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ABSTRACT. We consider the balanced weight x of a semi-finite weight ¢ and
a (not necessarily faithful) normal positive functional 1) on a von Neumann
algebra M, and discuss how the modular operator A, and the modular conju-
gation Jy are described under the identification of the standard Hilbert space
Hy with Hy @ pHe @ p'He @ pp’He, where p is the support projection of 1
and p’ = JopJ, € M.

In the theory of von Neumann algebras, relative modular operators introduced
by A. Connes [2] and T. Digernes [3] play important rdles as a non-commutative
analogue of Radon-Nikodym derivative. In [6], H. Kosaki extended Connes’ results.
He considered the balanced functional of a faithful normal positive functional and
a (not necessarily faithful) normal positive functional on a (o-finite) von Neumann
algebra M, and by considering the modular operator A, he obtained relative mod-
ular operators Ay, and Ayy. Moreover, he showed that the modular conjugation
Jy can be described in terms of J, and its restrictions. His results thus obtained is
used in [7] to construct M,-valued KMS functions, which he in turn used to prove
that the L2-space L?(M, ) obtained by the complex interpolation of M and M,
is exactly the standard Hilbert space H.,.

In this paper, we will extend Kosaki’s results to the weight case, namely, we
consider the balanced weight x of a faithful normal semi-finite weight ¢ and a (not
necessarily faithful) normal positive functional ¢ on a von Neumann algebra M and
get similar results as in [6]. In particular, we determine the modular conjugation
Jy for the balanced weight x. These results will be used in [5] to construct KMS
functions with respect to ¢ and .

First, we fix the notations in modular theory ([10], [11]).

Let M be a von Neumann algebra and ¢ be a faithful normal semi-finite weight
on M. We set

n, ={z e M| p(x'r) < oo}
Let {m,, H,, Ay} be the semi-cyclic representation induced by ¢, B, = Ay(ny,)
be left bounded vectors, 7 (£), & € By, be the left multiplication by £ and 2, =

A, (ngNny) be the left Hilbert algebra associated to the semi-cyclic representation
{7y, Hp, Ap}. Next, we define S, : A, — A, by

* *
Sohp(z) = Ap(x™), © € ny N,
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Then S, is a conjugate-linear preclosed operator. By polar decomposition, we have
S, = J,AY2,

where S, denotes the closure of S,,. The operator J,, is a conjugate-linear unitary on
H, and is called the modular conjugation, while the operator A, is a non-singular
positive self-adjoint operator on H, and is called the modular operator.

Next, we set

3, = {n e M, | sup{linf ©nll | € € A, i€l < 1} < o0}

An element of %fp is called a right bounded vector. We write the right multiplication
by n € Bf, as 77 (n).
We define the right Hilbert algebra 24, by
2[;, = %;, ND(Sy).
If we write
gﬁ = S«pfa §€ D(Sap)§
n = Sin, n€D(S}),
then we have
mf (&) =77 (€)", € € Ay
wf (") = (n)*, m € A,
Moreover, we define the positive cone ’PEQ by
Pi ={m(§)Jp€ | § € A}

Since the representation m, is faithful, from now on, we will identify 7, (M) by
M and write x instead of 7, (z), z € M.

Now we fix
e (M.
Then by [1], [4] (see also [11]), there exists a unique & € 735, such that
¥ = we = (€[6).

We remark that the support projection p € M of 1 is equal to the projection onto
[M’€]. Here, the notation [K] means the closed linear span of K.
Let

N M@ Ms(C)

- 1)

and let P be the projection in N such that

13=((1) 2)

We denote the reduced algebra of N by the projection p by N5, that is,

o ()

Here, we note that if (i Z) € Nj is positive, then a > 0, d > 0 and ¢ = b*.

a,b,c,de./\/l}

a€e M, be Mp, cepM, dEpMp}.



RELATIVE MODULAR THEORY FOR A WEIGHT 2705

Next, we consider the balanced weight x on N5 determined by

(5 0) —e@+v@ (5 1) e

Then we have

a b\ [fa b\ _ a*a+c'c a*b+c*d
Y \e a) \e¢ a)) "X\ \ra+de bo+dd
(1) =p(a*a+c"c)+(b*b+ d*d)
— pa*a) + p(c"c) + P(b*b) + p(d*d).

Hence, by [8, 3.1], [11, Lemma VIII.3.1], we have the following.
Lemma 1. (1) The weight x on N is faithful, normal and semi-finite.

(2) ny = {(z Z) eNg|aen,, cepnw}.

We set p’ = J,pJ, € M’, so that p’ is the projection onto [ME].
By the formula (1), for <CCL

b
> € n,, we have

d
a YT (@ DV kA0 + (€] + e
X\\e a) (¢ d 4 ? '
Here, we note that
Ay(a) € ny, CHy,
Ay(e) € pAy(ng) CpH,y,
b € MpE=MECpH,,
de € pMpé=pMEC pp'H,.

Thus, the formula (1) means that the pre-Hilbert space n, equipped with the inner
product induced by x is isometrially mapped into H, ® pH, ® p'H, @ pp'H, via

A«p(a)

(o b Ay(c)
e a) T e
dg§

Since pA,(ny,) C pHy,, ME C p'H, and pME C pp'H,, the image of 1, is dense in
Hy ® pHy @ p'Hy ® pp'H,. Hence the Hilbert space H,, the completion of n,, can
be identified with H, ® pH, & p"H, ® pp'H,.

Now, we will examine how the representation m, of N is described under this
identification.

For
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(3G R) = (96 )

_ ae+bg af +bh
- ce+dg cf +dh

we have

Ay (ae + bg)
_ Ay (ce+dg)
o (af +bh)¢
(cf +dh)¢
a blyn, 0 0 Ay (e)
_ e dpn, O 0 Ay(9)
0 0 a|p/H¢ b|pp’H¢ f€
0 0 C|p’H¢ d|pp’H¢ h¢

By the identification of H, with H, ® pH, @ p"H, & pp"H, via 1y, we conclude
that the representation m, is described as

a b|pH¢ 0 0
a b o C d|pHgo 0 0 / /
™ ((c d)) |0 0 a|p’71¢ b|pp’Hso © L(H@ SpH, SPH, S pp Hw).
0 O clle¢ d|pp/H¢

Since the representation 7y, is faithful, we identify , (N5) with N5.
We define

?\sa ((a)) Ay(a®) ?\sa Eai
olc _ b*¢ olc N
Sy ?: = Au(ee | be €mny Nny.
dg dar¢ dg
It is easy to see that S, is well-defined. Then, by (1) we have
Lemma 2.
A«p(a)
A(c x
“Zé ) €Ay = Ay (n,Nn})
dg

if and only if

a€n,Nng, bengp, c € pn,.

Note that the densely-defined conjugate-linear operator S, is closable. By look-
ing at each component, we have

(1) Sy Ayla) ey, — Ag(a*) €A,

(2) Syp: Aylc) €pAy(ng) — cEeni,

(3) Spyp: bEeEME = Ay (b*) € pAy(ng),
(4) Syp: d&éepM¢ —  d*¢ e pME.
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Then it is easily seen that

S, 0 0 0
g |0 0 Sy 0
XT10 Sy 0 0
0 0 0 S

Since Sy is densely defined and closable, we conclude that

(a) Sy, is a densely-defined closable operator from pH, to p'Hy;
(b) Sy is a densely-defined closable operator from p'H, to pH,;
(c) Sy is a densely-defined closable operator on pp’H.,.

Furthermore, we have

S, 0 0 0\ /S, 0O 0 0
o5 - |0 0 S O 0 0 Sy, 0
X7 10 Sy 0 0 0 Spo 0 0
0 0 0 Sy 0 0 0 Sy
s 0 0 0 S, 0 00
— 0 0 :Zw 0 00 Sy 0
~ o s5 0 0 0 Syp 0 0
0o 0 o0 s3/\0 0o 0 B8y
S:S, 0 0 0
_ 0 S5.Spe 0 0
0 0 SouSew 0
0 0 0 5755y

We define
Ayy = S;ZgaS_W on pH,,
Apy = Sfﬂ% on p'He,
Ay = 57y on pp'H,.
These are all non-singular positive self-adjoint operators. Among them, Ay, and
A,y are called relative modular operators. The above calculation shows that

A, 0 0 0
0 Ay 0 0
0 0 Agy 0
0 0 0 Ay

Ay =

Next, we will determine the modular conjugation J,. To do this, it is important
to consider the commutant (Ng)" of Ny acting on H, @ pH, @ p'H, & pp'He,.

Lemma 3. The commutant N][—', is given by

0 b |prw, 0

a
0 a’| H 0 b/| 'H
NL = PHe pp'H, a/,b/,cl,dl e M
7 o 0 p/d/|p"H¢ 0
0 plCl|pHV, 0 p/d/|le¢

The proof is similar to that of [6, Proposition 1.2.2], so we omit the details.
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Next, we set

Jo 0 0 0
J = 0 0 J¢|p/H¢ 0
0 J¢|pr 0 0
0 0 0 Jsa|pp/7'é¢

Our main purpose is to prove that J, = J.
For simplicity, we write ¢* = S,¢, ¢ € D(Sy) and 7° = Sxn, m € D(Sy).

Lemma 4. (1) Suppose that ¢,n € By satisfy
Q)" = (n).

Then ¢,n € 2y and ¢t=n.
(2) Suppose that (,n € B’ satisfy

Q)" =mr(n)".
Then ¢,n € A, and ¢ =n.

Proof. The proofs of
satisfy m*(¢)* = m(

(€l

(1) and (2) are similar, so we will prove only (1). Let {,n € B,
n), and let ¢',n’ € A’. Then we have

(€l ¢”) = Xy 0"y = (@) = (m (O )
(1) ") = ([ ') = (' |mX(n') )

(X (") ) = (¢'n'n).

Since (2} )? is a core for the *_operation ([11, Lemma VI.1.13]), and the "-operation

and the f-operation are mutually adjoint, we have ¢ € D(S_X) and ¢* = 7. Hence
both ¢ and 1 belong to 2, . O

Lemma 5. Suppose that n € 93; satisfies

o 0 V|, 0
0 a’| H 0 bl| ' H
X — Py pp My ~\/
oA (n) = o' 0 pldllp’ThP 0 S (Np)
O p/cl|pH¢ 0 p/d/|pp/7'l¢

for some o/ b, d € M’ (see Lemma 8). Then n is of the form

m

b

13
p'd'§

where 11,n3 € By, m-(m) = a’, m(n3) =p'c.

’]7:

Proof. Take
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Then by Lemma 2, e € n, Nn¥ and f € njp. Moreover, we have 7X(1)¢ = m({)n
and

a 0 by, 0 Ay(e)
0 dlpm 0 V|ppr Ay(g)
X — Pty pp ey 4
=g 0T Pl 0 I
0 / I|;DH¢ 0 pldl|plew hg
a'Ap(e) + V' f§
_ a’Ay(g) +b'hE
"Np(e) +p'd f§ |7
)

p’C’A (9) +p'd'hg

m
and putting n = ZQ € Hy, ®pH, ® p'H, © pp'Hy, we have
3
T4
e flpn, 0 0 m ent + fn2
xeyy— |9 Pl 0 0 me | _ | gm+ hap
O I R T I L R e
0 0 glpn, hlppn,) \ns gns + hig
Hence we have
a’Ay(e) +b'fE en + fn2
(2) ’A@( )HVRE | _ [ gm + b
Asa( e) +p'df¢ ens + fma
Ay(g) +p'd'hE gn3 + by

Ifweputfzhinn( ), we get
a'Ay(e) =eny, p'dAy(e) =ens
for all e € 7 (RA,). By the definition of B!, we have 1,73 € B} with
T (m) =d', m¥(ns) =p'c.
If we put e = g = 0 in (2), we get
(3) V&= fnp, fr'd€= fm

for all f € nip. Since p commutes with b" and p'd’, and 72 € pHy, N4 € ppHy, (3)
holds also for all f € n¥. Since n¥ (D m(2y)) is strongly dense in M, we have

e = V¢ m=pdE
Hence we completed the proof. O
Lemma 6. J2, =2 .
Proof. We first show that J21, C 2.

Let
Ay (a) Ay (e)
m = AzéC) € mxv 72 A?é-g) S Q[X'
dé hé

We claim that Jn, € By
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We have
i&wge; waszéa)
X — X e\g %4
melm = e | A
hg Jod€
e flpn, 0 0 JoA ()
_ g hlpn, 0 0 IS
0 0 €|p/H¢ f|p;o/Hg; J«ﬂAw(C)
0 0 9|p/H¢ h|pp’H¢ Jsodf
eJyoNy(a) + fJbE
_ | 9JeAo(a) + hJ S
| edoAy(c) + fILdE
gJoAy(c) + hJdE
On the other hand,
Jm (m)Jn2
J, 0 0 0 A(a)
- 0 0 Jolpr, 0 X Ay(c)
0 Jolpn, 0 0 ! 3
0 0 0 Jolpprr, d§
J, 0 0 0 Ay(e)
« 0 0 Jolpr, 0 Ay (g)
0 Jolpn, 0 0 fé
0 0 0 Jolpprr, h&
Joad, 0 JobJ o, 0 Ay(e)
— 0 JoaJolpm, 0 JobJ o lppre, Ay (g)
Jocd, 0 JodJy|pn, 0 fé
0 JSDCJ#?';DHg; 0 devJSDlPP’Hg; h§
Joad,Ay(e) + JobJ, fE eJyoAy(a) + fJ,bE
B JoadsNp(g) + JobJohE | | gJoAp(a) + hJbE
o JocdoNo(e) + JodJo fE | edpAy(c) + fIdE
Jocd Ny (9) + JpdJ hE gJoAy(c) + hJ,dE

Hence we have m(n2)Jm = J(n1)Jn2. Consequently, we have
Jm € B, and ©X(Jm) = J7 (m)J.
Replacing 7; by 7]{, we have
T € B and 7X(Jnf) = T (n}) T = (Jm (m)J)".

By Lemma 4(2), Jn: € 1 with (Jm)? = Jnb. Hence JA, AL
Next, we will show that 21, O JA, .
Take n € 2. By Lemma 5, 7 is of the form
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where 11,73 € Bl, and V', d’ € M’ with

ﬂ—;’p (771) O bl|p,Hap 0
0 77 (1) lpr 0 Y pp
X — T Py pp e
e (77) plﬂf (773) 0 p/d/|p/m, 0
0 p/ﬂ'f(%ﬂp?—tw 0 p/d/|pp/7'tw

We claim that Jn € B,. Since J & =¢ € ”Pﬁ,, we have

Jom Jom
JoM3 JoM3
Jn = ® _ ® 7
T g be
Jod'€ dé

where b= J,b'J, € M and d = J,d'J, € M. Since J,m1, J,n3 € Jg,’B;, =B, we
have Jn € B, with

WZEanlg b||pH¢ 0 0
J d 0 0
X(Jn) = T \Jol3 pHe
Qy ( 77) 0 0 Wf(Jganl)LD’H@ b|PP’HvJ
0 0 Wf(Jgan?))'p’H@ leP’HvJ
On the other hand,
Jwﬂf(ﬂlgu’w Jwijw||pm 0 0
Jomf (m3) . Jod Jo|pm 0 0
J X J = @ity » ¥ PPty
(1) 0 0 Jomf (m)Jplpr,  Job Jolpph,
0 0 Japﬂf(n3)‘]ﬁp|p/ﬁ¢ Jod T |ppr .,

Replacing 1 by 7°, we have, Jn’ € B, with

(") = JrX(n°) T = (JxX(n)J)*.

T

By Lemma 4(1), Jn € D(Sy) and (Jn)* = Jn’. Hence Jn € 2, and we see that
JA, C Ay O

We have reached the main theorem, whose proof is a modification of [1, Theo-
rem 1].

Theorem 7. J = J,.

Proof. First, for
5= ((Z Z) €ny, Nny

A«p(a)

A
WX(S) = 2§C) €Ay,

dg

with
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we have

A«p(a)
(e (5" T () Aele)

b¢
_ J b§
J df

dg
(Ap IJ Ay (a)) + (Ap (b7)|JpbE) + (| JpAp () + (d7€| JpdE)
(A1/2A (@)[Ag(a)) + (b*J Ap(0%)[€) + (Ele o Mg (€)) + (€] d T dE).
Since &, b*J,A,(b*), cJ,Ay(c) and dJ,dE all belong to ”PEQ, we conclude that
(nx (™) Jnx(s)) = 0.

Now, we define
Ty (s) = Iy (s7), s € ny Nng.

By the above calculations, we find that T is positive symmetric, densely defined
linear operator. It is readily seen that

T=JS,.
Since J preserves the norm, we have

T—J5,
and D(T) = D(Sy) = D(Aim). We will show that T is self-adjoint (then T is
positive self-adjoint). Since T is symmetric, we have T'C T*. Since

=S,

2l is a core for S5 and since J2A, = A} (by Lemma 6), we see that 2, is a core
for T. On the other hand, 2, is a core also for T. Hence T = T*. Hence T and
Ai/ % are both positive self-adjoint. Then we have

T = T*T = §:JJS, = A,.
By the uniqueness of the positive square root, we have
T =AY2
On the other hand, T = JJXA;/Q. Hence we have J = J,. O
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