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WEIGHTED INEQUALITIES FOR ITERATED CONVOLUTIONS

KENNETH F. ANDERSEN

(Communicated by Frederick W. Gehring)

ABSTRACT. Given a fixed exponent p, 1 < p < oo, and suitable nonnegative
weight functions vj, j = 1,...,m, an optimal associated weight function wm,
is constructed for which the iterated convolution product satisfies

p m t

/:o 1 wm(w = H/ v; ()

j=1
for all complex valued measurable functions F; with [ [F;(t)|P dt/v; (t) < oo.
Here [H?Zl #Fy](z) = [F1 * F2](z) = [y F1(t)F2(z —t) dt and for each m > 2,

H;.”:l *Fy = {Hm 1 *Fj } *Fp,. Analogous results are given when Rt = (0, 0o)

is replaced by R™ and also when the convolution Fj*F» on RT is taken instead
to be [ F(t)G(x/t) dt/t. The extremal functions are also discussed.

1. INTRODUCTION

It is well known that the convolution (Fj * Fb)( fo Fi(t)Fo(x — t)dt of
Lebesgue integrable functions Fy, Fy € L(R™) belongs to L(RT), and more gen-
erally, if 1 < p < oo the convolution of Fy € L(R") and F, € LP(R") is also an
LP(R™) function. Indeed, Young’s Theorem asserts that

(1.1) [[F1 % Fol|perty < Pl Lern) 12| Lo (-

However, the convolution of two LP(RT) functions need not belong to LP(RT).
If the ambient space = RT = (0,00) is replaced by R", the convolution (F; *
Fy)(z) = fRn Fi(t)Fy(x — t) dt satisfies the analogue of (1 1), but for F,Fy €
L”(R") the convolution need not exist, let alone belong to LP(R™). The purpose
of this paper is to determine, when Q@ = R* or R", conditions on the measures y;,
j = 1,2, on Q which ensure that Fy * F, exists whenever F; € LP(, ii;) and to
construct an associated measure v on €2 so that Fy x Fy € LP(Q,v) and satisfies a
weighted substitute for (1.1), namely

[[F1 * Fa| Lo,y < (1P| Lr @) P2l Lr @) -

In fact, we consider more general inequalities for the iterated convolution products
H;n:l «F; defined by H?:l xF; = Fy x F5 and H;nzl I = [H;n:_ll «Fj| * Fy, for
m > 2.
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Our main result is the following theorem which generalizes a recent result of
Cwikel and Kerman [2] and certain earlier results of Saitoh [4] and Burbea [1].

Theorem 1. Let 1 <p < oo, 1/p+1/p' =1, and let m > 2 be an integer. Suppose

vj, j =1,...,m, are nonnegative measurable functions on Rt with vjl»/p e (0,R)
or every R > 0. Define wy = vy, and set
[ Y
() = W T @), if1<p<oo,
J = .
€88.SUP) 4oy wi—1(t)vj(z — 1), ifp=1

forj=2,....m. Then
(12 [ [Men]of 255 <10, 1mor 5

j=1
. ‘ dt )
for all complex valued measurable functions F; with fR+ |F;(t)|P W < oo, j=
Uy
1

ey ML

If 1 < p < o0, equality holds in (1.2) if
(1.3) Fj(t) = c;e™ 0 P (1)  ae,

for complex constants c; and real numbers o, 3 such that f L epatyl /p(t) dt < oo,
j=1,....,m. Conversely, if vj(t) > 0 on an open interval I; and vj (t) =0 on
RT\I;, j=1,...,m, and equality holds in (1.2), then F;, j =1,...,m, is given
by (1.3) unless F;j(t) =0 a.e. for some j.

For r, s > 0 the Beta function B(r, s) f y T r(1—y)*tdy =T (r)T(s)/T(r+s)
shows that

[tr—l " ts_l]($) — ?((:)i(j)) xr—i—s—l’ > 0’

and hence, if 1 < p < 00, ¢; > 0 and v;(t) = (@ ~DP=1 then

-1
wm(z) _ F(Lh) e 'F(Qm) P L@t tam—1)(p—1)
T(g+ -+ qm)
On the other hand, for p =1, ¢; > 0 and v;(t) = t%, a simple calculation yields
ai' - a Qi+t

wm () = @t + )0t Fam

where ¢? is taken to be 1 whenever ¢ = 0. Thus, we obtain the following result for
power weights on R*.

Corollary 1. Ifq; >0, j=1,...,m, then

/R+ (@t [ﬁ *Fj] (2)

j=1

dx

q1 dm
4 4 q
S|:(ql+.+q q1+-- +Qm:|H/ t ]dt

for all complex valued measurable functions Fj with [p, |Fj(t)[t~% dt < oo, j =
1,...,m.




WEIGHTED INEQUALITIES 2645

Ifl<p<ooandgq; >0,j=1,...,m, then

m P
(1.4) / g~ (@t tam—1(p—1) {H*FJ} ()| dx
R+ i
p—1 m
< [ I(g1) - T(gm ] / (t)[P¢ =)= gy
Dl + -+ aqm) R+

for all complex valued measurable functions F; with fR+ |F; ()Pt —9)®P=1) gt < oo,
j=1,...,m. Unless F; =0 a.e. for some j, equality holds in (1.4) if and only if
Fj(t) = cje=TiP49i=1 a6 for complex constants c; # 0, j = 1,...,m, and real
constants «, B with o > 0.

Special cases of Corollary 1 are known. The case p = 2, ¢; =1 for all j, and m
even was obtained by Saitoh [4] and this was extended to ¢; > 0 and arbitrary m
by Burbea [1]. For 1 < p < oo Cwikel and Kerman [2] obtained Corollary 1 for the
case that ¢; = 1 for each j.

The analogue of Theorem 1 for R" is as follows. As usual, for z = (z1,...,2,)
and y = (y1,...,Yn) We write -y = z1y1 + -+ + TpYn.

Theorem 2. Let1 <p < oo, 1/p+1/p' =1, and let m > 2 be an integer. Suppose

v, j = 1,...,m, are nonnegative measurable functions on R" with Ujl-/p e (R™).
Define w; = vy, and set
(o) = [ TP (@), if1<p<os,
! €ss. SUp,c pn wj—1(t)vj(x —t), ifp=1

for j=2,...,m. Then

. P de - dt

1.5 F; < F. ()P

(L5) / {H*g](aﬁ wm(x)—H/n“()' -5

J=1 Jj=1

dt
for all complex valued measurable functions F; with [y, |Fj(t)? w () <00, j =
Uj
1,...,m.

If 1 < p < o0, equality holds in (1.5) if
(1.6) F;(t) = cje""”iﬁ'tv?,/p(t) a.e.

for complex constants c; and fized o, 3 € R™ such that f L eble t)vf /p( t)dt < oo,
j = 1,...,m. Conversely, if vj(t) > 0 on an open path connected set I; and
vi(t) = 0 on R™"\I;, j =1,...,m, and equality holds in (1.5), then F;, j =1,...,m,
is gwen by (1.6) unless F;(t) =0 a.e. for some j.

For n = 1 and vi(t) = va(t) = X{u|t|<r}(t) for fixed r > 0 we have wy(z) =
(2r — |2])P~ X {4:[|<2r}(2). Thus we obtain the following result. The case p = 2
was obtained by Saitoh [5, p. 54] (note that the result is misstated there).

Corollary 2. If 1 < p < o0, Fy and Fy belong to LP(R) and are supported in the
interval {t : |t| < r}, then

Fy « F P
/ M dz < / |Fy (1)) dt/ | By (t)|P dt.
{z:|z|<2r} (2T - |$|)p {t:|t|<r} {t:|t|]<r}



2646 KENNETH F. ANDERSEN

The Poisson kernel P, (t)
1 b
™ [[t]2 + b2](n1)/2”

given by

Py(t) = teR™, b>0,

satisfies Py(at) = a™" P, /4(t) and the semigroup property Py, * Py, = Py, 44,. Thus,
taking v;(t) = [Py, (a;t)]P/?" for 1 < p < 00, a; >0, b > 0 yields

m —n—m bj
(szlaj) Ej:la_J

J
b\ 27 (nH1)/2
it (£ ) ]
J

and we have the following corollary which was obtained in the casen =1, m =p = 2
by Saitoh [6, p. 516].

Corollary 3. If1 <p<oo,a; >0 andb; >0 for j=1,...,m, then

[ (L e (L 20T

j=1

o m @ m b p—1 m . B
<l (M) Se] I/ imorae e

j=1

for all complex valued functions F; satisfying
J
/ |Fj(t)|p[a§|t|2 +b§]("+1)(”_1)/2 dt < oo, j=1,...,m
RTL

Unless F; = 0 a.e. for some j, equality holds if and only if

Fj (t) = Cjeiﬁ.t [a3|t|2 + b?} ~(nt1)/2 a.e.

for complex constants c¢; #0, j=1,...,m, and fized B € R™.

For power weights on R™ we have the following result, where we have set y(a) =
/2207 (o/2) /T ((n — @) /2) for 0 < a < n.

Corollary 4. If1 < p < oo, m > 2 an integer and q; > 0 with Z;nzl gj < n, then

/R ||~ (@t tam =) (p=1) [H *FJ} (x)

Jj=1

p— lm
< [ Y(q1) ¥ (gm ] / (|7 |¢| (=9 P=1) gy

V(g + -+ gm)

p

dx

for all complex valued measurable functions F; with fR" | ()|Ptn=a)(p=1) gt < oo,
j=1,...,m. Equality holds if and only if Fj(t) = 0 a.e. for some j.

The convolution defined on R by (f1 % f2)(x) = [5+ f1(t)f2(x/t) dt/t may be
expressed as (Fy * F»)(€) where z = e® and Fj(¢) = fj( ), 7 = 1,2. Thus Theorem 2
yields the following corollary.
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Corollary 5. Let 1 < p < oo, 1/p+1/p' = 1, and let m > 2 be an integer.

Suppose vj, j =1,...,m, are nonnegative measurable functions on Rt with v;/p €
LP (RT, dt/t). Define wy = vy, and set
(o) = {0 P (@), if1<p<oo,
! €ss. Sup,c pr wi—1(H)v;(z/t), ifp=1
forj=2,....m. Then
. Poda - dt
1.7 *fil(x < ()P
0D . “_T o] i —T_I/R SO 0,
. . dt
for all complex valued measurable functions f; with [p. |f;(t)[P () < oo, j=
1,...,m. !
If 1 < p < o0, equality holds in (1.7) if
(1.8) Fi(t) = ctot Pl M) ae,

for complex constants c; and real numbers o, 3 such that [, tpo‘vfl/p(t) dt/t < oo,
j =1,...,m. Conversely, if vj(t) > 0 on an open interval I; and vj(t) = 0 on
RT\I;, j=1,...,m, and equality holds in (1.7), then f;, j =1,...,m, is given
by (1.8) unless f;(t) =0 a.e. for some j.

2. PROOFS

We write |E| for the Lebesgue measure of a measurable E C R™, E; + Ey =
{ti+ta:t1 € E1,ta € By} for E1,Es C R and rE = {rt:t € E} for E C R"™ and
r > 0.

We will need the following Lemma.

Lemma. LetI; C R" be open and path connected and suppose f; is complex valued
and measurable on I;, j =1,2. If h is measurable on Iy + I and satisfies

(2.1) fi(x1) fo(ze) = h(z1 +22) ae. x1 €L, x € Iy,
then there are o, 8 € R™ and complex constants c¢; # 0 such that
fi(t) = cje™ ™™t ae tel;, j=1,2,
unless fj =0 a.e. on I; for some j.
Proof of Lemma. It suffices to prove the Lemma for the case that I; and I, are
open balls of the same radius. For if this has been proved, then if f; is not zero

almost everywhere on I, j = 1,2, there are balls B; C I; of the same radius r such
that f; is not zero almost everywhere on B; and hence

(2.2) fi(t) = cje Pt ae teB;, j=12.

But then, since I; is open and path connected, if z € I;\ By there is a finite sequence
of overlapping balls By, k = 3,...,m, of equal radius not exceeding r such that
|By N B3| >0, |Bx N Bry1| >0, k=3,...,m—1, and & € B,,. Choosing a ball
B!, C By with radius equal to that of Bs and noting that (2.2) shows |f1]| > 0 a.e. on
B3N B; and |f2| > 0 a.e. on B}, the special case of the Lemma applied successively
to the balls By, C I, k = 3,...,m, By C I, shows that f(t) = cie®?*? ae. on
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By,. Thus fi(t) = cre®ttiBt g e on a neighbourhood of x and hence also a.e. on
I;. A similar argument shows that fa(t) = c2e® 8t ae. on Is.

Suppose then that I} and I> are balls of the same radius, and that f; is not
zero almost everywhere on [;, j = 1,2. By considering Fj(z;) = f;(z; — a;) and
H(xz) = h(x — a1 — ag) if necessary, we may further assume that I; = Iy = B where
B has center at the origin.

We first prove that |f;| > 0 a.e. on B, j =1,2. Let A; = {z € B : fj(z) =0}
and suppose, to derive a contradiction, that |41| + |Aa] > 0. If |A;| > 0, then (2.1)
and Fubini’s Theorem (for nonnegative but not necessarily integrable functions)
shows that

O:/A1 |f1(:131)|d$1/B|f2(2132)|dx2 =//A1XB|h(x1 + x3)| dxydxy
:/A1 d$1/3|h($1 + x2)| dxa

and hence, for almost all 1 € Ay, h(t) =0 a.e. t € 1 + B. A similar argument
holds with the role of f; and f; reversed. Thus, for a.e. z € A; U A,

(2.3) h(t)=0 ae. texz+ B

and in particular, since |A; U Ay| > 0, there is zp € B such that h = 0 a.e. on
2o + roB with g = 1. For m > 0, set Zym41 = /2 and rp1 = 7 /2 + 1. Now,
suppose it has been verified that h = 0 a.e. on z,, + r, B for some m, and let
E=2,/2+4 (rm/2)B. Then E+ FE = x,, + r,, B and hence (2.1) shows

(2.4) /E|f1(:z:1)|dx1/E|f2(x2)|da:2 - //EXEm(xl + )| daydzs = 0

so that, for some j, f; = 0 a.e. on E. Hence (2.3) shows that h = 0 a.e. on

E+B=uzu4+1 +7m+1B. Thus h =0 a.e. on x,, + r,, B for all m > 0. Clearly,

T, — 0 and an easy induction shows that r,, T 2. Thus, h = 0 a.e. on 2B, and

taking £ = B in (2.4) we find f; = 0 a.e. on B for some j, the desired contradiction.
Now, since |f;j| > 0 a.e. on B, j = 1,2, (2.1) shows that

falwa) _ fa(w1)
fi(z2)  fi(xr)

and hence fo = c¢f; a.e. on B for a complex constant ¢ # 0, and hence also

ae z;€DB

xr1 + T2

2
Writing f;(t) = €% ®)|f;(t)| where 0;(t) € (—m, ], (2.5) shows that log |f;(¢)| and
;(t), j = 1,2, satisfy the functional equation

(25) fj(wl)fj(l'g) = sz( ) a.e. T;€ B, j=1,2.

1+ 362) _ P(z1) + ¢(w2)

(5 2

a.e. z; €B.

Since the solutions of this equation [7, p. 231] are of the form ¢(¢) = -t + v a.e.
for fixed @« € R™ and v € R, this shows that there are o, € R™ and complex
constants ¢; # 0, j = 1,2, such that f;(t) = c;e* ™" a.e. on B. This completes
the proof of the Lemma.



WEIGHTED INEQUALITIES 2649

Proof of Theorem 1. Observe first that w; is well defined, nonnegative, and

wjl»/ P e LP'(0,R) for every R > 0. Thus w; satisfies the same hypothesis satisfied
by each weight function v;. For j = 2 this follows from

/ p/p d;v—/ dx/ p/p pl/p(x—t)dt
0
R /
:/ A at [ty da
0 t

R ’ R /
g/ vf/p(t)dt/ vg/p(x)dx
0 0

ess. sup we(x) = ess. supess. sup vy (t)va(x — t)
0<z<R 0<z<R 0<t<zm

< ess. sup vy (t) ess. sup va ()
0<t<R 0<z<R

if 1 < p < oo and from

if p =1, and an induction yields the same conclusion for j > 2.

Now let E; = {t : vj(t) > 0} and G; = {t : w;(t) > 0}. We prove (1.2)
by induction. With H;:l *F; = F1, (1.2) holds for m = 1, so we suppose that
k> 2, [ |[Fj(t)[Pdt/vi(t) < oo, j=1,...,k, and that (1.2) has been verified for
m=k—1. Set Hp_1(t) = [Hf;ll *Fj|(t). Then [, [Hy_1(t)|P dt/wi_1(t) < o0
shows that Hi_; =0 a.e. on Rt \ Gi_1 so that

‘/O Hy1 (£) Fio(z — ) dt ’

/m Hy—1(t)xe_, (t) Fr(z — t)xp, (z — )
0 wp/P (1) o/ P(x —t)

< {/Ow [Hi—1 (1) [P | Fi(z — 1) [P dt]wk(:z:)

wip—1(t)  vk(x —1t)
by Hoélder’s inequality. Fubini’s Theorem shows that the last integral is finite a.e.

since
*|\H pF p
[ [lEmerse-or,,
R+ wr—1(t)  ve(xz—1)

(27) /R+/ |Hk 1 t)|p |Fk(x_t)| dr dt

wip—1(t)  vk(x —1t)

dt dx
= Hi_1(t)|P / Fi.(x)P < 00.
| maor S [ R@r S
Thus, (2.6) shows that (Hy_1* Fy)(x) exists a.e. and Hy,_1*F = 0 a.e. on RT\G}.

Combining (2.6) and (2.7) yields
< [1_1/}% Ber )| [ mer )

[wi—1(t)v(x — t)]l/p dt ’

(2.6) =

LIl

j=1
which is (1.2) for m = k. This completes the induction proof of (1.2).

If 1 < p < 00, a straightforward calculation shows that equality holds in (1.2) if
F} is given by (1.3). Conversely, suppose E; = I; is an open interval and equality
holds in (1.2). A simple induction shows that G; = G;j_1 + I; and hence G; is
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also an open interval. It follows from (2.6) and the induction argument that, apart
from the cases in which F; = 0 a.e. for some j, equality in (1.2) requires equality
in Holder’s inequality for each k, k = 2,...,m. Thus [3, p. 39] there is a complex
valued function hj such that for almost all z € RT

Hyy () Fi(z — t) = ha(@)l Pt P(@ —t) ace. t€GroyN(z—Ii)
which we write as
(2.8) forae xz€ R, fria(t)fre(z—1t)=hk(z) ae te€Gr_1n(z—I),
where
fia(t) = Hoy (o /P (t), t € Gi,
Fra(t) = Fe(tw P /P(t), te .

We first show that hy is measurable on Gj. Let U(z) be positive and integrable on
R, say U(z) = e~%, and let V(t) be real valued, continuous, bounded and strictly
increasing on R, say V (t) = arctant. Then

Wi, t)= %vae[m(wm (@ — D) 2 (v, (0027 @ — s, (& 1)
Wk x

is integrable on BT x R* and hence Fubini’s Theorem shows that
m@:/'W@oﬁ
Rt

is measurable. In view of (2.8), U(z) = U(2)V (Re[hi(2)]) xc, (z) for a.e. z € RT
and hence Re[hy(z)] = V! (¥(2)/U(x)) a.e. on Gi. Thus, Re[hs] is measurable
on Gg. A similar argument applies to Im[hg(z)], and hence hy is measurable on
Gy.

Since Hy, is measurable on Gy, ¢(x1, ) = | fr1(x1) frz(z—x1) — he(@)|x1, (x — 21)
is measurable for (x1,z) € Gx—1 X Gj and in view of (2.8) and Fubini’s Theorem
we have

O:/ dx/ ¢(x1,x) dxy 2// d(x1,x) dedry
Gk Gk,1 GkXGk—l

= / dxy o(x1,x) dz
Gr-1 G

= / dxy / | fr1(z1) fra (@) — hi(x2 + 21)|x1, (22) d2a.
Gr_1 [Gro1+1g]—z1

Since z1 € Gi—1 implies Iy C [Gx—1 + Ix] — x1, this shows that
fkl(xl)fkg(xg) = hk(xl + xz) a.e. I € Gk—la To € I}.

Thus, the Lemma now shows that (2.8) requires
(2.9) frj(zy) = cjea‘“””ﬁw”f a.e. 11 € Gr_1, x2€ I}
for real constants ay, B and complex constants ¢; # 0, j = 1,2, unless fi; = 0 a.e.
for some j.

The necessity of (1.3) may now be proved by induction. If F; = 0 a.e. fails for
each j, j =1,...,m, then taking k = 2 in (2.8) shows, in view of (2.9), that (1.3)
holds for j = 1,2, and to complete the induction, suppose (1.3) has been verified
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for j =1,....k — 1. Then Hy_,(t) = [[T;= «F;](t) = (I1}=; ¢, ) et P /P ()

a.e. on Gx_1 and hence (2.8) and (2.9) show that Fj(t) = ckeat‘”ﬁtvzl/p(t) a.e. on
Ij.. Thus (1.3) holds for j = k, and the proof is complete.

Proof of Theorem 2 and Corollary 4. The proof of Theorem 2 is similar to that
of Theorem 1 so the details are omitted. Note however that the local integrability
hypothesis imposed on v; in Theorem 1 was used only to ensure that the w; are well
defined and satisfy the same hypothesis as the weights v;. In R", local integrability
is not sufficient to provide this assurance, and hence the stronger hypothesis of
Theorem 2.

On the other hand, any hypothesis ensuring that the w; are well defined is
sufficient to validate the remaining arguments used in the proof. Thus, while the
power functions v;(t) = [t|(% (=1 do not satisfy the hypothesis of Theorem 2,
the corresponding w; are well defined under the hypothesis of Corollary 4 as we
now show.

For x # 0 and e; = (1,0,...,0) € R™,

(" =) ) = b [ ey — o s
RTL

= Byu(q1,q2)|z|"Te"

and the Beta integral B, (¢1,¢2) is finite if min[qq,¢2] > 0 and g1 + g2 < n with
value v(q1)7(q2)/7(q1 + g2) where

~v(a) = 7r"/22af(a/2)/l"((n —)/2).

Thus, with v; = |t] (@i =) (p=1), g; > 0and g1 +- -+ ¢m < n, an induction shows we
have
Yqn) -+ (gm) 177 1
wm(z) = | A ||t Fam =) (p=1)
(g + -+ gm)

Thus, in view of the remarks above, we have the inequality of Corollary 4, and since
Jrn €Dt @=m =D gt = oo for every a € R", equality requires F; = 0 a.e. for
some j.
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