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ABSTRACT. For every uncountable cardinal p there is a ccc Boolean algebra
whose topological density is p.

1. INTRODUCTION

For a Boolean algebra B, the topological density d(B) is the minimal cardinal
such that there is a family {D¢ : £ € u} of ultrafilters of B with the union B\ {0}.
Note that if St(B) is the Stone space of B, then d(B) is the density of St(B) (as a
topological space). A Boolean algebra B has the countable chain condition (ccc) if
there is no uncountable collection of pairwise disjoint elements of B\ {0}.

The question we consider in this paper is: what cardinals are topological densities
of ccc Boolean algebras? Hajnal, Juhdsz, and Szentmikléssy [HJS] prove that under
some mild set-theoretic assumptions every uncountable cardinal is the topological
density of some ccc Boolean algebra. We prove here that the above statement is a
theorem of ZFC.

Theorem 1. For every uncountable cardinal p there is a ccc Boolean algebra B,
such that d(B) = p.

The rest of the paper is devoted to the proof of the theorem. Let pu be an
uncountable cardinal. The idea of the proof is to define B as a quotient of a free
Boolean algebra generated by {z, : v € T}, where T is a set of cardinality 2#. The
reason we index the generators by a set T', rather than 2#, is that an additional
structure on 7' is helpful in defining the quotient. In particular, the quotient is
defined by imposing a set of restrictions of the form x,, Nz,, N (—(zy, A& 4, )) =0,
for some vgy,v1,n9,m1 in 1. The definition of T is quite technical but it is the key
element of the proof that the topological density of our algebra is > p (Lemma
4.1).

The motivation behind the construction of 7' (and getting the density large) is
the following observation which we state here, in the countable version, since it may
be of more general interest. The property below is actually a little stronger than
the one we really use.
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Claim 1.1. Let B be a Boolean algebra and assume that there is a set X C B such
that X is not the union of finitely many centered sets and for each v < w1 we have

V<3:5:£<1/+> CXVF: [V+]2 Rt g
2
Flye : E<vT) C X V€ [vT] we Aye S apee)-
Then the topological density of B is at least w1 .

The construction of 7" is done in section 2. In section 3 we give the definition of
the algebra B and prove that it has the ccc. In the last section we prove that the
topological density of B is exactly p.

2. PRELIMINARIES

In this section we define the set T" and the set of quadruples used in the definition
of B. For a cardinal o < p let h, : [0F]? — o be such that

(a) it is one-to-one,
(b) for every X € [07]°" and j < o there is j; € (j,0) and ig,i; € X such
that hg(io,il) = jl mod o.

To prove that such a function exists it is enough to show that there is a function
h! :[07]? — o such that (b) holds. Indeed, then we can define h, to be any 1-1
function from o™ to o™ such that h, (o, 3) = hl (o, 3) mod o.

In order to define k., first fix 1-1 functions g, : & — o for every o < oF. Now
for a < 8 define hl (e, ) = gs(a). To prove (b) let X € [07]°". Let 8 € X be
such that the set Xg = {a € X : & < 3} has cardinality o. Since gg is 1-1 it follows
that the image of [X3]? under A/ is cofinal in o; hence (b) holds.

Definition 2.1. We define, by induction on o < u*, 7, = (Ta,0a, PL, FT)
(I < 8,m < 2) such that:

) T is a set of finite sequences,

(PL :1 < 8) is a partition of T,

oa is a function from T, to {0 : Ny < o < pu},

™ is a partial, two-place, symmetric function from P to T,,
o 1s increasing, continuous in «, i.e., if § < a, then

) TE - Taa

) Pé:PéﬂTg for I < 8,
) o =0a | T3,
)
)

(1
(2)
(3)
(4)
(5)

'5\151

—_
Qo o

PP =F7 | [Tp)? for m < 2,
if o is a limit, then To, = Ug_, 1]

@

—_

Case 1. a= 0. Define Tp = {()}, P{ = {()}, (so Pt =0 for I #0). a0({)) = p-

Case 2. a = 1. Define Ty = To U {{0) : Rg < 0 < pu}, PL = {(0) : Rg < 0 < u},
o1({o)) = 0.

Case 3. « is a limit. Put To = Uy, Tp, Pt =Ugeq Phy 00 = Us<a©
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Case 4. o= [+ 1. Define T, = Ty U {Ty,; : | < 8}, where
TaO =0,
={no) :neTs\ (P3UPS),n (o) € Tp,Ro < 0 < ap(n)},
= {n(0) : € T\ (P3 U P7),n(0) & T},
a3—{77 (p{0)) ™ {p) € Ts \ (P3 U PE).n{p™{0)) & T5},
T35 = {n"(p) : n € Ts, p a sequence of limit length and
(V¢ <lg(p))(n™(p I ¢) € T but n™(p) & Tp)},
Toa={n"(p) € To° : 1g(p) < o5()*},
Tos =Ty \ Taua,

Tos ={n"(p"(vo, 1)) : 1 (p) € T \ (P U Pj),
and 0 (p) < wv,1 = 0,1, and vo, vy € Tp,vo # 11},

Tor = {n"{(p) (i) : n™(p) € P3, and i < o3(n)", and n~(p) (i) & Tp}.
Let P, = Pé UTy, for I < 8, and define o, by:

os(T) if 7 € T,
0a(T) = ¢ 7(n) ifreTya,lg(r)=n+1,
og(tIn) if1e{Ty:1#1}1g(t)=n+1.

(')

(
defined, or for some n™(p) € P for [ = 1,2, we have 7, = 7™ (p) ~(i1), i1 # i2, and

p(C) is a pair (vo, 1), i.e., n(p | ((vo,11)) € PE, where ¢ = h, () (i1,i2). In the
first case define Fy* (71, 72) = F3" (71, 72). In the second case define Fy* (71, 72) = vim.

Finally, define F", m = 0,1. F'(mi,72) is well defined if Fg*(71,72) is well

Proposition 2.2. (1) T, is well defined for o < p™.

(2) Each member of T, (o < ) is a finite sequence.

(3) For everyn € T+, the sequence (o(n [ k) : k <1g(n)) is non-increasing.

(4) If n™(p) € P53 and mi,ma < 2, 71,72,73,72 € {n " (p) (i) : i < o(n)T}
and F(;nl (Tl,Tg) = F£12(T3,7'4), then mi = mao, {’7’1,’7’2} = {7’3,7’4}, More-
over, the conclusion holds if we assume that FI" (11,72) | lg(n"p) =
2 (3, 1a) [g(n™p).

(5) Ifn e PZ+, then n is mazimal in (T),+, <), otherwise n has infinitely many
successors in T+

(6) |T,+|=2"

Proof. Straightforward.
Let T =T+, Plzpjﬁ for 1 <8, 0 =0,+ and Fy, = FIt, m =0, 1.

Definition 2.3. (1) We say that X C T is 1-closed if:
(a) ()€ X,
(b) if n<m, m € X, thenn € X,
(c) if n™(p) € P5 and for k = 1,2, 7, = n(p) " (ir) € X, i1 # iz and
m < 2, then F,,(11,72) € X if it is well defined.
(2) We say that X C T is 2-closed if it is 1-closed and:
(d) if n(p (o, 11)) € PSN X, then vg,v; € X,
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(e) if np1), n(p2) € X and ¢ = sup{{ : p1 [ & = p2 | &}, then
npr I ((+1)) € Xif ¢ <lg(p1), and n(p2 | ((+1)) € X if
¢ <lg(p2).

Proposition 2.4. (1) T, is 2-closed for a < p™.
(2) The family of k-closed sets is closed under intersections, k =1, 2.
(3) If X C T is finite, then cli(X) is finite, k =1,2.

Proof. (1) and (2) are straightforward. To prove (3), prove by induction on «, that
if X C T, is finite, then clg(X) is finite.

3. DEFINITION OF THE ALGEBRA, AND THE CCC

In this section, we first define the algebra, and second, we prove that it has the
ccc. The proof is preceded by two propositions, which give a sufficient condition
for an element of the algebra to be non-zero.

Definition 3.1. (1) By is the Boolean algebra generated by {z, : n € T} freely,
except the equations in the following set:

I'= {e71;7'2 = [le Nz, N (_(xFO(Tl>T2) A xFl(ﬁ,‘Q))) = O] :
71,72 € T, and F,,,(71,72) is well defined, m = 0,1}.

(2) For X C T let
I'x ={ern 71,72 € X, and Fj(1,72) is well defined I = 0, 1}.

(3) For a < p define Br, to be the subalgebra of Br generated by {z, : n € T, }.
(4) By is the trivial Boolean algebra with the universe {0,1}.

Note: for n € T we consider x, to be an element of Br, i.e., it is an equivalence
class of the element z,,.

Proposition 3.2. For a Boolean term t = t(yo,... ,Yn—1) and no,... ,Mp—1 € T,
Br E t(xy,, ..., 2y, ) > 0 if and only if there is a function f : T — {0,1} such
that Bo Et(f(n0),..., f(nn=1)) =1 and (%) holds, where for X C T we define:

(*)s.x Ifer r, €'x and f(11) =1 = f(72), then f(Fo(r1,72)) # f(F1(T1,T2)).

Proof. (1) Assume that f: T — {0,1} is such that By F t(f(10),... , f(n-1)) =1
and (%) holds. Note that Br |= t(zy,,... 2y, ,) > 0 if and only if there is
a homomorphism h : By — By such that By = h(t(xy,,... Ty, ,)) = 1. The
function f : T — {0,1} defines a homomorphism f from a free algebra generated
by {z, : n € T} into By. Such a homomorphism induces a homomorphism of Br
into By if and only if f(zr, N @7, N (—(TE,(ry,7) A TFy(ry,72)))) = 0 for 71,75 such
that F, (71, 72) are well defined. Clearly this is equivalent to (%) 7.
(2) Assume Br E t(zyy, ... ,Zp,_,) > 0. Without loss of generality

t(xﬁov cee 7'1:7777,71) = ﬂ ff;gl),

I<n

where € : n — {0,1}, and 2 = z, and 2° = —2. Moreover, we can assume that
{no,-- yMn=1} is 1-closed. Define f : T — {0,1} by: f(m) = €(l) for I < n, and

f(p) = 0 for p & {no,... ,mn—1}. Clearly Bo = t(f(no),...,f(mm-1)) = 1 and
(*)f,T holds.
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Proposition 3.3. (1) If X C T is 1-closed, f : X — {0,1}, (x)rx holds,
N0y sMn—1 € X, and t(yo,... ,Yn—1) is a Boolean term such that By F
t(f(no),..., f(Mn=1)) =1, then Br E t(zy,,... , Ty, _,) > 0.

(2) Forn#vinT, Br E z, # x,; moreover, Br F (z, \ z,) > 0.
B)IFXCYCT, h(X)CY, 5o stipo1 €Y, f:Y — {0,1}, X C
FH{1D), t(yo,- .- syn—1) is a Boolean term such that

BoEt(f(no)s--- s f(n-1)) =1,

and e, -, € Ux implies that |{Fo(T1,72), Fi(T1,72)} N f1{1})| = 1, then
Br Et(xyg, .. Ty, ,) > 0.

Proof. (1) Use 3.2 for f UOp\y. For (2) use part (1) with X =T, f(n) = 1 and
f(p) =0 for p #n. (3) is similar to (1).

Lemma 3.4. Br satisfies the ccc, in fact a strong version of the ccc: for every
collection of k = cf(k) > N elements of Br, there is a subcollection of size k which
generates a filter.

Proof. Let Br F aq > 0 for a < k. Let aq = to(Ty, 0., Tp,.,.. ), €ach iy is a
Boolean term. Without loss of generality we can assume that:
(1) {7Ma,05--- sMana—1} is 2-closed for each «a,
(2) to =t, ng =n, for some t,n and all o < k&,
(3) ({{Nak : k <n}:a<k)isa A-system, i.e., for some n(x) < n we have: if
k< n(x),a < Kk, then o = nk, and ({Ner : k € [n(x),n)} : @ < k) is a
sequence of pairwise disjoint sets.

We can assume that n > n(x); otherwise a, = ag for every a < k, and we are
done. Let fo : T — {0,1} be such that (), 7 holds and

BO F t(fa(naﬁ)u ce 7fo¢(770¢7n—1)) =1

Without loss of generality we can assume that:

(4) fa(Max) = tk, i-e., does not depend on a,

(5) the truth values of “nak, < Nak,”s “lg(Nak) = M”, “Nak € P do not
depend on a.

(6) it n™(p) € P> {m : k < n(x)}, 71 =n"(p) (i) = Nakss k1 € [n(x),n),
and 72 = n7{p) (i2) = Na ke, ko € [n(x),n), i1 # io, then Fo(ri,72) &
{m. : k <n(x)}; moreover, Fo(r1,72) [ 1g(n™(p)) & {mk : k <n(x)},

(7) ifn™p) € PPN{ng s k <n(x)}, a < B <k, 11 =07(p) (1) = Naks» k1 €
[n(*)7n), T2 = 77A<P>A<i2> =18kss k2 € [n(*)vn)v i1 # iz, then Fl(TlﬂTQ) I
lg(n™(p)) & {Nak : k <n,a <k} forl=0,1.

It is easy to satisfy (4) — (6). To satisfy (7) note that the function F(x,x) |
lg(n~p) is 1-1 by 2.2(4). Therefore we can choose a required sequence by induction
of length k.

Now we will show that if ag, ...,y < &, then Br F am > 0. It is

enough to define f : T — {0, 1} such that (*) 7 holds and
Bo Et(f(Mayn,0)s - s f(Mayum—1)) = 1 for m < m(x).

Define f(v) =1 if and only if one of the following occurs:
(a) v € {Nap ki k<n,m<m(x)} and fa,, (v) =1.

m<m(x)
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(b) For some n(p) € PPN {nr : k < n(x)} and my # ma, and ki, ko €
[n(x),n), we have n™(p)"(i1) = N, kir 1 (P) " (i2) = Nayy, ko and v =
F0(77am1,k1a77am2,k2)~

Lemma 3.5. (1) Bo Et(f(Nam,0)s--- s f(Mapm.n—1)) =1 for m < m(x).
(2) (%)y,1 holds.

Proof. (1) It suffices to prove that f | {Na,..05--- s Namn—11 C fa,,. Assume first
that fa,, (Ma,,.5) = 1. By the definition of f we have f(14,, ) = 1. Now assume
that f(na,. ) = 1. Hence, one of the cases (a) or (b) holds. If case (a) holds we
are done. So suppose that (b) holds. By (7) and the fact each {nax : k& < n} is
2-closed, it follows that 1., &k & {Nak : @ < K, k < n}, a contradiction.

(2) Assume that () s p fails. Then thereise,, ,, € I'r such that 11 = n7(p) ~(i1).
vy = n"(p) " (i2), i1 # iz and f(v1) = 1 = f(v2) and f(Fo(v1,v2)) = f(Fi(v1,v2)).
Working toward a contradiction we consider three cases.

Case 1. v1,v2 € {Na,, k : m < m(x),k < n}. Hence, there is my, ma2 < m(x), and
k1, ke < mn such that v1 = 1a,,, k15 V2 = Ny, ks-

If m; = ma, then as {1, r : k < n} is l-closed, we have vy, vq, Fy(v1,12),
Fi(v1,v2) € {na,,, .k : k <n}. Since (x)g,, . holds, we get a contradiction.
Hence my # ma, and ki, ko € [n(*),n). By the definition of f we have

f(Fo(vi,12)) = 1,
so it suffices to show that f(Fj(v1,v2)) =0. Assume to the contrary that

f(Fi(v1,12)) = 1.
Hence as F1(v1, 1) & {Nak : @ < K,k <n} by (7), case (b) must hold. So there is

*p*)y € PPN {77;.C k < n(x)} and 71,72 such that
(i) 71 =n0""(p") " (i3) =Ny ks>

(i) 72 = 0" (p") " (ia) = Ny, ha

(iii) k3,k4 € [n(x),n),

(iv) ms # my,

(V) Fl(Vl,I/Q) Fo(Tl,TQ).

Note that n* " (p*) # n(p). On the other hand (v) implies that n = n* by
2.2(4). Let ( =sup{€:p* [ £ =p | &} Since {nx : k < n(x)} is 2-closed, it follows
that n™(p* | {) =n{p | ) € {nk : k < n(x)}; moreover, both n™(p* | ((+1)) and
(o | (C+ 1)) are in {ni k< n(+)}.

Note that lg(Fy(m1,72)(lg(n™{p)))) = ¢. Otherwise, {Fo(Tl,Tz),Fl(Tl,Tz,)} N
{Fo(v1,v2), F1(v1,v2,)} = 0. Hence, Fo(71,72) [1g(n™(p)) =n"p [ ¢) € {mk :
n(x)}, contradicting (7).

Case 2. {v1,v2} N {Na,, k: m < m(x),k <n}is a singleton. By symmetry assume
that v1 € {Na,, x : m < m(x),k < n}. Hence there are n* " (p*) € PPN {nk : k <
n(x)}, 71,72 and m < m(x), ig # i4, k, k3, ks < n such that

(a) vy —nam k>

(b) v Fo(Tlsz)

(c) 71 =n""(p") " (is),
(d) T2 =n""(p*)"(ia).
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It follows that n* " (p* | {) < va =7 (p) (i2), where ¢ = hy(y«)(i3,14).

As the last element of the sequence n* " (p* | ¢) has length ¢ we must have
7 (p* | ¢) <n. Hence, n* {(p* | ¢) € {Nan,.k : k <n}. Since {nq,, r : k <n}is 2-
closed and it follows by 2.3(2)(e) that v2 € {na,. .k : ¥ < n}, we have a contradiction.

Case 3. {v1,v2} N {Na,,.k = m < m(x),k <n}=0. By the definition there are 7,
my, ki, iy for L =1,... 4 such that vy = Fo(71,72), and vo = Fy(13,74), and

(@) 71 =n1(p1) (01) = Novyn, x> T2 = N1 P1) " (12) = Ny 4y »

(b) my # ma, iy # iz,

() T3 =m3(p2)"(13) = Napy y> T4 = M5 (P2)(04) = N, 1, >
(d) ms3 7& my, i3 7é i4a

(€) ni(p1),mz (p2) € PPN {mk : k < n(x)}.

Let ¢1 = ho(p,)(i1,92), (2 = Ro(n,)(i3,14). Note that n7(p1 [ (1) < n™(p) and
ny (p2 | G2) < n(p). Hence, either ni{p1 | C1) < my{p2 I G2) or ny(p2 | C2) <
n{p1 | C1). Assume the first case, the other is symmetric. If n7(p1 | (1) =
n5 (p2 [ Ca2), then (1 = (o = sup{€ : p1 [ £ = p2 [ £}, as v1 # vo. Hence, both

n{p1 | ¢1) and n3(pa | C2) are in {nx : k < n(x)}, and by 2.3 vi,1v0 € {nr 1 k <
n(x)}, contradiction. Therefore n7(p1 [ (1) < n2. Since n2 € {n; : k < n(x)}, also
ni{p1 | ¢1) € {mk : k < n(x)}. As above this implies that 11 € {n; : k < n(x)},
contradiction.

4. THE EXACT DENSITY
In this section we prove that the topological density of the algebra B is u.
Lemma 4.1. d(Br) > p.

Proof. Assume that d(Br) < u. Hence, there is a sequence D® = (D;9 1§ < d(Br))
of ultrafilters of By such that for every a € By \ {0} there is j such that a € D?.
Let
F = {0 : 0 < p and there are n and D such that:

(a) neT\ P o(n)=o,

(b) D= (Dj:j <o) is asequence of ultrafilters of Br,

(¢) ifn<wvi,n<ue,v1 # v, then z,, A x,, € U D;}.

j<o

Note that F # . In particular (), D® witness that d(Br) € F. Let 0* = min(F)
and let n*, D* witness that o* € F. Note that o* > Ry. Without loss of generality

o* = o(n*), (otherwise use n* " (c*) instead of o*).
Now we choose by induction on ¢ < (6*)*, a sequence p¢ such that:

(1) " pc) €T,

(2) 1g(pc) =1+,

(3) §<( = pe=pc | (1+),

(4) 7" (pcs1) € PO, pes1(C) = (vo,¢,v10),

(6) if (=0"¢€+j,j <o* then (v, Awy )& Ui<j Dy.
For { =0, let po = (¢*). For ¢ limit put p¢ = U£<C pe. For ( =&+1, (= o"E+7,
if we cannot find suitable (vp,v1), then n* (pe), (D] : ¢ < j) witness that j € F,
contradicting the minimality of o*.
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Let p* = p(g(n=))+- Note that for every i1 < iz < 0%, we have Ty«~(pey~,) O
Ty ~(p=)~(in) € Uj<p- Dj. Hence, there is j(x) < o* such that X = {i < (0%)* :
Ty ~p)~(i) € Dj(,y} has cardinality (c*)*. Now let j; € (j(x),0*) and ig,i; € X
be such that he«({ig,%1}) = j1 mod o* (j1 exists by the definition of hy+).

Now let 79 = n* {p*) (o), 71 = n* (p*)(i1). Hence, Fy(19,71) = vp, and
Fi(m0,71) = vie, where € = hox({i0,91}). So er,,r, € I'r. Note that z,, Nz, €
D5y, and @y, & @y, & Dj, as j(x) < ji. Hence, —(zy,. & @y,.) € Dj,.
On the other hand, e, € I'r implies that z,, N z7 N —(zy,. & @, ) = 0,
contradiction.

Lemma 4.2. d(Br) < u.

Proof. The idea of the proof is to define a set F C {1, —1}T such that:
1) |F = p
(2) For every f € F, the set Dy = {x{z(n) :n € T} generates an ultrafilter in
Br, where ' = 2 and 7! is the complement of z.
(3) For every a € Br, non-zero, there is f € F such that a is in the ultrafilter
generated by Dy.

First, divide T into three disjoint sets T = Ty U T1 U 15 as follows. Ty =
U{{m0, 71} : {70, 71} € dom(F?),i = 0,1}. Let T1 be the image of Ty under F° and
F'. Tt follows from the construction of T that Ty is disjoint from T3. Finally let
Ty =T\ (To UTh).

Let Fy C {1,—1}"2 be a set of cardinality p such that

(a) for every finite u C T and a function h : u — {1, —1} there is f € F; such
that h C f.

Similarly, let F; C {1, —1}7* be a set of cardinality p such that
(b) for every finite u C T} and a function h : w — {1, —1} there is f € F} such
that h C f.
Now, for every f € F; we choose a set F({ C {1, —1}"0 of cardinality u such that

(c) for every g € Fof, for every vo,v1 € Th, 79,11 € Ty, if F'(r0,71) = Vi,
i=0,1and f(r) = f(r1), then (g(70),9(m1)) # (1,1).

(d) F({ is dense with respect to (c), i.e., for every finite u C Ty and a function
h:u — {1,—1} such that the condition (c) is satisfied with h in place of
g, then there is g € Fof such that h C g, i.e., (¥)pug,r holds.

We have to show that we can choose F({ as required. Let E = {{r9, 11} €
[To]? : f(Fo(r0,71)) # f(Fi(70,7))}. Note that for any function g € F we must
have (g(70),9(m1)) # (1,1). Recall that for any {79, 71}, {72, 73} in dom(F;), ei-
ther {70, 71} = {72, 73} or {r0,7} N {ma, 73} = 0. Let YJ be a dense subset of
{—1,1}T\UE) 5 3F of cardinality . For any h € 37 define ®(h) € {1, -1}UF as
follows: for {my, 71} € E:

if h({70,71}) =0, then ®(h)(r9) = —1 and ®(h)(r) = —1;

if h({m0,71}) =1, then ®(h)(19) =1 and ®(h)(ry) = —1;

if h({m0,m71}) = 2, then ®(h)(79) = —1 and ®(h)(m1) = 1.

Finally, let X({ = {go U P(g1) : (g0,91) € Yof}. Define F = {foU fiU fo : fa €
FQ,fl S Fl,f() S F({l}

We prove that F is as required. It is obvious that (1) holds, and (2) follows from

the definition of F, Dy and Proposition 3.2. To prove (3) let Br = a > 0. Without



TOPOLOGICAL DENSITY 2581

loss of generality a =, c,, ;vf,(n) for some finite w C T and h : u — {1,—1}. Let
w; = uNT; fori < 2. Let fo € Fy and f; € Fy be such that h [ u; C f;, 1 =1,2.
Let fo € F({ ' be such that h [ ug C fo. We have to show that fy exists. Note that
(#)n,7 holds since a is non-zero; hence fo exists by (d). It follows that a € Dy,
where f = fo U f1 U fo.

This finishes the proof of the theorem.
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