PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 127, Number 9, Pages 2561-2568

S 0002-9939(99)05291-0

Article electronically published on May 4, 1999
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ABSTRACT. We have shown recently that the space of modular forms, the
space of generalized Dedekind sums, and the space of period polynomials are
all isomorphic. In this paper, we will prove, under these isomorphisms, that
the Eisenstein series correspond to the Apostol generalized Dedekind sums,
and that the period polynomials are expressed in terms of Bernoulli numbers.
This gives us a new more natural proof of the reciprocity law for the Apostol
generalized Dedekind sums. Our proof yields as a by-product new polyloga-
rithm identities.

1. INTRODUCTION

In the previous paper [2] we have shown that the space May of modular forms
of weight 2k on SL(2,7Z) is naturally and bijectively mapped to the space of even
(resp. odd) Dedekind symbols which have polynomial (resp. Laurent polynomial)
reciprocity law of degree 2k — 2. We have also shown that the polynomials which
appear in the reciprocity law coincide with period polynomials of the modular
forms. We may illustrate the situation as follows:

‘the space of modular forms of weight 2k |
=
the space of even (resp. odd) generalized Dedekind symbols with

polynomial (resp. Laurent polynomial) reciprocity law of degree 2k — 2
[I=

the space of odd (resp. even) period
polynomials (resp. Laurent polynomials) of degree 2k — 2.

Since the Eisenstein series are the most typical modular forms, it should be inter-
esting to know which generalized Dedekind symbols might be assigned to them in
the correspondences described above. In this note we will address this question and
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give a complete answer to it. We will show that the Eisenstein series of weight 2k
correspond to the (2k — 1)-th Apostol generalized Dedekind sums [1]. Furthermore,
we will prove that Laurent polynomials in the reciprocity law are related to the
Hirzebruch L-polynomials (refer to Zagier [6, p. 158]), which are familiar objects
to topologists. These correspondences may be schematically expressed as follows:

‘the Eisenstein series of weight 2k|

1
‘the (2k — 1)-th Apostol generalized Dedekind sum|
1
(Qk - 2)! i By, Bog—n n 2k—n % -1 -1
2pq — n!(2k —n)!p 1 a P

where and hereafter B,, denotes the n-th Bernoulli number. This provides us with
a natural alternative proof of the Apostol theorem [1, Theorem 1] on the reciprocity
law of his generalized Dedekind sums (Theorem 6.4). This also presents another ex-
ample of relationships between modular forms and topology of manifolds mentioned
in Hirzebruch-Berger-Jung [4] (see also [3] and [5]).

In the course of the proof of the above correspondences, we also obtain new
polylogarithm identities (Theorem 5.2). The polylogarithm function Lij(z) of order
k is defined by Liy(z) = >0, z"/nF (k > 1) for |2| < 1, and then continued
analytically onto C — [1,00). Note that Lig(1l) = ((k) with the Riemann zeta-
function ((s). Our identities are

p—1 q—1
p2k—3 ZnLizk_l(e%mnq/p) _ q2k—3 Z an’Zk_l(e—%mnp/q)

n=1 n=1

2k—1 T
(1.1) . (2mi)** 1Bn+1B2k—n—1pnq2k—2—n
' = 2(n+ D12k —n—1)!
n odd
@ri)* 'Bar .y CCk—=1) 95 op o
7oy U e U A A

for positive integers p, ¢ such that (p,q) = 1.

2. DEDEKIND SYMBOLS ASSOCIATED WITH MODULAR FORMS

Throughout the paper, let k denote a positive integer. Let Mag denote the space
of modular forms of weight 2k. For f € Moy, let f(7) = 3.7 ay(n)e*™™7 be its
Fourier expansion. The generalized Dedekind symbol Dy associated to f was first
defined in [2, Definition 7.1]. Here we will give another expression for D;. Let p,q
be integers such that p > 1 and (p,q) = 1. We introduce a function Ay:

Ag(sipq) = e™2p*7! /0 {f(it+a/p) — as(0)}t"~"dt.

It is easy to see that Af(s;p, ¢) is well defined for (s) > 0 and has a meromorphic
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continuation, say A%(s;p,q), to all s € C. More explicitly, we have

A% (sip,q) =6”5/2p5‘1/ {F(it+q/p) — ap(0)}t° 'dt

(21) 7'(18/2 s— 1/ {,f zt—|—q/p) ( ()) }ts 1dt

s 15— 2k
N -
s (pi)?k(s —2k)

(to > 0 arbitrary). The right-hand side of (2.1) is independent of the choice of to. It
is plain that, using (2.1), D¢(p, q) can be rewritten as: Dy(p,q) = A}(2k — 1;p, q).

_ eﬂ-is/st—laf(O){

3. DEDEKIND SYMBOLS ASSOCIATED WITH THE EISENSTEIN SERIES

In this section we will obtain an explicit form for D (p, ¢) when f is the Eisenstein
series of weight 2k. Let Gor denote the Eisenstein series of weight 2k. It is well
known that Ga has the expansion:

Gar(2) = —Bai/(4k) + Z Zan—IGZﬂ'imnz'

m=1n=1
The result is formulated as follows.
Proposition 3.1.

P22k - 2) 1
De,,(p,q) = W{Z — Ligg—1( 2mlq/p) +(1 W)C@k_l)}

Proof. First we calculate Ag,, (s;p,q).

Ag (5, q) =¢™*/2p 1 / (Gon (it + q/p) + Bow/ (4) }*Ldt
0

0o [ee] [ee]

:67”'5/2ps—1/ {Z Z an—le27rimn(it+q/p)}ts—ldt
0

o0

m=
oo oo
:eﬂzs/Zps—l E E n2k:—1627mmnq/p / e—27rmntts—1 dt
0

: I'(5) o= e~ 1 ;
_ mis/2, s—1 2k—1—s_— 2mimlqg/
et EO 5SS et L
—Tis/2,2k—2 I'(s) i Xp:i( Y )Zk—l—sLeQﬂ'imlq/p
= p 2m)° ‘ J p me

, r &
:eﬂls/2p2k—2 (S) Z ZC(S +1— 2k, l/p) 27'mmlq/p

(27T)S m=1[=1
_ I'(s) & 1 5.
__,mis/2, 2k—2 27T’Lmlq/P
=e D C(s+1—2k1/p) —
(27 2= 2

where ((s, ) denotes the Hurwitz zeta function.
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Since Dg,, (p,q) = Ag,, (2k — 1;p, q), taking s = 2k — 1 in the equation above,

we obtain
2k—1, 2k— 2 ¢ = 1 2mimlq/p
Da, (pg) =i"p 27T To\2h—1 Z ¢(0,1/p) Z m2h—1° :
=1 m=1

Now noting that ¢(0,1/p) = —=B1(l/p) = —(I/p — 1/2) and

p oo

Z 1/m2k—1)e2ﬂ'imlq/p — C(2k _ 1)/p2k—2’

=1 m=1
we have

Z-2k—1p2k—2(2k _ 2) l > 1
D — - 27'mmlq/p 2k —
Gap (p7 Q) (27.‘.)2k—1 ; P Z m2k 1€ 2p2k 2<(
2k 2(2k 27rzl 1
_W{Z = Ligk—1(e*™9/7) + (1 W)C(% - D}

This completes our proof.

4. RECIPROCITY LAW FOR D¢(p, q)

D}

Let us recall the definition [2, Definition 7.2] of R(f)(p,q) for f € May. To ease

notations, we simply write Ry(p, q) for R(f)(p, q) in what follows.
(4.1)

100

Rip.a) = [ 1£(7) = as (O} (o7 — ) dr

)2k—1 _

+ [ - Lo -0
0
T, o — 4 L (p— q/7)* )

1
_af(o){(%—l P (2k —1)q
+asr(0)p~tq™t (70 € H arbitrary).

It was shown in [2, Lemma 7.2] that

(4.2) Dy(p,q) — Dy(q,—p) = Rs(p,q)

for positive integers p, ¢ such that (p,q) = 1.
For f € Myy, let Ly be defined by:

9= [0 - a0 ar

Then Ly(s) is well defined for R(s) > 0 and has an analytic continuation, say

L%(s), to all s € C. More explicitly, we have

/ {(it) — ap(0) = 1dt+/ (it §)

¢ —1)kgs2k
ooyl L

} (to > 0 arbitrary).
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Lemma 4.1.
2k—2
‘1—n 2k —2 * n 2k—2—n
R = X (P L
n=0

ar(0 _ _ 1 _ 1
+ f( ){p 1q2k 1+p2k 1q 1}+af(0)p 1q 1

2k —1
Proof. Expand the term (pT — ¢)*~2 in the right-hand side of (4.1). Then arrange
the terms according to the degrees in p. This gives the formula we are after. O

5. RECIPROCITY LAW FOR Dg,, (p,q)
Applying Lemma 4.1, we can calculate Rs(p, q) for f = Gay.

Lemma 5.1.

2k—1
(2k - 2)'Bn+132k:—n—1 2k—2—
R = — u3 n
G2 (P, ) Z 2(n + DI(2k —n — 1)
n odd
(2k —=2)IC(2k = 1) 945 op_oy  Ba 4 -1
32T (g P

Proof. (This is essentially due to Zagier [7].) We use the well known fact that
Lg,, (s) = (2m)7°I'(s)¢(s)C(s — 2k + 1). It is also known that ((1 —n) = —B,/n,
¢(n) = —(27m)"By/2n! (n > 0 even) and (1 —n) =0 (n > 1 odd). We then have

2k—2 9% —
Rc%(p,q) — Z Z-l—n< n )LG%(TL—I— 1) " 2k 2-m
n=0
Bay -1 _2k—1 2k—1 _—1 Bay -1 -1
Tok—D T
2k—2
2k—2\T'(n+1)
1—n 7 Qk 2—n
= Z < ) 2ry C(n+1)¢(n—2k+2)p
By, -1 Qk 1 2k—1_—1 By, -1 _—1
Tk ){p +p T
2 2k—2\ nl —(2mi)""'B,.1 —B
— Z il—n . n+1 Zk—l—npnq2k:—2—n
— n @mrtl  2n+1)!  2k—-1-n
nodd
(2k —2)IC(2k = 1) 5p 5 9o
T apmp @ )
Bay, “12h1 2k
~ T2k - ){p +p* g}
_Bok
4k
2k—1

_ Z (2k — 2)!Bpt1Bok—n-1 , 9k—9-n
c~ 2(n+ 112k —n—1)!

n odd
(2k —2)I¢(2k = 1) oy 2k—2 Bor 1 4
32 21 (g Ty O
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From (4.2) and Lemma 5.1 above, we can deduce a new polylogarithm identity.

Theorem 5.2. For positive integers p,q such that (p,q) = 1, the identity (1.1)
holds.

Proof. We obtain the following equation from Proposition 3.1, Lemma 5.1 and the
identity (4.2) for Gag:

2k—2 p—1 2k—2 q-1
pPrERE -2 2l TERE -2 —2mil
£ \er 47 2 Lion (e2™a/py L 2% 4)° 2 Lion_ milp/q
@) T ; iok—1(e ) @ri)7 ; iok—1(e )
k
_221 (2k —2)!Bni1Bak-—n-1_p or—a- n_% -1, -1
2(n+ D2k —n — )'pq a P
nodd
2k —2)IC(2k —1) 95 k-2
ST ¢ P
The assertion of the theorem then follows from this. O

Corollary 5.3. For a positive integer p, set & = e2™/P . Then we have

2k—1
(271'1)% ! Byt1Bak—n—1 1—
Z nliog_1(§") = P
—~ (n+ 12k —n—1)!
n odd
(27T7:)2k_1B2k —2k42 + C(2k - 1) (p—2k+3

T ak(2k—20 P 2 —p)-

6. APOSTOL GENERALIZED DEDEKIND SUMS

Recall that any generalized Dedekind symbol D(p, ¢) splits uniquely as D(p, q) =
D*(p,q)+D~ (p,q) so that D*(p, —q) = D*(p,q) and D~ (p, —q) = =D~ (p, q). We
call DT (resp. D7) the even (resp. odd) part of D. In this section we will show
that the odd part of D¢, (p, q) is essentially the Apostol generalized Dedekind sum
and that Theorem 5.2 corresponding to the odd part is the Apostol reciprocity law.

Let By(z) denote the p-th Bernoulli function which is given by the Fourier ex-
pansion

By(z) = —p!(2mi)~ Z m~PeTime,
"m0

For0<z<1, B ( ) reduces to the p-th Bernoulli polynomial. For integers h, k
such that (h,k) = 1, Apostol [1] introduced the p-th generalized Dedekind sums
sp(h, k) by

k—1 B

sp(h, k) = (1/k)Bp(hu/k).
p=1

The sum s, (h, k) coincides with the original Dedekind sum when p = 1. Apostol
proved the reciprocity law for these generalized Dedekind sums:
Theorem 6.1. For odd p, (h,k) =1, we have the reciprocity law

p+1

1
(p+ 1) {hkP sy (h, k) + khPs, (R, h)} = 3 <pj )(—l)SBShSBPH_Sk”“_S+po+1.
s=0



Now we will calculate the odd part D

GENERALIZED DEDEKIND

of the identity (4.2) ([2]):

(6.1)

(Here again we simply write R} (p,q) for R7(f)(p,q).) Indeed, we will obtain an

explicit form for D (p,q) (Lemma 6.3), and finally

Dy (p,q) — Dy (¢, —p) =

Gy (P> @) (Lemma 6.2) and R,

the reciprocity law (Theorem 6.4).

Lemma 6.2. We have

Proof.

2k—2
Dc_;zk (pv Q) - (2k
:l{Dng (pu Q) - Dsz (pu _q)}

De¢,,.(p,q)

CpP2(2k - 2)1 N
T 2(2mi)T Z;Z

2k22k 2'17 I 27T12k1_
_WZE{ ((2]371)!3216—1(161/19)}

m2k1
=1
I A ) [ty i
T 2(2mi)2k1 Z; Z
: m=—0o0

m#0
1

1

1=
2k—2 P—1
D

l
2(2k—1) & p

Next we will calculate R, (p,q).

Lemma 6.3. We have

Rézk (pa q) =

Proof. Since R, (p,q) =

2k—1

>

(2k — 2)!Bn+1BZk—n—1 n 2k—2—n

SYMBOLS

R (p,q).

Z —Bok_1(ql/p).

1 eZTrimlq/p
k—1

m2k—

Bok_1(lq/p).

n odd

{RG2k (p7 Q)

- RG2k (p7 —q

2 DIk —n 1)

of Re,, (p, q). Hence the assertion follows from Lemma 5.1.

Now we apply the identity (6.1) to Ga, and the results in Lemmas 6.2 and 6.3

to obtain the following formula:

Theorem 6.4. For positive integers p,q such that (p,q) =1,

T 22 —Bok_1(ql/p) —

2k—1

Qk 2 Z B2k

(2k — )!'Bpi1Bok—n-1 , ak_o9-n

—Z

n odd

(n+ D2k —n— )'pq

1(=pl/q)

2k

(EQﬂzmlq/p _

2k — 1)Bor  _
( ) 2kp1

,q). For this, we will use the odd part
X)) P

e—27rimlq/p)}

. B2k —l,-1
Ak

)}/2, Rg,, (p,q) is the odd part

gt
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Noting that B,(—z) = —B,(x) for odd p, and that By = 0 for odd s > 1, we see

easily that this theorem indeed coincides with the odd part of the Apostol Theorem
6.1.
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