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Abstract. If X is a Banach space with the non-strict Opial property and
rX (1) > 0 and C is a nonempty convex weakly compact subset of X, then
every semigroup T = {Tt : t ∈ G} of asymptotically regular selfmappings of C
with σ (T) < 1 + rX (1) has a common fixed point.

1. Introduction

The study of fixed points of uniformly lipschitzian mappings was initiated by K.
Goebel and W. A. Kirk in 1973 [10] and next developed by several authors (see [4],
[6], [12], [13], [18] and [20] for updated literature). Recently T. Dominguez Bena-
vides and H.-K. Xu [8] introduced a new geometrical coefficient which is especially
useful in the investigation of asymptotically regular lipschitzian mappings [6], [13].
The aim of this paper is to improve the known fixed point theorems for this class
of mappings in Banach spaces with the non-strict Opial property.

2. Preliminaries

Throughout (X, ‖·‖) is a Banach space which is assumed not to be Schur.
That is, X has weakly convergent sequences that are not norm convergent. We
will use the following notations. If {xn}n≥1 is a bounded sequence in (X, ‖·‖)
and x ∈ X , then ra (x, {xn}) = lim supn→∞ ‖x− xn‖. A number diama {xn} =
limk→∞ sup {‖xn − xm‖ : n, m ≥ k} is called an asymptotic diameter of {xn} . A
weakly convergent sequence coefficient (see [5] is defined by

WCS (X) = sup
{

k : k · lim sup
n→∞

‖xn‖ ≤ diama ({xn})

for all weakly convergent to 0 sequences in X

}
.
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A Banach space X is said to satisfy Opial’s condition [24] (a non-strict Opial
condition), if whenever a sequence {xn} in X converges weakly to x, then

lim inf
n→∞ ‖x− xn‖ < lim inf

n→∞ ‖y − xn‖(
lim inf
n→∞ ‖x− xn‖ ≤ lim inf

n→∞ ‖y − xn‖
)

for every y ∈ X\ {x}.
Opial’s modulus rX of X is introduced (in [25]) as

rX (c) = inf
{
lim inf
n→∞ ‖xn + x‖ − 1

}
,

where c ≥ 0 and the infimum is taken over all x ∈ X with ‖x‖ ≥ c and all sequences
{xn} in X such that w- limn→∞ xn = 0 and lim infn→∞ ‖xn‖ ≥ 1. The function rX

is continuous and nondecreasing [23], [28]. Next we have the following inequality
(see [23]):

1 + rX (1) ≤ WCS (X) .

A semi-Opial coefficient with respect to the weak topology, w-SOC (X) for short,
is defined as follows (see [3]):

w-SOC (X) = sup
{

k : k · inf
{xni}i≥1

,xni
⇀y

ra

(
y, {xni}i≥1

)
≤ diama ({xn})

for each {xn}n≥1 with weakly compact conv
(
{xn}n≥1

)
and xn − xn+1

n→0
}

.

If w-SOC (X) > 1, then (X, ‖·‖) has a uniform semi-Opial property with respect
to the weak topology [3]. Directly from the above definitions we get [3]

1 ≤ WCS (X) ≤ w-SOC (X) .

As we mentioned in the Introduction T. Domı́nguez Benavides and H.-K. Xu
defined the constant κω (X) in Banach spaces [8]. If X is a Banach space and C is
a nonempty convex bounded closed subset of X , then

(a) a number b ≥ 0 has a property (Pω) with respect to C if there exists a > 1
such that for all x, y ∈ C and r > 0 with ‖x− y‖ ≥ r and each weakly
convergent sequence {zn} with elements in C, lim supn→∞ ‖x− zn‖ ≤ ar and
lim supn→∞ ‖y − zn‖ ≤ br, there exists z ∈ C such that lim infn→∞ ‖z − zn‖
≤ r;

(b) κω (C) = sup {b > 0 : b has the property (Pω) with respect to C} ;
(c) κω (X) = inf {κω (C) : C is a nonempty bounded convex closed subset of X}.
It is easy to observe that

κω (X) = inf {κω (C) : C is a nonempty bounded convex

weakly compact subset of X} .

Hence we get κω (X) ≤ WCS (X) [8].
Let X be a Banach space and T : C → C. We use a symbol |T | to denote the

exact Lipschitz constant of T , i.e.,

|T | = inf {k ∈ [0,∞] : ‖Tx− Ty‖ ≤ k ‖x− y‖ for all x, y ∈ C} .
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Let X be a Banach space, C a closed convex bounded nonempty subset of X , G
an unbounded subset of [0,∞) such that

t + h ∈ G for all t, h ∈ G,

t− h ∈ G for all t, h ∈ G with t ≥ h

and T = {Tt : t ∈ G} a family of self-mappings on C. T is called a semigroup of
mappings on C if

(i) Ts+tx = TsTtx for all s, t ∈ G and x ∈ C,
(ii) for each x ∈ C, a mapping t → Ttx from G into C is continuous when G has

the relative topology of [0,∞)
If T satisfies (i) - (ii), then

σ (T) = lim inf
t→∞ |Tt| .

If T satisfies (i) - (ii) and

sup
t
|Tt| = k < ∞,

then T is called a uniformly lipschitzian (uniformly k-lipschitzian) semigroup.
The simplest uniformly lipschitzian semigroup is a semigroup of iterates of a

mapping T : C → C with

sup
n
|T n| = k < ∞.

In this case T is called a uniformly k-lipschitzian mapping. In a natural way this
kind of semigroup appears in the problem of stability of the fixed point property for
nonexpansive mappings. Namely, if (X, ‖·‖) is a Banach space, ‖·‖1 is an equivalent
norm such that the Banach-Mazur distance

d ((X, ‖·‖) , (X, ‖·‖1))

= inf
{‖f‖∥∥f−1

∥∥ : f : X → X is an isomorphism
}

= k < ∞
and T : C → C is ‖·‖1-nonexpansive, then T is uniformly k-lipschitzian in the
norm ‖·‖ . In the Hilbert space l2 J.-P. Baillon [1] found an example of a fixed-
point-free uniformly π

2 -lipschitzian mapping and D. Tingley [26] proved that any
noncontractive (i.e.

‖x− y‖ ≤ ‖T nx− T ny‖
for x, y ∈ C and n = 1, 2, ...) uniformly k-lipschitzian mapping with k < π

2 acting
on a closed bounded set in the Hilbert space has a common fixed point. The results
obtained in [7], [16], [17] and [22] give a new light on the Baillon example. They
imply that there does not exist an equivalent norm in l2 with the Banach-Mazur
distance less or equal to π

2 in which the Baillon mapping is nonexpansive.
In [14] one also can find the interesting construction of the uniformly lipschitzian

mapping with

lim inf
n→∞ |T n| < lim sup

n→∞
|T n| .

If T satisfies (i) - (ii) and for each x ∈ C, h ∈ G

lim
t→∞ ‖Tt+hx− Ttx‖ = 0,
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then T is asymptotically regular. The concept of asymptotic regularity is due to
F. E. Browder and W. V. Petryshyn [2]. In [21] and [27] one can find two very
interesting examples of asymptotically regular mappings without fixed points. By
the Ishikawa result [15] (see also [9], [11] and [19]) in the problem of stability of the
fixed point property for nonexpansive mappings in Banach spaces it is sufficient to
consider asymptotically regular and nonexpansive mappings which become asymp-
totically regular and uniformly lipschitzian mappings in each equivalent norm to
the original one.

In [6] and [8] the following theorem was proved (we leave it here in the form due
to J. Górnicki [13]).

Theorem 2.1. Let X be a Banach space, C a nonempty convex weakly compact
separable subset of X and T = {Tt : t ∈ G} be an asymptotically regular semigroup.
If either

σ (T) = k <
√

WCS (X)

or

σ (T) = k < κω (X) ,

then there exists z in C such that Ttz = z for all t ∈ G.

If we deal with the semi-Opial coefficient with respect to the weak topology, then
the following theorem is valid [4].

Theorem 2.2. Let X be a Banach space, C a nonempty convex weakly compact
subset of X and T = {Tt : t ∈ G} be an asymptotically regular semigroup of uni-
formly lipschitzian mappings, i.e. there exists a constant k such that |Tt| ≤ k for
every t ∈ G. If

k <
√

w-SOC (X),

then there exists z in C such that Ttz = z for all t ∈ G.

In the next section we will try to improve the upper bounds of σ (T) which
guarantee the fixed point property of T in Banach spaces with the nonstrict Opial
property. Our result is new even for the semigroups of iterates of uniformly lips-
chitzian mappings.

Finally let us observe that the class of uniformly lipschitzian mappings on C is
completely characterized as the class of mappings on C which are nonexpansive
relative to some metric on C which is equivalent to the norm [12].

3. Existence of common fixed points of semigroups of mapping

We begin with the following simple fact.

Lemma 3.1. If for s > 0 and c ≥ 0 we define rX,s (c) by

rX,s (c) = inf
{
lim inf
n→∞ ‖xn + x‖ − s

}
,

where the infimum is taken over all x ∈ X with ‖x‖ ≥ c and all sequences {xn} in
X such that w-limn→∞ xn = 0 and lim infn→∞ ‖xn‖ ≥ s, then we get

s + rX,s (c) = s
(
1 + rX

( c

s

))
.(3.1)

The above lemma is used in the proof of our main result.
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Theorem 3.2. Let X be a Banach space with rX (1) > 0 and with the non-
strict Opial property, C a nonempty convex weakly compact subset of X and T =
{Tt : t ∈ G} an asymptotically regular semigroup with

σ (T) = k < 1 + rX (1) .

Then there exists z in C such that Ttz = z for all t ∈ G.

Proof. Let us select a sequence {tn} and 0 < c < 1 such that

σ (T) = k = lim
n→∞ |Ttn | , tn →∞,

σ (T) ≤ sup
n
|Ttn | < 1 + rX (c) < 1 + rX (1) .

Since one can easily construct a nonempty closed convex separable subset C0 of
C which is invariant under each Ttn (i.e. Ttn (C0) ⊂ C0 for n = 1, 2, ...), we may
assume for a while that C itself is separable. By passing to a subsequence this
makes possible to assume additionally that for each x ∈ C the sequence {Ttnx} is
weakly convergent and

ra (y, {Ttnx}) = lim
n→∞ ‖y − Ttnx‖(3.2)

for every x, y ∈ C. Let us define a function p on C by

p (x) = ra (y, {Ttnx}) = lim
n→∞ ‖y − Ttnx‖ ,

where Ttnx ⇀ y. Then for Ttnx ⇀ y we have

p (y) ≤ cp (x) .(3.3)

Let us suppose this were not the case. Then we can find sequences Ttnx ⇀ y and
Ttny ⇀ z such that (after eventually throwing out a finite number of indices - see
the limit which appears in (3.2))

inf
m
‖z − Ttmy‖ > cp (x) .(3.4)

If p (x) = r (y, {Ttnx}) = 0, then we have

‖y − Ttmy‖ ≤ ra (y, {Ttnx}) + ra (Ttmy, {Ttnx})

≤ p (x) + |Ttm | · ra (y, {Ttn−tmx}n)

and the asymptotic regularity of T implies ‖y − Ttmy‖ = 0 for m = 1, 2, ... and
therefore y = z, but this contradicts (3.4). Hence p (x) = ra (y, {Ttnx}) > 0. Now
the asymptotic regularity of T, the nonstrict Opial property and the application of
(3.1) and (3.2) yield to the following contradiction:

[1 + rX (c)] · p (x) = [1 + rX (c)] · ra (y, {Ttnx}) > σ (T) · ra (y, {Ttnx})

≥ lim sup
m→∞

ra (Ttmy, {Ttnx}) ≥ lim sup
m→∞

[
1 + rX

(‖y − Ttmy‖
p (x)

)]
· p (x)

=
[
1 + rX

(
limm→∞ ‖y − Ttmy‖

p (x)

)]
· p (x)

≥
[
1 + rX

(
limm→∞ ‖z − Ttmy‖

p (x)

)]
· p (x) ≥ [1 + rX (c)] · p (x) .
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Hence the inequality (3.3) is valid. Thus we are able to construct the sequence
{xm} ⊂ C in the following way:

x0 ∈ C arbitrary,

xl = w- lim
n→∞Ttnxl−1 for l = 1, 2, ... .

Using (3.3), the w-l.s.c. of the norm and the asymptotic regularity of T we obtain

‖xl+1 − xl‖ ≤ ra (xl+1, {Ttnxl}) + ra (xl, {Ttnxl})

≤ p (xl) + lim sup
n→∞

lim sup
m→∞

‖Ttmxl−1 − Ttnxl‖

≤ p (xl) + lim sup
n→∞

lim sup
m→∞

[‖Ttmxl−1 − Ttn+tmxl−1‖+ ‖Ttn+tmxl−1 − Ttnxl‖]

≤ p (xl) + k · p (xl−1) ≤ cl−1 · (c + k) · p (x0)

which shows that {xl} is strongly convergent to x and

p (x) ≤ lim
l→∞

lim
n→∞ [‖x− xl+1‖+ ‖xl+1 − Ttnxl‖+ |Ttn | · ‖xl − x‖] = 0.

The asymptotic regularity of T implies Ttnx = x for n = 1, 2, ... . Now we return
to the original set C and the semigroup T. Then, if we apply again the asymptotic
regularity of T we get

‖Ttx− x‖ = lim
n→∞ ‖Tt+tnx− Ttnx‖ = 0

for each t ∈ G and this completes the proof.

4. Comparison of 1 + rX (1) with other geometric coefficients

The following example shows that 1 + rX (1) can be greater than κω (X).

Example 4.1. Let X = l2 ⊕ R be equipped with a norm

‖(x, r)‖ = ‖x‖2 + max
{
|r| − 1

2
‖x‖2 , 0

}
,

where x ∈ l2, r ∈ R and ‖·‖2 is the usual l2 norm. The space X has the non-
strict Opial property. More careful calculation than in [28] shows 1 + rX (1) = 5

4 .
Next, it is easy to observe that WCS (X) = w-SOC (X) =

√
2 and

√
WCS (X) =√

w-SOC (X) < 5
4 . Now we compute κω (X). Let us take arbitrary 1 < a < b. For

sufficiently small 0 < ε < 1 the numbers

a · (1− ε)− 1
2

and b · (1− ε)− 1
2

are strictly greater than 1
2 . Let yn = (en, 0) for n = 1, 2, ..., where {en} is the

standard basis in l2. For r = 1− ε and

x =
(

0,
1
2
− a · (1− ε)

)
, y =

(
0, b · (1− ε)− 1

2

)
we get ‖x− y‖ > 1 > r, limn→∞ ‖yn − y‖ = br, limn→∞ ‖yn − x‖ = ar and
limn→∞ ‖yn‖ = 1 > r. All these facts imply κω (X) = 1.
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The next example shows that the coefficient
√

WCS (X) is better in some cases
than 1 + rX (1).

Example 4.2. In a Banach space X with the uniform Opial condition [25] (i.e. for
each c > 0, there exists r > 0 such that

lim inf
n→∞ ‖ξ + ξn‖ ≥ 1 + r

for each ξ ∈ X with ‖ξ‖ ≥ c and all weakly null sequences {ξn} in X such that
lim inf
n→∞ ‖ξn‖ ≥ 1) the coefficient κω (X) is equal to 1 + rX (1) (see [8]). As it was

shown in [6] the space X = l2 renormed by

‖x‖ =

|x1|p +

( ∞∑
n=2

|xn|2
) p

2


1
p

,

where x = (xn) ∈ l2 and 2 < p < ∞, has the uniform Opial property, κω (X) =
1 + rX (1) ≤ 2

1
p and WCS (X) = w-SOC (X) =

√
2. For sufficiently large p we get

κω (X) <
√

WCS (X) =
√

w-SOC (X).

5. Final remarks

Remark 5.1. The space from Example 4.1 was suggested to H.-K. Xu by P.-K. Lin
[28] as the space which has c0 (X) = sup {c ≥ 0 : rX (c) ≤ 0} < 1 but does not have
Opial’s property.

Remark 5.2. Generally the coefficient rX (1) seems to be easier for computation
than κω (X). As we see above κω (X) can be strictly less then 1 + rX (1) . Does
there exist a Banach space X with 1 + rX (1) < κω (X)?

Remark 5.3. The simple analysis of the proof of Theorem 2.2 in [8] gives the fol-
lowing result.

Theorem 5.1. For every Banach space X we have

1 + rX (1) = sup
{

b > 0 :

∀r>0∀x,y∈X∀{xn}⊂X

[(
‖x− y‖ ≥ r ∧ xn ⇀ x ∧

∧ lim sup
n→∞

‖y − xn‖ ≤ br

)
=⇒ lim inf

n→∞ ‖x− xn‖ ≤ r

]}
.
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