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WEIGHTED CACCIOPPOLI-TYPE ESTIMATES
AND WEAK REVERSE HOLDER INEQUALITIES
FOR A-HARMONIC TENSORS

SHUSEN DING
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ABSTRACT. We obtain a local weighted Caccioppoli-type estimate and prove
the weighted version of the weak reverse Holder inequality for A-harmonic
tensors.

1. INTRODUCTION

Harmonic functions have wide applications in many fields, such as potential the-
ory, partial differential equations, harmonic analysis and the theory of HP-spaces.
A-harmonic tensors are interesting and important generalizations of p-harmonic
tensors. In the meantime, p-harmonic tensors are extensions of conjugate har-
monic functions and p-harmonic functions, p > 1. In recent years there have been
remarkable advances made in the field of A-harmonic tensors. Many interesting
results of A-harmonic tensors and their applications in fields such as potential the-
ory, quasiregular mappings and the theory of elasticity have been found; see [1],
[2], 3], [7], [8], [9], [10], [11], [12], [14]. For many purposes, we need to know the
integrability of A-harmonic tensors and estimate the integrals for A-harmonic ten-
sors. In this paper we first obtain the local weighted Caccioppoli-type estimate and
the weighted version of the weak reverse Holder inequality for A-harmonic tensors.
These integral inequalities can be used to study the integrability of A-harmonic
tensors and estimate the integrals for A-harmonic tensors.

We always assume {2 is a connected open subset of R™ throughout this paper.

Let eq,es,--- , e, denote the standard unit basis of R™. For [ = 0,1,---,n, the
linear space of [-vectors, spanned by the exterior products er = e;; Aej, A--- Aeyy,
corresponding to all ordered I-tuples I = (iy,42, - ,4;), 1 < iy <iz <--- < i < n,

is denoted by Al = Al(R™). The Grassmann algebra A = @) Al is a graded algebra
with respect to the exterior products. For a = Y. afe; € A and 8 =Y ples € A,
the inner product in A is given by (o, 8) = Y. afB! with summation over all [-
tuples I = (i1,42,--- ,4;) and all integers [ = 0,1,--- ,n. We define the Hodge star
operator x: A — A by the rule x1 = e; Aea A+ - -Aep, and aA*fS = BAxa = (a, B)(x1)
for all a, B € A.

Received by the editors August 23, 1997.

1991 Mathematics Subject Classification. Primary 30C65; Secondary 31B05, 58A10.

Key words and phrases. A-harmonic tensors, A,-weights, Caccioppoli-type estimate, A-
harmonic equation.

©1999 American Mathematical Society

2657



2658 SHUSEN DING

Hence the norm of o € A is given by the formula |a|? = (o, ) = *(aAxa) € AY =
R. The Hodge star is an isometric isomorphism on A with x : Al — A"t and
xx (=1)Hn=D . Al 5 AL Let 0 < p < 0o; we denote the weighted LP-norm of a
measurable function f over E by

b= ([ 15wty "

A differential [-form w on 2 is a Schwartz distribution on Q with values in
AY(R™). We denote the space of differential I-forms by D'(Q,A!). We write
LP(Q, AY) for the I-forms w(z) = 3", wi(v)drr = Y Wiyig.iy (¥)dxi, Adwiy A~ - Aday,
with wy € LP(Q, R) for all ordered I-tuples I. Thus LP(2, A!) is a Banach space

with norm
el = ( / |w(x>|de) e ( [ |w1<x>|2>p/2da:>
I

Similarly, Wz} (92, Al) are those differential I-forms on € whose coefficients are in
W, (€2, R). The notations W, (2, R) and W}, (€, A') are self-explanatory. We
denote the exterior derivative by d : D'(2, Al) — D'(Q, A1) forl =0,1,--- ,n. Its
formal adjoint operator d* : D'(Q, A'*1) — D’(Q, A) is given by d* = (—1)"+1xdx
on D'(Q,AFYH, 1=0,1,--- ,n.

Recently there has been new interest developed in the study of the A-harmonic
equation for differential forms, largely pertaining to applications in quasiconformal
analysis and nonlinear elasticity, that is:

(1.1) d* Az, dw) = 0,

1/p

where 4 : Q x Al(R") — A(R™) satisfies the following conditions:
(1.2) Az, €)| < alg]’™" and (A(z,€),8) > [¢]

for almost every z € Q and all £ € A/(R"™). Here a > 01is a constant and 1 < p < oo
is a fixed exponent associated with (1.1). A solution to (1.1) is an element of the
Sobolev space W;lOC(Q, A1) such that

/(A(a:,dw),dgp> ~0
Q

for all p € Wz} (92, A'=1) with compact support.
Definition 1.3. We call © an A-harmonic tensor in € if u satisfies the A-harmonic
equation (1.1) in Q.

Let us mention some basic terms for harmonic tensors as follows. A differential
I-form u € D'(2, A!) is called a closed form if du = 0 in Q. A differential form wu is
called a p-harmonic tensor if

d*(|duP~?du) = 0 and d*u = 0,
where 1 < p < oo. See [7] for more results about p-harmonic tensors. In order to

formulate some estimates it is required first of all that the equation be written in
the form of a first order differential system:

(1.4) A(z,du) = d*v .
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In this way we obtain a pair (u,v) of (I — 1)-form u and (I + 1)-form v, called
the conjugate A-harmonic fields. Example: du = d*v is an analogue of a Cauchy-
Riemann system in R"™. Clearly, the A-harmonic equation is not affected by adding
a closed form to u and coclosed form to v. Therefore, any type of estimates between
u and v must be modulo such forms. Suppose that u is a solution to (1.1) in .
Then, at least locally in a ball B, there exists a form v € qu (B, N1, % + % =1,
such that (1.4) holds.

Definition 1.5. When u and v satisfy (1.4) in 2, and A~! exists in Q, we call u
and v conjugate A-harmonic tensors in Q.

Definition 1.6. We call u a p-harmonic function if u satisfies the p-harmonic equa-
tion

div(Vu|Vu|P™2) =0
with p > 1. Its conjugate in the plane is a g-harmonic function v, p~! + ¢~! = 1,

which satisfies
dv  Ov
VulVulP~? = (=, —=).
WP = (5~ 50

Note that if p = ¢ = 2, we get the usual conjugate harmonic functions.

We write R = R!. Balls are denoted by B and ¢B is the ball with the same
center as B and with diam(ocB) = odiam(B). The n-dimensional Lebesgue mea-
sure of a set £ C R™ is denoted by |E|. We call w a weight if w € L} . (R™) and
w > 0 a.e. Also in general du = wdx where w is a weight. The following result
appears in [8]: Let @ C R™ be a cube or a ball. To each y € @ there corresponds
a linear operator K, : C>(Q, A') — C>(Q, A\'=1) defined by

1
(Kyw)(x7€17 e 761) = / tl_l"U(tx ) Yy — ty7 T — yagla e 7€l—l)dt
0
and the decomposition
w = d(Kyw) + K,(dw).

We define another linear operator Ty : C®(Q, Al) — C>=(Q, A1) by averaging
K, over all points y in @

L= [

where ¢ € C§°(Q) is normalized by fQ o(y)dy = 1. We define the I-form wqg €
D'(Q,A") by

wg = |Q|_1/ w(y)dy, 1 =0, and wg =d(Tow), 1=1,2,---,n,
Q
for all w € LP(Q,A!), 1 < p < c0.

2. THE LOCAL WEIGHTED CACCIOPPOLI-TYPE ESTIMATE

Definition 2.1. We say the weight w(z) satisfies the A, condition, r > 1, written
w € A, if w(z) >0 a.e., and, for any ball B C R",

1 1 1\ V=1 (r=1)
sup | — wdx — — dx < 00.
Bp(|B|/B ) |B|/B(w)
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See [5] and [6] for the basic properties of A,-weights. We need the following
lemma [5].

Lemma 2.2. If w € A,, then there exist constants 3 > 1 and C, independent of
w, such that

lw lls.5< CIBIYP77 || w |

1,B
for all balls B C R™.

We will also need the following generalized Holder’s inequality.

Lemma 2.3. Let 0 < a < 00, 0 < 3 < o0 and s~' =a 1 + 371 If f and g are
measurable functions on R™, then

(2.4) | fgllso<l fllae - Il gl
for any Q@ C R".

8,2

In [10], C. A. Nolder obtains the following local Caccioppoli-type estimate.

Theorem A. Letu be an A-harmonic tensor in Q and let o > 1. Then there exists
a constant C, independent of u and du, such that

ldulls,s < CIB|I™H|Ju —c|

s,0cB
for all balls or cubes B with oB C 2 and all closed forms c¢. Here 1 < s < oo.
The following weak reverse Holder inequality appears in [10].

Theorem B. Let u be an A-harmonic tensor in Q, o > 1 and 0 < s,t < 0o. Then
there exists a constant C, independent of u, such that

lulls,z < CIBI**Y*" |lulls0n
for all balls or cubes B with oB C €.

We now generalize Theorem A into the following local weighted Caccioppoli-type
estimate for A-harmonic tensors.

Theorem 2.5. Let u € D'(Q,AY), I =0,1,---,n, be an A-harmonic tensor in a
domain Q C R™ and p > 1. Assume that 1 < s < 00 is a fized exponent associated
with the A-harmonic equation and w € A, for some r > 1. Then there exists a
constant C, independent of u and du, such that

(2.6) ldulls. 5.0 < CIBI™ lu = clls,pB,0,

for all balls B with pB C Q and all closed forms c.

Note that (2.6) can be written as

1/s
C
2.6/ (/ du Swda:) < —

or

" s e c s e
(2.6") ; |du|®dp < Bl ; lu — c|®du ,
p

where the measure p is defined by dy = w(x)dx and w € A,.
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Proof. Since w € A, for some r > 1, by Lemma 2.2, there exist constants § > 1
and C; > 0, such that

(2.7) lw |lg,5< C1|B|M
for any cube or any ball B ¢ R™. Choose t = s3/(3 — 1); then 1 < s < ¢ and

B=t/(t—s). Since 1/s = 1/t + (t — s)/st, by Holder’s inequality, Theorem A and
(2.7), we have

s 1/s
dulls,B,w = </ du|w'’* d:z:)
|dul | (lautu')
1/t st/(t—s) (t—S)/St
< </ |du|td:c) </ (wl/s> d:c)
B

< Colldulle,s - w5,

< Cy/B| Al
< Cy|B|7H|B|*- Wsnwn”s
(2.8) = Cu|B|7Y BV w5

for all balls B with ¢ B C Q) and all closed forms c. Since c is a closed form and u
is an A-harmonic tensor, then u — ¢ is still an A-harmonic tensor. Taking m = s/r,
we find that m < s < t. Applying Theorem B yields

lu = clleon < Cs| Bl ™ lu = ¢l 02

(2.9) < C5|B| I | = | o
where p = 02. Substituting (2.9) in (2.8), we have

— —1/m 1/s
(2.10) ldulls,p. < ColBI~HBITH™ - w5 - u = cllm,pn-

Now 1/m = 1/s+ (s — m)/sm; by Holder’s inequality again, we obtain

1/m
=l = ([ u=clas)
pB
m 1/m
= < (|u - c|w1/3w_1/5) dx)
pB

1/s 1 m/(s—m)
< </ |lu — c|8wdx) / <—> dx
pB pB w

1/s
(2.11) < lu=ells,pm - 11/010 5 oy o5

(s—m)/sm

for all balls B with pB C € and all closed forms ¢. Combining (2.10) and (2.11),
we obtain

— —1/m 1/s 1/s
(212) |dulls, 5w < Col Bl BI7Y™ - [lw]y /5 - 11/wl]l,)5 Nu—=clls,pB.w-

m/(s—m),pB
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Since w € A,., we then have

1/ 1/ Ye 1\™/ e
s 1 s — d — d
leolls - 10/l oy (/Bw f) /pB (w> )

(s—m)/sm

1/s
1\ V(s/m=1) s/m—1\ 1/
< (/ wdx) / (—) dx
pB pB w
(2.13)
1/s
i (1 1 e Y
= szm<—/ wdx) —/ (—) dx
B om L) \ o s
< Cy|BIM™.

Substituting (2.13) in (2.12), we find that
ldulls.5.w < CIBI™ u = clls pp.w

for all balls B with pB C €2 and all closed forms c¢. This ends the proof of Theorem
2.5.

3. THE WEIGHTED VERSION OF THE WEAK REVERSE HOLDER INEQUALITY

We now generalize Theorem B into the following weighted form.

Theorem 3.1. Let u € D'(Q,AY), 1 =0,1,--- ,n, be an A-harmonic tensor in a
domain Q C R™, 0 > 1. Assume that 0 < s,t < 0o and w € A, for some r > 1.
Then there exists a constant C, independent of u, such that

1/s 1/t
(3.2) (/ |U|Swd:z:> < C|B|(t—5)/st </ |u|twt/sdx)
B oB

for all balls B with cB C Q.

The proof of Theorem 3.1 is similar to that of Theorem 2.5. For completion of
the paper, we prove Theorem 3.1 as follows.

Proof. Since w € A, for some r > 1, by Lemma 2.2, there exist constants 5 > 1
and C; > 0, such that

(3-3) lw llg,5< CLIBIU P78 |l |

1,B

for any cube or any ball B € R™.  Choose k = s3/(8 — 1); then s < k and
B =k/(k—s). By (3.3) and Holder’s inequality, we have

1/]{} sk/(k—s) (k}—S)/Sk
llulls,Bw < (/ |u|kdx> (/ (wl/s) dx)
B B

1/s
= |lulle.z - o} 5
< 02|B|(1—B)/6s”w|
_ 1/s
(3.4) = Co|BI"V*|lwl|ly/5 - ulle. 5

1
Ui llulles
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for all balls B with ¢B C . Choosing m = st/(s + t(r — 1)), by Theorem B we
obtain

(3.5) lulle,5 < C| Bl E™ ]y 0.
Combining (3.4) and (3.5) yields

—1/m 1/s
(3.6) lulls, 5.0 < CoIBI™Y™ Jwll}5 - ullmos:

Since m < t, by Holder’s inequality, we have

m 1/m
lw|lm.on = (/ (|u|w1/sw_1/5) da:)
oB

1/t 1\ ™/ (s(t=m) (t=m)/mt
< (/ |u|twt/sda:> / <—> dx
oB oB \W
y 1/t
(3.7) <UL/ iy (/UB |u|twt/sdx> .

By the choice of m, we find that r—1 = s(t —m)/mt. Since w € A,., we then obtain

1/s 1/s
lwllys - 1/l sty .om

1\ ™/ (s(t=m))
(/ wdx) / <—> dx
B B \W
1/(r—1)
|UB|1+S(t—m)/tm L/ wdz L/ 1 dr
|UB| oB |UB| oB w

< C5|B|1/S+1/m_1/t.

s(t—m)/mt /s

r—1\ 1/s

IN

From (3.6), (3.7) and (3.8), we have
1 1/ l/t
lalls,zw < CalBI™™Mwlls - 11/l (o (t-mpyo (/ 5 lultw”sdx)

1/t
(3.9) < Cg|B|Y/ s~/ </ |u|twt/5da:> .
oB

It is easy to see that (3.9) is equivalent to (3.2). This ends the proof of Theorem
3.1.
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