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EQUIVALENCE OF A K-FUNCTIONAL WITH THE
APPROXIMATION BEHAVIOR OF SOME LINEAR MEANS
FOR ABSTRACT FOURIER SERIES

WALTER TREBELS

(Communicated by Frederick W. Gehring)

ABSTRACT. Within the setting of abstract Cesaro-bounded Fourier series a
K-functional is introduced and characterized by the convergence behavior of
some linear means. Applications are given within the framework of Jacobi,
Laguerre and Hermite expansions. In particular, Ditzian’s (1996) equivalence
result in the setting of Legendre expansions is covered.

1. INTRODUCTION

In [3] Ditzian considers the K-functional
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The Py’s are the Legendre polynomials, the ay’s the Fourier-Legendre coefficients of
f, and A,, ~ B, means that there is a constant C' such that C~'A4,, < B, < CA,,.
Generic positive constants that are independent of functions f and parameters n
will be denoted by C.

Ditzian’s proof of the above result makes essential use of an explicit relation
between the special approximation process R, and the differential operator in (1).
Now note that the involved differential operator basically determines the saturation
class of the corresponding approximaton process (see [2, II]). This observation is
the reason for the validity of an equivalence result in the setting of abstract Cesaro-
bounded orthogonal expansions. Its short proof is based on the two algebraic
identities (5), (6), and the elementary multiplier criterion Theorem A.
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Applications are given within the framework of Jacobi, Laguerre and Hermite
expansions. The method also applies to integral transforms whose inverse are Riesz-
summable and gives analogous results. Such integral transforms are, e.g., the (mod-
ified) Hankel transform and the multivariate Fourier transform — for the latter we
require that the involved differential operator have a (quasi-) radial symbol.

Let us recall (a) the concept of a Fourier series in a Banach space X from Butzer,
Nessel, and Trebels [2] and (b) a sufficient multiplier criterion from [7] in the case
that this Fourier series is Cesaro bounded.

(a) Let {f}, fn}oro,{fn} C X ,{fi} C X* be a complete, fundamental, bi-
orthogonal system, i.e., (7) if f € X, then f}(f) =0 for all ¥ € N implies f = 0,
(i) the linear span F of the fi’s is dense in X | = X, and (i3¢) f;(f;) =0 for
all j # k € Nog. We associate to f € X its Fourier series and then formally to each
scalar-valued sequence {my} an operator T, by

Fe Y iy Tof ~ Y hemifi (D fx, b =1/ ()5
k=0

k=0

equality holds for f € F. If for some constant C > 0, independent of f, | T, f|| <
C|f]l is valid for all f € F, we call m = {my} a bounded multiplier and define its
multiplier norm |[{m}|[as to be the operator norm.

(b) We say the pair (X, {f, fx}) is (C,d)-bounded, é > 0, if for all elements
f € F the Cesaro means (C, 9), f are uniformly bounded, i.e.,

1(C,0)nfll < CIIfIl,  (C,6)n Z ’“hkfk ), AL =

k= n

F'n+6+1)
Fn+1DT(+1)°

Then it is well known that all (C, §’)-means with ¢’ > ¢ are also uniformly bounded.
The Cesaro boundedness of (X, { f}, fi}) implies the following useful sufficient mul-
tiplier criterion.

Theorem A ([7, Theorem 3.9]). Let (X,{f}, fr}) be (C,d)-bounded; choose a €
N witha—-1< 4§ <a.

i) Define normed subspaces BV, 1 of Cy[0,00), the set of continuous functions
vanishing at infinity, by

BVa+1 = {m S CQ Tm, ... (a—1) S ACloca (a) S BVioc, ||mHBVa+1 < OO} y

where |[mllsv, ., = J3 ¢ [dm(@ ()].

ii) Let ® be a non-negative, strictly increasing function with lim;_o4 ®(t) = 0
and limy_,, ®(t) = 0o, and let ® possess (a + 1) continuous derivatives on (0,00)
with

[t () < D®'(t), t>0, 0<k<a.

iii) Let U be a positive, increasing function on (0,00).
Then, for each m € BV,y1, there holds uniformly in p

{m(@(®)/ 2 (o) 3yl < Climll By

In particular, ®(t) = U(t) = (t(t +¢))?, ¢ > 0, v > 0, are admitted so that in
the proof of Theorem 1 below, without loss of generality, we may restrict ourselves
to the case v = 1.
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2. THE EQUIVALENCE RESULT

Theorem 1. Let (X, {f, fr}) be (C,d)-bounded; let D : F — X be a linear oper-
ator defined by D fi, = ®(k) fr for allk € No, ® as in Theorem A, and (fractional)
powers DY, v >0, of D by D fi, = (®(k))? fr. Define on X the K. -functional

(3) Ko (£,67) = inf (If = gll +£1D7g]])

Then for a € N,a > &, we have
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Remark. The approximation process Ty can of course be replaced by any equiva-
lent approximation process (see [2, I] and [7]); thus, e.g., the exponent a in (4) may
be replaced by any ¢’ > §, or the “polynomial” means Tg; by Gauss-Weierstrass
type means like

)ahkfl:(f)fk-

Wy am(f) = e @O/ hy f2(£) i
k=0
The comparison results in [2, I] and [7] (also derived by the multiplier method
below) imply results of the type K./ (f, ) < CK,(f,t7),y >~.

The Proof of Theorem 1 is a combination of an elementary multiplier argument
(based on Theorem A) with the standard procedure one follows when estimating
K-functionals. First observe that m(t) = (1 —t)% € BV,41; here we use the
notation (1 —¢); =1 —¢tif ¢ < 1 and = 0 otherwise. Thus, by Theorem A, Ty
is a uniformly bounded family of linear operators with T4y f — f for all f € F'if
n — o0; hence Ty defines an approximation process on X. As mentioned above,
without loss of generality, we may restrict ourselves to the case v = 1 and then
write K(f,t) = Ki(f,t), ®, = ®L.

Let us first estimate the K-functional. Obviously,

K(f, (@)™ < |If = To, fll + (®(n)) | DTs, f] -

For the Fourier coefficients of the last term there holds

(5)  (®(n) "' fi(DTe, f) = (@(kl)/_ q)((f )_)%(;)q/)éﬁ)n/)q;én))i fi(f =T, f).

Now m(t) = t(1 —t)% /(1 — (1 —t)%) € BVyy1. Thus, Theorem A shows that the
(quotient) sequence on the right side generates a uniformly bounded family of linear
operators M,,. By the completeness of the biorthogonal system {f;, f}

(®(n)) ™' DTs, f = Mu(f — Ts,f),

whence K (f, (®(n))™") < C||f - Ta, f]-
To show the converse inequality choose g € F' such that

If = gll + (@(n))~ [ Dgll < 2K (£, (2(n))~").

Then
1f = To, fIl < I(f —9) = T, (f =9Il + llg — Ta,gll.
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From the Minkowski inequality and the argument at the beginning of the proof,
the first term of the right side is dominated by C||f — g||; we have only to discuss
the second one. Obviously,

©) Jilg —Ta,g) = U SRE i 0g).

In [2, p. 563] it is verified directly that m(t) = (1—(1—1%)%)/t € BV,41. Therefore,
by Theorem A, the corresponding (quotient) sequence preceding (®(n))~! f;(Dg)
generates a uniformly bounded operator family M,,. Thus

9—Ts,9 = (®(n))~" Ma(Dyg),
and, by the choice of g, the assertion

If = To, fIl < ClLf = gl + C(@(n) 7! Dgll < CK(f,1/®(n)) .

3. APPLICATIONS

a) Jacobi expansions. Choose X = LP((—1,1),(1 —2)*(1 4+ 2)dz), 1 < p <
0o, a>pf>-1/2;0f course one has here — analogously in the applications below
— to replace L by F~ = C[~1,1], where F is the span of the f, = pLA) , the
Jacobi polynomials, defined by

(1 —2)*(1+2)° P (2)

-G () (=P e ey

Define Fourier-Jacobi coefficients by f;(f) = f_ll f(;v)P,SO"B) (z)(1—2)*(1+2)°dz.
It was shown by Gasper [4] in combination with a result in [8, p. 246] that the
Cesaro means of order 6 > o + 1 / 2 are uniformly bounded on X. When

(a—ﬁ+%a+ﬁ+2nyi

D=—(1-2?
—(-e dz’

)
then there holds (See [8 p. 60])
)=

Nz) =nn+a+ 6+1)PP(z).

For a = 3 = 0 one obtains ‘D(n) = n(n+1) and the result of Ditzian [3] is regained
by Theorem 1. Otherwise one obtains a characterization of the K-functional in
weighted LP-spaces. If &« = f = —1/2, one considers cosine expansions; then
(x = cost) we have D = —d?/dt?>. We mention that in this situation D'/? has the
classical interpretation D/2 = %H with H being the periodic Hilbert transform
(see [1, p. 350]).

b) Laguerre expansions. Let the Laguerre polynomials LS be given by
L% (x) = 2~ %"(d/dz)" (z*T"e™™), x>0, n € Np.
Choose {f,} to be the system of the Laguerre functions
(2(z) = (n!)T(n+a+1))2e*2L%z), a >0,

orthonormalized in L?((0,00), x%dz). Defining the Fourier-Laguerre coefficients
on X = Lp(( 00), "‘dx) 1 < p < oo, in the standard way by f:(f) =
I x) dx then, according to Gorlich and Markett [5], the (C,d)-means are
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uniformly bounded for 6 > a+1/2. Further we note that the £2’s are eigenfunctions
of the differential operator (see [8, p. 100])
d? d r a+1
Dy = 2~ 1—a)— — (= ,
xdx2+(a+ x)dx (4+ 2 )
Thus Theorem 1 gives a characterization of the corresponding K-functional in
weighted LP(R.4)-spaces.

Dyt =nly .

¢) Hermite expansions. Let the Hermite polynomials H,, be given by H,(z) =
(—=1)"exp(2?)(d/dx)" exp(—x?). Choose {f,} to be the system of the Hermite
functions
n(x) = (2"Van) TV 2e" 2 H,, (x),

orthonormalized in L?(R, dz). Define f;(f) = [ f(x)¢n(z) dz on LP(R, dz), 1 <
p < 00, as Fourier-Hermite coefficients. It has been proved by Thangavelu [6] that
the corresponding Cesaro means are uniformly bounded for § > 1/6. Since the ¢,,’s
are eigenfunctions of the differential operator (see [8, p. 106])

2

d
D=-2
dx?

Theorem 1 characterizes the corresponding K-functional.

+(2® —1), Deu(z) =2npn(z),
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