vertices of T can be
equipped by a K-invariant labeling. We say that a number n ∈ N is good if the
wall of A which intersects [xt) at the vertex “n” intersects neither [xξ) nor [xη).
Thus, U is a subtree of T whose vertices which have good numbers are of valence q
and whose vertices which carry bad numbers are of valence 2. To see this, remark
that the apartments which contain the chamber c and whose boundary contains ξ
and η are obtained in the following way: we “bend” the apartment A along a wall
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which intercepts neither [x, ξ) nor [x, η), whereas the demi-apartment containing c
remains fixed so that we obtain a new apartment A′ containing c. We repeat this
procedure for A′ and a wall of A′, and so on.

We can again identify Ht with the boundary of U and then, by the description
of U and γt, we have

γt(Ht) = (q − 1)−N

where N is the cardinal of the set of vertices with bad number.
Recall that by (5), one has,

Q − 1 =
log(q − 1)

log a
,

so we obtain

γt(Ht) = a−(Q−1)N = (a−N )Q−1.

We have to compare a−N and φl(t). For this, we consider the combinatorial Gro-
mov product {.|.}x (see [1], page 256). Therefore, {ξ|t}x (respectively, {t|η}x,
respectively, {ξ|η}x) is the number of walls of A which intersects both [xξ) and [xt)
(respectively, [xt) and [xη), respectively, [xξ) and [xη)). Hence,

N = {ξ|t}x + {t|η}x − {ξ|η}x.

Thus, by (5),

C−1 δx(ξ, t)δx(t, η)
δx(ξ, η)

≤ a−N ≤ C
δx(ξ, t)δx(t, η)

δx(ξ, η)
.

But,
δx(ξ, t)δx(t, η)

δx(ξ, η)
=

t(l − t)
l

which is comparable to φl(t), and Lemma 4 follows.

3. Proof of Theorem 1

In this section we shall prove (2) for α = 1.
Because ∂Ip,q is compact and Ahlfors-regular, the Poincaré inequality (2) is

equivalent (see [8], Lemma 5.14) to the following inequality:

|u(ξ)− u(η)| ≤ Cδx(ξ, η) (MRρα(ξ) + MRρα(η))
1
α(8)

whenever u : BR −→ R+ is a continuous function in the ball BR of radius R, the
points ξ and η are in BC−1R, ρ is a very weak gradient of u in BR and MRg is the
maximal function defined by

MRg(ξ) = sup
r<R

1
µB(ξ, r)

∫
B(ξ,r)

gdµ.

We now begin the proof of (8) for α = 1. The notations are the same as in the
previous section.

By definition of the very weak gradient, for every h ∈ H ,

|u(ξ)− u(η)| ≤
∫ l

0

ρ(ht)dt where l = δx(ξ, η).(9)
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Thus, integrating the last inequality, we obtain

|u(ξ)− u(η)| ≤
∫

H

∫ l

0

ρ(ht)dtdh ( because h is a probability)(10)

=
∫ l

0

(∫
Ht

ρΠt∗(dh)
)

dt (by Fubini’s theorem)

=
∫ l

0

(
1

γt(Ht)

∫
Ht

ρdγt

)
dt (by Lemma 4)

=
∫ l

0

f(t)dt (where f(t) = −
∫

Ht

ρdγt).(11)

We shall need an elementary lemma of real analysis.

Lemma 5. Let Q ≥ 1. Then, there exists a constant C > 0 such that

1
l

∫ l

0

f(t)dt ≤ C

(
sup
r≤l

1
rQ

∫ r

0

φQ−1
l (t)f(t)dt + sup

r≤l

1
rQ

∫ l

l−r

φQ−1
l (t)f(t)dt

)
(12)

whenever l > 0, f is a positive Borel function on [0, l] and where, for every t ∈ [0, l],
φl(t) = inf(t, l − t).

Proof. Note that it is sufficient to prove (12) for l = 1 (to see this, make the change

of variables u =
t

l
in the integrals and note that φl(t) = lφ1( t

l )).
We cut the integral of f in the following way.∫ 1

0

f(t)dt =
∑
n≥1

∫ 2−n

2−n−1
f(t)dt +

∑
n≥1

∫ 1−2−n−1

1−2−n

f(t)dt

def=
∑
n≥1

In +
∑
n≥1

Jn.(13)

But, for every n ≥ 1,

In =
∫ 2−n

2−n−1
f(t)dt = 2Q−12−n

(
1

2−nQ

∫ 2−n

2−n−1
(2−n−1)Q−1f(t)dt

)
.(14)

Note that φ1(t) = t if t ∈ [2−n−1, 2−n]. Thus,

In ≤ 2Q−12−n

(
1

(2−n)Q

∫ 2−n

0

φQ−1
1 (t)f(t)dt

)

≤ 2Q−12−n

(
sup
r≤1

1
rQ

∫ r

0

φQ−1
1 (t)f(t)dt

)
.(15)

By the same argument, we have

Jn ≤ 2Q−12−n

(
sup
r≤1

1
rQ

∫ 1

1−r

φQ−1
1 (t)f(t)dt

)
.(16)

The inequality (12) follows from (13), (15) and (16).
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We shall now finish the proof of (8). Applying the inequality (12) to the second
member of (11), we obtain

|u(ξ)− u(η)| ≤ Cl sup
r≤l

r−Q

∫ r

0

φQ−1
l (t)γt(Ht)−1

∫
Ht

ρdγtdt

+ Cl sup
r≤l

r−Q

∫ l

l−r

φQ−1
l (t)γt(Ht)−1

∫
Ht

ρdγtdt.

Therefore, using Lemma 4 and the Ahlfors-regularity of µ, we have

|u(ξ)− u(η)| ≤ Cδx(ξ, η) sup
r≤l

1
µ(B(ξ, r))

∫ r

0

∫
Ht

ρdγtdt

+ Cδx(ξ, η) sup
r≤l

1
µ(B(η, r))

∫ l

l−r

∫
Ht

ρdγtdt.

Fubini’s theorem yields

|u(ξ)− u(η)| ≤ Cδx(ξ, η) sup
r≤δx(ξ,η)

1
µ(B(ξ, r))

∫
B(ξ,r)∩C

ρdµ

+ Cδx(ξ, η) sup
r≤δx(ξ,η)

1
µ(B(η, r))

∫
B(η,r)∩ C

ρdµ

where C is the “cone” defined in section 2.
The inequality (8) follows easily.
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[14] J. Väisälä, Lectures on n-dimensional quasiconformal mappings, Lecture Notes in Mathe-
matics 229, Springer-Verlag (1971). MR 56:12260
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