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RELATIVE MODULAR THEORY FOR A WEIGHT

HIDEAKI IZUMI

(Communicated by David R. Larson)

Abstract. We consider the balanced weight χ of a semi-finite weight ϕ and
a (not necessarily faithful) normal positive functional ψ on a von Neumann
algebraM, and discuss how the modular operator ∆χ and the modular conju-
gation Jχ are described under the identification of the standard Hilbert space
Hχ with Hϕ ⊕ pHϕ ⊕ p′Hϕ ⊕ pp′Hϕ, where p is the support projection of ψ
and p′ = JϕpJϕ ∈ M′.

In the theory of von Neumann algebras, relative modular operators introduced
by A. Connes [2] and T. Digernes [3] play important rôles as a non-commutative
analogue of Radon-Nikodym derivative. In [6], H. Kosaki extended Connes’ results.
He considered the balanced functional of a faithful normal positive functional and
a (not necessarily faithful) normal positive functional on a (σ-finite) von Neumann
algebraM, and by considering the modular operator ∆χ, he obtained relative mod-
ular operators ∆ψϕ and ∆ϕψ. Moreover, he showed that the modular conjugation
Jχ can be described in terms of Jϕ and its restrictions. His results thus obtained is
used in [7] to construct M∗-valued KMS functions, which he in turn used to prove
that the L2-space L2(M, ϕ) obtained by the complex interpolation of M and M∗
is exactly the standard Hilbert space Hϕ.

In this paper, we will extend Kosaki’s results to the weight case, namely, we
consider the balanced weight χ of a faithful normal semi-finite weight ϕ and a (not
necessarily faithful) normal positive functional ψ on a von Neumann algebraM and
get similar results as in [6]. In particular, we determine the modular conjugation
Jχ for the balanced weight χ. These results will be used in [5] to construct KMS
functions with respect to ϕ and ψ.

First, we fix the notations in modular theory ([10], [11]).
Let M be a von Neumann algebra and ϕ be a faithful normal semi-finite weight

on M. We set
nϕ = {x ∈ M | ϕ(x∗x) <∞}.

Let {πϕ,Hϕ,Λϕ} be the semi-cyclic representation induced by ϕ, Bϕ = Λϕ(nϕ)
be left bounded vectors, πϕl (ξ), ξ ∈ Bϕ, be the left multiplication by ξ and Aϕ =
Λϕ(nϕ ∩n∗ϕ) be the left Hilbert algebra associated to the semi-cyclic representation
{πϕ,Hϕ,Λϕ}. Next, we define Sϕ : Aϕ → Aϕ by

SϕΛϕ(x) = Λϕ(x∗), x ∈ nϕ ∩ n∗ϕ.
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Then Sϕ is a conjugate-linear preclosed operator. By polar decomposition, we have

Sϕ = Jϕ∆1/2
ϕ ,

where Sϕ denotes the closure of Sϕ. The operator Jϕ is a conjugate-linear unitary on
Hϕ and is called the modular conjugation, while the operator ∆ϕ is a non-singular
positive self-adjoint operator on Hϕ and is called the modular operator.

Next, we set

B′
ϕ =

{
η ∈ Hϕ

∣∣∣ sup{‖πϕl (ξ)η‖ | ξ ∈ Aϕ, ‖ξ‖ ≤ 1} < +∞
}
.

An element of B′
ϕ is called a right bounded vector. We write the right multiplication

by η ∈ B′ϕ as πϕr (η).
We define the right Hilbert algebra A′

ϕ by

A′
ϕ = B′

ϕ ∩D(S∗ϕ).

If we write
ξ] = Sϕξ, ξ ∈ D(Sϕ);

η[ = S∗ϕη, η ∈ D(S∗ϕ),
then we have

πϕl (ξ]) = πϕl (ξ)∗, ξ ∈ Aϕ;

πϕr (η[) = πϕr (η)∗, η ∈ A′
ϕ.

Moreover, we define the positive cone P\ϕ by

P\ϕ = {πl(ξ)Jϕξ | ξ ∈ Aϕ}.
Since the representation πϕ is faithful, from now on, we will identify πϕ(M) by

M and write x instead of πϕ(x), x ∈ M.
Now we fix

ψ ∈ (M∗)+.
Then by [1], [4] (see also [11]), there exists a unique ξ ∈ P\ϕ such that

ψ = ωξ = (·ξ|ξ).
We remark that the support projection p ∈ M of ψ is equal to the projection onto
[M′ξ]. Here, the notation [K] means the closed linear span of K.

Let

N = M⊗M2(C)
=

{(
a b
c d

) ∣∣∣∣ a, b, c, d ∈ M}
and let p be the projection in N such that

p =
(

1 0
0 p

)
.

We denote the reduced algebra of N by the projection p by Np, that is,

Np =
{(

a b
c d

)∣∣∣∣ a ∈M, b ∈ Mp, c ∈ pM, d ∈ pMp

}
.

Here, we note that if
(
a b
c d

)
∈ Np is positive, then a ≥ 0, d ≥ 0 and c = b∗.
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Next, we consider the balanced weight χ on Np determined by

χ

((
a b
b∗ d

))
= ϕ(a) + ψ(d),

(
a b
b∗ d

)
∈ (Np)+.

Then we have

χ

((
a b
c d

)∗ (
a b
c d

))
= χ

((
a∗a+ c∗c a∗b+ c∗d
b∗a+ d∗c b∗b+ d∗d

))
= ϕ(a∗a+ c∗c) + ψ(b∗b+ d∗d)(1)

= ϕ(a∗a) + ϕ(c∗c) + ψ(b∗b) + ψ(d∗d).

Hence, by [8, 3.1], [11, Lemma VIII.3.1], we have the following.

Lemma 1. (1) The weight χ on Np is faithful, normal and semi-finite.

(2) nχ =
{(

a b
c d

)
∈ Np

∣∣∣∣ a ∈ nϕ, c ∈ pnϕ
}

.

We set p′ = JϕpJϕ ∈ M′, so that p′ is the projection onto [Mξ].

By the formula (1), for
(
a b
c d

)
∈ nχ, we have

χ

((
a b
c d

)∗ (
a b
c d

))
= ‖Λϕ(a)‖2 + ‖Λϕ(c)‖2 + ‖bξ‖2 + ‖dξ‖2.

Here, we note that

Λϕ(a) ∈ nϕ ⊂ Hϕ,
Λϕ(c) ∈ pΛϕ(nϕ) ⊂ pHϕ,
bξ ∈ Mpξ = Mξ ⊂ p′Hϕ,
dξ ∈ pMpξ = pMξ ⊂ pp′Hϕ.

Thus, the formula (1) means that the pre-Hilbert space nχ equipped with the inner
product induced by χ is isometrially mapped into Hϕ ⊕ pHϕ ⊕ p′Hϕ ⊕ pp′Hϕ via

ηχ :
(
a b
c d

)
7→


Λϕ(a)
Λϕ(c)
bξ
dξ

 .

Since pΛϕ(nϕ) ⊂ pHϕ, Mξ ⊂ p′Hϕ and pMξ ⊂ pp′Hϕ, the image of ηχ is dense in
Hϕ⊕ pHϕ⊕ p′Hϕ⊕ pp′Hϕ. Hence the Hilbert space Hχ, the completion of nχ, can
be identified with Hϕ ⊕ pHϕ ⊕ p′Hϕ ⊕ pp′Hϕ.

Now, we will examine how the representation πχ of Np is described under this
identification.

For (
a b
c d

)
∈ Np and

(
e f
g h

)
∈ nχ,
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we have

πχ

((
a b
c d

))
ηχ

((
e f
g h

))
= ηχ

((
a b
c d

) (
e f
g h

))

= ηχ

((
ae+ bg af + bh
ce+ dg cf + dh

))

=


Λϕ(ae + bg)
Λϕ(ce+ dg)
(af + bh)ξ
(cf + dh)ξ



=


a b|pHϕ 0 0
c d|pHϕ 0 0
0 0 a|p′Hϕ b|pp′Hϕ

0 0 c|p′Hϕ d|pp′Hϕ




Λϕ(e)
Λϕ(g)
fξ
hξ

 .

By the identification of Hχ with Hϕ ⊕ pHϕ ⊕ p′Hϕ ⊕ pp′Hϕ via ηχ, we conclude
that the representation πχ is described as

πχ

((
a b
c d

))
=


a b|pHϕ 0 0
c d|pHϕ 0 0
0 0 a|p′Hϕ b|pp′Hϕ

0 0 c|p′Hϕ d|pp′Hϕ

 ∈ L(Hϕ ⊕ pHϕ ⊕ p′Hϕ ⊕ pp′Hϕ).

Since the representation πχ is faithful, we identify πχ(Np) with Np.
We define

Sχ




Λϕ(a)
Λϕ(c)
bξ
dξ


 =


Λϕ(a∗)
b∗ξ

Λϕ(c∗)ξ
d∗ξ

 ,


Λϕ(a)
Λϕ(c)
bξ
dξ

 ∈ nχ ∩ n∗χ.

It is easy to see that Sχ is well-defined. Then, by (1) we have

Lemma 2. 
Λϕ(a)
Λϕ(c)
bξ
dξ

 ∈ Aχ = Λχ(nχ ∩ n∗χ)

if and only if

a ∈ nϕ ∩ n∗ϕ, b ∈ n∗ϕp, c ∈ pnϕ.
Note that the densely-defined conjugate-linear operator Sχ is closable. By look-

ing at each component, we have

(1) Sϕ : Λϕ(a) ∈ Aχ 7→ Λϕ(a∗) ∈ Aχ,
(2) Sψϕ : Λϕ(c) ∈ pΛϕ(nϕ) 7→ c∗ξ ∈ n∗ϕξ,
(3) Sϕψ : bξ ∈ n∗ϕξ 7→ Λϕ(b∗) ∈ pΛϕ(nϕ),
(4) Sψ : dξ ∈ pMξ 7→ d∗ξ ∈ pMξ.
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Then it is easily seen that

Sχ =


Sϕ 0 0 0
0 0 Sϕψ 0
0 Sψϕ 0 0
0 0 0 Sψ

 .

Since Sχ is densely defined and closable, we conclude that

(a) Sψϕ is a densely-defined closable operator from pHϕ to p′Hϕ;
(b) Sϕψ is a densely-defined closable operator from p′Hϕ to pHϕ;
(c) Sψ is a densely-defined closable operator on pp′Hϕ.

Furthermore, we have

S∗χSχ =


Sϕ 0 0 0
0 0 Sϕψ 0
0 Sψϕ 0 0
0 0 0 Sψ


∗ 

Sϕ 0 0 0
0 0 Sϕψ 0
0 Sψϕ 0 0
0 0 0 Sψ



=


S∗ϕ 0 0 0
0 0 S∗ψϕ 0
0 S∗ϕψ 0 0
0 0 0 S∗ψ



Sϕ 0 0 0
0 0 Sϕψ 0
0 Sψϕ 0 0
0 0 0 Sψ



=


S∗ϕSϕ 0 0 0

0 S∗ψϕSψϕ 0 0
0 0 S∗ϕψSϕψ 0
0 0 0 S∗ψSψ

 .

We define
∆ψϕ = S∗ψϕSψϕ on pHϕ,

∆ϕψ = S∗ϕψSϕψ on p′Hϕ,

∆ψ = S∗ψSψ on pp′Hϕ.

These are all non-singular positive self-adjoint operators. Among them, ∆ψϕ and
∆ϕψ are called relative modular operators. The above calculation shows that

∆χ =


∆ϕ 0 0 0
0 ∆ψϕ 0 0
0 0 ∆ϕψ 0
0 0 0 ∆ψ

 .

Next, we will determine the modular conjugation Jχ. To do this, it is important
to consider the commutant (Np)′ of Np acting on Hϕ ⊕ pHϕ ⊕ p′Hϕ ⊕ pp′Hϕ.

Lemma 3. The commutant N ′
p is given by

N ′
p =



a′ 0 b′|p′Hϕ 0
0 a′|pHϕ 0 b′|pp′Hϕ

p′c′ 0 p′d′|p′Hϕ 0
0 p′c′|pHϕ 0 p′d′|p′Hϕ


∣∣∣∣∣∣∣∣ a

′, b′, c′, d′ ∈ M′

 .

The proof is similar to that of [6, Proposition 1.2.2], so we omit the details.
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Next, we set

J =


Jϕ 0 0 0
0 0 Jϕ|p′Hϕ 0
0 Jϕ|pHϕ 0 0
0 0 0 Jϕ|pp′Hϕ

 .

Our main purpose is to prove that Jχ = J .
For simplicity, we write ζ] = Sχζ, ζ ∈ D(Sχ) and η[ = S∗χη, η ∈ D(S∗χ).

Lemma 4. (1) Suppose that ζ, η ∈ Bχ satisfy

πχl (ζ)∗ = πχl (η).

Then ζ, η ∈ Aχ and ζ] = η.
(2) Suppose that ζ, η ∈ B′

χ satisfy

πχr (ζ)∗ = πχr (η)∗.

Then ζ, η ∈ A′
χ and ζ[ = η.

Proof. The proofs of (1) and (2) are similar, so we will prove only (1). Let ζ, η ∈ Bχ

satisfy πχl (ζ)∗ = πχl (η), and let ζ ′, η′ ∈ A′. Then we have

(ζ|(ζ ′η′)[) = (ζ|η′[ζ′[) = (ζ|πχr (ζ ′)∗η′[) = (πχr (ζ ′)ζ|η′[) = (πχl (ζ)ζ ′|η′[)
= (ζ ′|πχl (ζ)∗η′[) = (ζ′|πχl (η)η′[) = (ζ′|πχr (η′)∗η)
= (πχr (η′)ζ ′|η) = (ζ′η′|η).

Since (A′
χ)2 is a core for the [-operation ([11, Lemma VI.1.13]), and the [-operation

and the ]-operation are mutually adjoint, we have ζ ∈ D(Sχ) and ζ] = η. Hence
both ζ and η belong to Aχ.

Lemma 5. Suppose that η ∈ B′
χ satisfies

πχr (η) =


a′ 0 b′|p′Hϕ 0
0 a′|pHϕ 0 b′|pp′Hϕ

p′c′ 0 p′d′|p′Hϕ 0
0 p′c′|pHϕ 0 p′d′|pp′Hϕ

 ∈ (Np)′

for some a′, b′, c′, d′ ∈M′ (see Lemma 3). Then η is of the form

η =


η1
b′ξ
η3
p′d′ξ

 ,

where η1, η3 ∈ B′
ϕ, πr(η1) = a′, πr(η3) = p′c′.

Proof. Take

ζ =


Λϕ(e)
Λϕ(g)
fξ
hξ

 ∈ Aχ.
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Then by Lemma 2, e ∈ nϕ ∩ n∗ϕ and f ∈ n∗ϕp. Moreover, we have πχr (η)ζ = πχl (ζ)η
and

πχr (η)ζ =


a′ 0 b′|p′Hϕ 0
0 a′|pHϕ 0 b′|pp′Hϕ

p′c′ 0 p′d′|p′Hϕ 0
0 p′c′|pHϕ 0 p′d′|pp′Hϕ




Λϕ(e)
Λϕ(g)
fξ
hξ



=


a′Λϕ(e) + b′fξ
a′Λϕ(g) + b′hξ

p′c′Λϕ(e) + p′d′fξ
p′c′Λϕ(g) + p′d′hξ

 ,

and putting η =


η1
η2
η3
η4

 ∈ Hϕ ⊕ pHϕ ⊕ p′Hϕ ⊕ pp′Hϕ, we have

πχl (ζ)η =


e f |pHϕ 0 0
g h|pHϕ 0 0
0 0 e|p′Hϕ f |pp′Hϕ

0 0 g|p′Hϕ h|pp′Hϕ



η1
η2
η3
η4

 =


eη1 + fη2
gη1 + hη2
eη3 + fη4
gη3 + hη4

 .

Hence we have 
a′Λϕ(e) + b′fξ
a′Λϕ(g) + b′hξ

p′c′Λϕ(e) + p′d′fξ
p′c′Λϕ(g) + p′d′hξ

 =


eη1 + fη2
gη1 + hη2
eη3 + fη4
gη3 + hη4

 .(2)

If we put f = h = 0 in (2), we get

a′Λϕ(e) = eη1, p
′c′Λϕ(e) = eη3

for all e ∈ πχl (Aϕ). By the definition of B′
χ, we have η1, η3 ∈ B′

χ with

πχr (η1) = a′, πχr (η3) = p′c′.

If we put e = g = 0 in (2), we get

fb′ξ = fη2, fp
′d′ξ = fη4(3)

for all f ∈ n∗ϕp. Since p commutes with b′ and p′d′, and η2 ∈ pHϕ, η4 ∈ pp′Hϕ, (3)
holds also for all f ∈ n∗ϕ. Since n∗ϕ(⊃ πχl (Aϕ)) is strongly dense in M, we have

η2 = b′ξ, η4 = p′d′ξ.

Hence we completed the proof.

Lemma 6. JAχ = A′
χ.

Proof. We first show that JAχ ⊂ A′
χ.

Let

η1 =


Λϕ(a)
Λϕ(c)
bξ
dξ

 ∈ Aχ, η2 =


Λϕ(e)
Λϕ(g)
fξ
hξ

 ∈ Aχ.

We claim that Jη1 ∈ B′χ.
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We have

πχl (η2)Jη1 = πχl




Λϕ(e)
Λϕ(g)
fξ
hξ





JϕΛϕ(a)
Jϕbξ

JϕΛϕ(c)
Jϕdξ



=


e f |pHϕ 0 0
g h|pHϕ 0 0
0 0 e|p′Hϕ f |pp′Hϕ

0 0 g|p′Hϕ h|pp′Hϕ



JϕΛϕ(a)
Jϕbξ

JϕΛϕ(c)
Jϕdξ



=


eJϕΛϕ(a) + fJϕbξ
gJϕΛϕ(a) + hJϕbξ
eJϕΛϕ(c) + fJϕdξ
gJϕΛϕ(c) + hJϕdξ

 .

On the other hand,

Jπχl (η1)Jη2

=


Jϕ 0 0 0
0 0 Jϕ|p′Hϕ 0
0 Jϕ|pHϕ 0 0
0 0 0 Jϕ|pp′Hϕ

 πχl




Λϕ(a)
Λϕ(c)
bξ
dξ




×


Jϕ 0 0 0
0 0 Jϕ|p′Hϕ 0
0 Jϕ|pHϕ 0 0
0 0 0 Jϕ|pp′Hϕ




Λϕ(e)
Λϕ(g)
fξ
hξ



=


JϕaJϕ 0 JϕbJϕ|p′Hϕ 0

0 JϕaJϕ|pHϕ 0 JϕbJϕ|pp′Hϕ

JϕcJϕ 0 JϕdJϕ|p′Hϕ 0
0 JϕcJϕ|pHϕ 0 JϕdvJϕ|pp′Hϕ




Λϕ(e)
Λϕ(g)
fξ
hξ



=


JϕaJϕΛϕ(e) + JϕbJϕfξ
JϕaJϕΛϕ(g) + JϕbJϕhξ
JϕcJϕΛϕ(e) + JϕdJϕfξ
JϕcJϕΛϕ(g) + JϕdJϕhξ

 =


eJϕΛϕ(a) + fJϕbξ
gJϕΛϕ(a) + hJϕbξ
eJϕΛϕ(c) + fJϕdξ
gJϕΛϕ(c) + hJϕdξ

 .

Hence we have πχl (η2)Jη1 = Jπχl (η1)Jη2. Consequently, we have

Jη1 ∈ B′
χ and πχr (Jη1) = Jπχl (η1)J.

Replacing η1 by η]1, we have

Jη]1 ∈ B′
χ and πχr (Jη]1) = Jπχl (η]1)J = (Jπχl (η1)J)∗.

By Lemma 4(2), Jη1 ∈ A′
χ with (Jη1)[ = Jη]1. Hence JAχ ⊂ A′

χ

Next, we will show that Aχ ⊃ JA′
χ.

Take η ∈ A′
χ. By Lemma 5, η is of the form

η =


η1
b′ξ
η3
d′ξ

 ,
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where η1, η3 ∈ B′
ϕ and b′, d′ ∈M′ with

πχr (η) =


πϕr (η1) 0 b′|p′Hϕ 0

0 πϕr (η1)|pHϕ 0 b′|pp′Hϕ

p′πϕr (η3) 0 p′d′|p′Hϕ 0
0 p′πϕr (η3)|pHϕ 0 p′d′|pp′Hϕ

 .

We claim that Jη ∈ Bχ. Since Jϕξ = ξ ∈ P\ϕ, we have

Jη =


Jϕη1
Jϕη3
Jϕb

′ξ
Jϕd

′ξ

 =


Jϕη1
Jϕη3
bξ
dξ

 ,

where b = Jϕb
′Jϕ ∈M and d = Jϕd

′Jϕ ∈ M. Since Jϕη1, Jϕη3 ∈ JϕB′
ϕ = Bϕ, we

have Jη ∈ Bχ with

πχl (Jη) =


πϕl (Jϕη1) b|pHϕ 0 0
πϕl (Jϕη3) d|pHϕ 0 0

0 0 πϕl (Jϕη1)|p′Hϕ b|pp′Hϕ

0 0 πϕl (Jϕη3)|p′Hϕ d|pp′Hϕ

 .

On the other hand,

Jπχr (η)J =


Jϕπ

ϕ
r (η1)Jϕ Jϕb

′Jϕ|pHϕ 0 0
Jϕπ

ϕ
r (η3)Jϕ Jϕd

′Jϕ|pHϕ 0 0
0 0 Jϕπ

ϕ
r (η1)Jϕ|p′Hϕ Jϕb

′Jϕ|pp′Hϕ

0 0 Jϕπ
ϕ
r (η3)Jϕ|p′Hϕ Jϕd

′Jϕ|pp′Hϕ


= πχl (Jη).

Replacing η by η[, we have, Jη[ ∈ Bχ with

πχl (Jη[) = Jπχr (η[)J = (Jπχr (η)J)∗.

By Lemma 4(1), Jη ∈ D(Sχ) and (Jη)] = Jη[. Hence Jη ∈ Aχ and we see that
JA′

χ ⊂ Aχ.

We have reached the main theorem, whose proof is a modification of [1, Theo-
rem 1].

Theorem 7. J = Jχ.

Proof. First, for

s =
(
a b
c d

)
∈ nχ ∩ n∗χ

with

ηχ(s) =


Λϕ(a)
Λϕ(c)
bξ
dξ

 ∈ Aχ,



2712 HIDEAKI IZUMI

we have

(ηχ(s∗)|Jηχ(s)) =




Λϕ(a)
Λϕ(c)
bξ
dξ


] ∣∣∣∣∣∣∣∣ J


Λϕ(a)
Λϕ(c)
bξ
dξ




=




Λϕ(a∗)
Λϕ(b∗)
c∗ξ
d∗ξ


∣∣∣∣∣∣∣∣

JϕΛϕ(a)
Jϕbξ

JϕΛϕ(c)
Jϕdξ




= (Λϕ(a∗)|JϕΛϕ(a)) + (Λϕ(b∗)|Jϕbξ) + (c∗ξ|JϕΛϕ(c)) + (d∗ξ|Jϕdξ)
= (∆1/2

ϕ Λϕ(a)|Λϕ(a)) + (b∗JϕΛϕ(b∗)|ξ) + (ξ|cJϕΛϕ(c)) + (ξ|dJϕdξ).
Since ξ, b∗JϕΛϕ(b∗), cJϕΛϕ(c) and dJϕdξ all belong to P\ϕ, we conclude that

(ηχ(s∗)|Jηχ(s)) ≥ 0.

Now, we define
Tηχ(s) = Jηχ(s∗), s ∈ nχ ∩ n∗χ.

By the above calculations, we find that T is positive symmetric, densely defined
linear operator. It is readily seen that

T = JSχ.

Since J preserves the norm, we have

T = JSχ

and D(T ) = D(Sχ) = D(∆1/2
χ ). We will show that T is self-adjoint (then T is

positive self-adjoint). Since T is symmetric, we have T ⊂ T ∗. Since

T ∗ = S∗χJ,

A′
χ is a core for S∗χ and since JAχ = A′

χ (by Lemma 6), we see that Aχ is a core
for T ∗. On the other hand, Aχ is a core also for T . Hence T = T ∗. Hence T and
∆1/2
χ are both positive self-adjoint. Then we have

T
2

= T ∗T = S∗χJJSχ = ∆χ.

By the uniqueness of the positive square root, we have

T = ∆1/2
χ .

On the other hand, T = JJχ∆1/2
χ . Hence we have J = Jχ.
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