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ON MODELS OF Uq(sl(2)) AND q–APPELL FUNCTIONS
USING A q–INTEGRAL TRANSFORMATION

VIVEK SAHAI

(Communicated by Hal L. Smith)

Abstract. We discuss few models of the quantum universal enveloping alge-
bra of sl(2) from the special function point of view. Two sets of such models
are given, one acting on the space of 1φ0 functions while the other on the space
of q–Appell functions. These models are closely related through a q–integral
transformation. Some interesting identities are obtained.

1. Introduction

Quantum groups have generated considerable interest among mathematicians
and physicists alike. The theory of q–special functions has found a group theoretic
interpretation using the techniques of quantum groups and quantum algebras. In
this direction major contributions have come from the works of Floreanini and
Vinet [6]–[12], Kalnins and Miller [18], to name a few.

In a recent paper [29], the author has constructed models of irreps of classical
sl(2) in terms of difference-differential operators using an integral transformation
which is inspired by the well known Euler integral representation for the hypergeo-
metric functions 2F1 with extension to some other functions as well. The models in
[29] have culminated in various recurrence relations and identities involving ordinary
hypergeometric series. To have an extension of this to q–series, we introduce a q–
integral transformation, which is a generalization of and is motivated by Thomae’s
integral representation of 2φ1, given in [13], to construct models of Uq(sl(2)), the
quantum universal enveloping algebra of sl(2), in terms of difference-dilation oper-
ators. These models act on a space of basis functions involving q–Appell functions
and give rise to identities involving certain generalized q–hypergeometric series in
two and three variables. A q–difference equation satisfied by q–Appell functions is
also obtained. Section–wise treatment is as follows.

In Section 2, we list various definitions and results needed for our discussion. In
Section 3, we discuss models of Uq(sl(2)) and give its two variable models in terms of
dilation operators in which 1φ0 functions appear as the basis functions. In Section 4,
a q–integral transformation is defined and transforms of certain expressions are
obtained. Next, we reproduce two theorems which help us in upgrading the models
of Section 3 into new models of Uq(sl(2)) in terms of difference-dilation operators
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in which the basis functions involve Φ(2), the q–Appell functions. These models,
in Section 5, are exploited for identities, which are believed to be new. Finally in
Section 6, we outline the corresponding transformed models for a m–fold q–integral
transformation.

2. Preliminaries

The generalized basic (or q–) hypergeometric series is defined by [13]

rφs

(
a1, . . . , ar

b1, . . . , bs
; q, x

)
=

∞∑
n=0

(a1, . . . , ar; q)n

(b1, . . . , bs, q; q)n

[
(−1)nq(

n
2)
]1+s−r

xn,(1)

where

(a1, . . . , ar; q)n =
r∏

i=1

(ai; q)n(2)

and q–shifted factorial (a; q)n is defined by

(a; q)n =


(1− a) (1− aq) · · · (1− aqn−1

)
, n = 1, 2, . . . ,

1, n = 0,[(
1− aq−1

) · · · (1− aq−n)
]−1

, n = −1,−2, . . . ,

(3)

(a; q)∞ =
∞∏

r=0

(1− aqr) .(4)

The series rφs terminates if one of the numerator parameter is of the form q−m,
m = 0, 1, 2, . . . and q 6= 0. When 0 < |q| < 1, the series rφs converges absolutely for
all z if r ≤ s, and for |z| < 1 if r = s + 1. If |q| > 1 and |z| < |b1 · · · bs|/|a1 · · · ar|,
then also rφs converges absolutely. The series rφs diverges for z 6= 0 when 0 <
|q| < 1 and r > s + 1, and when |q| > 1 and |z| > |b1 · · · bs|/|a1 · · · ar|, unless it
terminates.

We now list q–analogues of some important functions which will be needed in
the discussion. The q–analogues of the exponential function are

eq (x) =
∞∑

n=0

xn

(q; q)n

=
1

(x; q)∞
, |x| < 1,(5)

and

Eq (x) =
∞∑

n=0

q(
n
2) xn

(q; q)n

= (−x; q)∞ .(6)

Eq (x) converges for all x. Note that eq (x)Eq (−x) = 1. The q–analogue of the
binomial function is

1φ0

(
a
−; x

)
=

(ax; q)∞
(x; q)∞

, |x| < 1, |q| < 1.(7)

The gamma function has the following q–analogue:

Γq(α) =
eq (qα)
eq (q)

(1− q)1−α , α 6= 0,−1,−2, · · · ,(8)

and satisfies the equation

Γq (α + 1) =
1− qα

1− q
Γq (α) .(9)
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The q–derivative operator is defined as

∆zf(z) =
(1− Tz) f (z)

(1− q) z
(10)

where the q–dilation operator Tz is defined by Tzf (z) = f (qz). Indeed, as q → 1,
the q–derivative operator becomes an ordinary differential operator, provided f is
differentiable at z.

The q–integral is defined as∫ 1

0

f(t) dqt = (1− q)
∞∑

n=0

f (qn) qn.(11)

If f is continuous on [0, 1], then the q–integral reduces to the ordinary integral.
Also we need the q–analogue of Appell function F2, [33], as

Φ(2)

(
a; b, b′

c, c′; x, y

)
=

∞∑
m,n=0

(a; q)m+n (b; q)m (b′; q)n

(c, q; q)m (c′, q; q)n

xmyn(12)

and the q–analogue of generalized Kampé de Fériet function FA:B;C;D
E:F ;G;H , as

φA:B;C;D
E:F ;G;H

(
(ai) : (bj) ; (ck) ; (dl)

(em) : (fn) ; (gu) ; (hv); x, y, z

)
=

∞∑
p,r,t=0

((ai) ; q)p+r+t ((bj) ; q)p ((ck) ; q)r ((dl) ; q)t

((em) ; q)p+r+t ((fn) , q; q)p ((gu) , q; q)r ((hv) , q; q)t

xp yr zt
(13)

where (ai) abbreviates parameters a1, . . . , aA, and where ((ai) ; q)p+r+t denotes
(a1, . . . , aA; q)p+r+t, etc. The arguments and the complex parameters in (12) and
(13) are so constrained that the multiple series converges.

3. Models of Uq(sl(2))

The commutation relations among the generators e, f, h

[h, e] = 2e, [h, f ] = −2f, [e, f ] =
qh/2 − q−h/2

q1/2 − q−1/2
(14)

define an associative algebra [14], which may be regarded as the q–deformation of
the universal enveloping algebra of sl(2), referred to as Uq(sl(2)) in this paper. The
Casimir element which belongs to the center of Uq(sl(2)) is given by

C =
k2q1/2 + k−2q−1/2 − 2

q1/2 − q−1/2
+ fe.(15)

As the parameter q → 1−, these reduce to familiar commutator rules for sl(2).
Let Vq be a complex vector space consisting of q–special functions with a basis

{φλ : λ ∈ S} such that the functions {fλ = limq→1 φλ : λ ∈ S} form a basis for the
vector space, say V . Let A(Vq) be the associative algebra of all linear operators
on Vq over a complex field. Then a representation ρq of sl(2) on Vq is defined as a
mapping ρq : sl(2) → A(Vq) satisfying

(i) ρq(ax + by) = aρq(x) + bρq(y).
(ii) There exists a Lie algebra representation ρ of sl(2) on V such that

lim
q→1

ρq(x)φλ = ρ(x)fλ,

for all x, y ∈ sl(2) and a, b ∈ C.
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This representation ρq of sl(2) is said to be irreducible if there is no proper
subspace Wq of Vq which is invariant under ρq. Define

J+
q = ρq(J +), J−q = ρq(J −), J0

q = ρq(J 0)(16)

where J+
q , J−q , J0

q ∈ A(Vq) and {J+, J−, J
0} form a basis of sl(2). On his work on

irreps of sl(2), Manocha [25] has defined the following commutator rules satisfied
by Jq–operators:

J0
q J+

q − qJ+
q J0

q = J+
q ,

qJ0
q J−q − J−q J0

q = −J−q ,

qJ+
q J−q − J−q J+

q = 2q2uJ0
q − (1− q)q2uJ0

q J0
q , u ∈ C.

(17)

If we define an operator Cq on Vq by

Cq = qJ+
q J−q + q2uJ0

q J0
q − q2uJ0

q ,(18)

then it can be verified that

qJ+
q Cq = CqJ

+
q ,

J−q Cq = qCqJ
−
q ,

J0
q Cq = CqJ

0
q .

(19)

As will be seen, the operator Cq will be used to derive a q–difference equation
satisfied by q–Appell function. Further, as q → 1, the operators J+

q , J−q , J0
q reduce

to J+, J−, J0 which satisfy the commutation relations obeyed by sl(2) and the
operator Cq reduces to the Casimir operator C and the relations (19) exhibit that
C commutes with J+, J− and J0. Hence, as q → 1, ρq reduces to a Lie algebra
representation ρ of sl(2).

Notice that the commutation relations given by eqs. (17) are equivalent to that
given by (14) in the sense that if the operators e, f, h satisfy (14), then Jq−operators
defined by

J+
q = e, J−q = q2u+ h−1

2 f, J0
q =

1− qh/2

1− q
(20)

satisfy (17).
Following the analysis as in Manocha [25] and Miller [27], we have the following

theorem:

Theorem 3.1. Every representation ρq of sl(2) is isomorphic to a representation
in the following list:

(i) The representation Dq(α, u), α ∈ C \ {0}, 0 ≤ Re α < 1, such that α − 2u is
not an integer. S = {α + n : n = 0,±1,±2, . . .}.

(ii) The representation ↑q (u), u ∈ C and 2u is not a non-negative integer.
S = {0, 1, 2, . . .}.

(iii) The representation Dq(2u) where 2u is a non-negative integer. S = {0, 1, 2,
. . . , 2u}.
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For each of these representations there is a basis of Vq consisting of vectors {fλ},
defined for each λ ∈ S such that

J0
q fλ =

1− qλ−u

1− q
fλ,

J+
q fλ =

q2u − qλ

1− q
fλ+1,

J−q fλ = −1− qλ

1− q
fλ−1.

(21)

Guided by the above theorem, we give below two-variable models of representa-
tion Dq(α) in the particular case when u = 0.
Model I

J+
q = t (zTt∆z + t∆t) ,

J−q = t−1T−1
z (z(1− zTt)∆z − t∆t) ,

J0
q = t∆t,

(22)

fλ =
(qλz; q)∞
(z; q)∞

tλ = 1φ0

(
qλ

− ; z
)

tλ, λ ∈ S.(23)

Model II

J+
q = t (z(1− z)Tt∆z + t∆t) ,

J−q = t−1T−1
z (z∆z − t∆t) ,

J0
q = t∆t,

(24)

fλ =
(z; q)∞

(qλz; q)∞
tλ = 1φ0

(
q−λ

− ; qλz

)
tλ, λ ∈ S,(25)

where S = {α + n : α ∈ C \ {0}, 0 ≤ Re α < 1, n = 0,±1,±2, . . .}. The dilation
models given above satisfy (17) as well as (21) with u = 0.

A model of representation ↑q is same as Model II above with S = {0, 1, 2, . . .}.
However, we concentrate on the model of representation Dq(α) and will return to
the representation ↑q later in Section 5, where we obtain identities based on a model
of representation ↑q.

The models of irreducible representation of Uq(sl(2)) can be found in the litera-
ture too. For example, in [12], Floreanini and Vinet have considered two such mod-
els. Also, models of Uq(su2) are discussed in detail by Kalnins et al. [17, 19, 20, 21]
and by Rideau and Winternitz [28]. The metaplectic representation of suq(1, 1) are
presented in [8] and are connected with q–Gegenbauer polynomials. Models of q–
harmonic oscillators given by Biedenharn [1] and Mcfarlane [26] are closely related
to the representation of Uq(sl(2)). Work on these representations has been carried
out by Drinfeld [3], Faddeev [5], Kulish and Reshetikhin [23], Sklyanin [31, 32] and
Woronowich [34, 35] among others. Some models of q-representations of the Lie
algebra G(a, b) are contained in Sahai [30]. For more details, see Chari and Pressley
[2], Jantzen [15], Kassel [22] and Majid [24].
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4. A q–integral transformation and transformed models

In this section, we introduce a two-fold q–integral transformation, based on
Thomae’s integral representation of 2φ1 [13, 4], viz.

2φ1

(
qα, qβ

qγ ; q, z
)

= Γq

(
γ

β, γ − β

)∫ 1

0

tβ−1 (tq, ; q)∞
(tqγ−β; q)∞

1φ0

(
qα

− ; q, tz
)

dqt

(26)

and then compute transforms of certain operator expressions. These transforms
are later used to obtain new models from the ones given in Section 3 in which the
basis functions will be in terms of q–Appell function.

Define

h(β, β′, γ, γ′) = I[f(u, v)] = Γq

(
γ, γ′

β, β′, γ − β, γ′ − β′

)
×
∫ 1

0

∫ 1

0

uβ−1vβ′−1 (qu, qv; q)∞
(qγ−βu, qγ′−β′v; q)∞

f(u, v)dqudqv,

(27)

Re γ > Re β > 0, Re γ′ > Re β′ > 0.

Defining the operators
Eβ(h(β, β′, γ, γ′)) = h(β + 1, β′, γ, γ′),

Lβ(h(β, β′, γ, γ′)) = h(β − 1, β′, γ, γ′),
(28)

and denoting Eβγ = EβEγ , etc. we have the following transforms of operator
expressions needed for our discussion:

I[u∆uf ] = x∆xh,

I[v∆vf ] = y∆yh,

I[u2∆uf ] =
1− qβ

1− qγ
x∆xEβγh,

I[v2∆vf ] =
1− qβ′

1− qγ′ y∆yEβ′γ′h,

I[∆uf ] =
1− qγ−1

1− qβ−1
x∆xLβγh,

I[∆vf ] =
1− qγ′−1

1− qβ′−1
y∆yLβ′γ′h,

I[uf ] =
1− qβ

1− qγ
Eβγh,

I[vf ] =
1− qβ′

1− qγ′ Eβ′γ′h.

(29)

To obtain models of Uq(sl(2)) in terms of difference-dilation operators (difference
in β, β′, γ, γ′ and dilation in x and y) in which the basis functions are in terms of
q–Appell functions, we need the following theorems.

Theorem 4.1 ([25]). Let ρq be a representation of sl(2) in terms of {J+
q , J−q , J0

q }
with basis functions {fλ : λ ∈ S}. Then ρq is also a representation of sl(2) in terms
of {K+

q , K−
q , K0

q} with basis functions {hλ : λ ∈ S} where

K+
q = IJ+

q I−1, K−
q = IJ−q I−1, K0

q = IJ0
q I−1, hλ = Ifλ.(30)
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Theorem 4.2 ([13]). If a and b are indeterminates such that ab = qba, q commutes
with a and b and the associative law holds, then

(a + b)n =
n∑

k=0

[
n
k

]
q

bkan−k,(31)

where
[
n
k

]
q

is the q–binomial coefficient.

To upgrade the two-variable models to three-variable ones, we substitute z =
ux + vy. This gives

z∆z = u∆u + v∆vTu,(32)

where ∆z is defined by (10) and

Tzf(z) = f(qz) = TuTvf(ux + vy).(33)

Putting z = ux + vy, the Model I takes the following shape:

J+
q = t [(u∆u + v∆vTu) Tt + t∆t] ,

J−q = t−1T−1
u T−1

v [(1− Tt(ux + vy)) (u∆u + v∆vTu)− t∆t] ,

J0
q = t∆t,

(34)

with the basis functions as

fλ = 1φ0

(
qλ

− ; ux + vy

)
tλ, λ ∈ S.(35)

The J–model (34) along with (35) is now ready to be transformed into a K–model
involving the q–Appell function Φ(2) as the basis functions with the help of Theo-
rems 4.1 and 4.2. We have

Model IA.

K+
q = IJ+

q I−1 = t [(x∆x + y∆yTx)Tt + t∆t] ,

K−
q = IJ−q I−1

= t−1T−1
x T−1

y

[
x∆x + y∆yTx − xTt

(
1− qβ

1− qγ
x∆xEβγ +

1− qβ

1− qγ
y∆yTxEβγ

)
−yTt

(
1− qβ′

1− qγ′ x∆xEβ′γ′ +
1− qβ′

1− qγ′ y∆yTxEβ′γ′

)
− t∆t

]
,

K0
q = IJ0

q I−1 = t∆t,

(36)

with the basis functions as

hλ(x, y, t) = Φ(2)

(
qλ; b, b′

c, c′ ; x, y

)
tλ, λ ∈ S,(37)

where b = qβ , b′ = qβ′ , c = qγ , c′ = qγ′ . Note that Theorem 4.2 is utilized in
obtaining I( 1φ0 ) = Φ(2).

Likewise Model II is transformed to the following
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Model IIA.

K+
q = t

[
(x∆x + y∆yTx)Tt − xTt

(
1− qβ

1− qγ
x∆xEβγ +

1− qβ

1− qγ
y∆yTxEβγ

)
−yTt

(
1− qβ′

1− qγ′ x∆xEβ′γ′ +
1− qβ′

1− qγ′ y∆yTxEβ′γ′

)
+ t∆t

]
,

K−
q = t−1T−1

x T−1
y (x∆x + y∆yTx − t∆t) ,

K0
q = t∆t,

(38)

with the basis functions as

hλ(x, y, t) = Φ(2)

(
q−λ; b, b′

c, c′; q
λx, qλy

)
tλ, λ ∈ S.(39)

The K–operators given above satisfy the following relations:

K0
q hλ =

1− qλ

1− q
hλ,

K+
q hλ =

1− qλ

1− q
hλ+1,

K−
q hλ = −1− qλ

1− q
hλ−1,

Cqhλ = 0 where Cq = qK+
q K−

q + K0
qK0

q −K0
q

(40)

as well as the commutation relations
K0

q K+
q − qK+

q K0
q = K+

q ,

qK0
q K−

q −K−
q K0

q = −K−
q ,

qK+
q K−

q −K−
q K+

q = 2K0
q − (1− q)K0

q K0
q

(41)

and as such give difference-dilation models of Uq(sl(2)).
Note that the equation Cqhλ = 0 in (40) can be used to obtain a q-difference

equation satisfied by Φ(2). For example, if hλ is given by (37), then we get the
q-difference equation

[{(
1− aq−1

)
+ aq−1

(
xD+

x + yD+
y Tx

)}
×
{

a
(
xD−

x + yD−
y Tx

)(1− b

1− c
xTbc +

1− b′

1− c′
yTb′c′ − 1

)
− (1− a)

}
+q(1− a)

(
1− aq−1

)]
Φ(2)

(
a; b, b′

c, c′; x, y

)
= 0

(42)

where D+
x = x−1(1 − Tx) and D−

x = x−1(1 − T−1
x ) are q–difference operators [11].

Observe that 1
1−q D+

x → ∂
∂x and 1

1−q−1 D−
x → ∂

∂x as q → 1.
Further, we have

qK+
q Cq = CqK

+
q ,

K−
q Cq = qCqK

−
q ,

K0
qCq = CqK

0
q .

(43)

The eqs. (43) will become instrumental in obtaining identities.
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5. Identities

5.1. Based on Model IA. We have shown in eq. (40) that

hλ(x, y, t) = Φ(2)

(
qλ; b, b′

c, c′
; x, y

)
tλ, λ ∈ S,(44)

is a solution of Cqhλ(x, y, t) = 0 where Cq = qK+
q K−

q +K0
qK0

q −K0
q . This suggests

that

u(x, y, t) = φ1:1;1;2
−:1;1;1

(
a : b; b′; b′′, b′′′

− : c; c′; c′′ ; x, y, t

)
tα

=
∞∑

n=0

(a, b′′, b′′′; q)n

(c′′, q; q)n
Φ(2)

(
aqn; b, b′

c, c′ ; x, y

)
tα+n

(45)

is a solution of Cqu(x, y, t) = 0. Using the fact that qK+
q Cq = CqK

+
q , we have

Cq[eq(sK+
q )u](x, y, t) = 0,(46)

where

[eq(sK+
q )u](x, y, t) =

∞∑
n=0

sn

(q; q)n
K+n

q u(x, y, t)

=
( ast
1−q ; q)∞

( st
1−q ; q)∞

φ1:1;1;2
1:1;1;1

(
a : b; b′; b′′, b′′′

ast
1−q : c; c′; c′′ ; x, y, t

)
tα.

(47)

Now we have, using the Weisner’s expansion, as explained in [25, 16]

[eq(sK+
q )u](x, y, t) =

∞∑
n=0

Anhα+n(x, y, t),(48)

where An is found by putting x = y = 0. Rescaling suitably, we eventually arrive
at

(at; q)∞
(t; q)∞

φ1:1;1;2
1:1;1;1

(
a : b; b′; b′′, b′′′

at : c; c′; c′′ ; x, y, ωt

)
=

∞∑
n=0

(a; q)n

(q; q)n
Φ(2)

(
aqn; b, b′

c, c′ ; x, y

)
3φ1

(
q−n, b′′, b′′′

c′′ ; q, qnω

)
tn,

(49)

where ω = s
1−q .

5.2. Based on Model IIA. We follow exactly the same approach as given in
section 5.1 with the change that we use the other q–exponential Eq instead of eq.

We have shown that Cqhλ = 0, where hλ is given by eq.(39). It therefore follows
that

u(x, y, t) =
∞∑

n=0

(a; q)n

(q, c′′; q)n
Φ(2)

(
a−1q−n; b, b′

c, c′; aqnx, aqny

)
tα+n(50)

is a solution of Cqu(x, y, t) = 0. Considering that K−
q Cq = qCqK

−
q , we have

Cq[Eq(sK−
q )u](x, y, t) = 0,(51)
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where

[Eq(sK−
q )u](x, y, t) =

∞∑
n=0

q(
n
2)sn

(q; q)n
K−n

q u(x, y, t)

=
(ω

t ; q)∞
(aω

t ; q)∞

∞∑
k,n=0

(a, aω
t ; q)n(a−1q−n, b; q)k

(c′′, q; q)n( q1−nt
aω , c, q; q)k

× 2φ2

(
a−1q−n+k, b′

q1−n+kt
aω , c′ ; q, −qk+1yt

ω

)
q(

k
2)
(−qxt

ω

)k

tα+n.

(52)

By Weisner’s expansion, we have

[Eq(sK−
q )u](x, y, t) =

∞∑
n=−∞

Bnhα+n(x, y, t),(53)

where Bn is obtained by putting x = y = 0. This leads to

(ω
t ; q)∞

(aω
t ; q)∞

∞∑
k,n=0

(a, aω
t ; q)n(a−1q−n, b; q)k

(c′′, q; q)n( q1−nt
aω , c, q; q)k

× 2φ2

(
a−1q−n+k, b′

q1−n+kt
aω , c′ ; q, −qk+1yt

ω

)(−q
k+1
2 xt

ω

)k

tn

=
∞∑

n=−∞

Γq(α + n)Γq(γ′′)
Γq(α)Γq(γ′′ + n)Γq(q + 1) 2φ2

(
aqn, aqn+1

qn+1, c′′qn ; q, ω
)

× Φ(2)

(
a−1q−n; b, b′

c, c′; aqnx, aqny

)
tn,

(54)

where ω = s
1−q .

We have discussed above identities corresponding to models of representation
Dq(α). We now consider the Model IIA for the representation ↑q (i.e. eqs. (38)
and (39) with λ ∈ S = {n = 0, 1, 2, . . .}). It can be verified that

u(x, y, t) =
∞∑

n=0

(a; q)n

(q; q)n
Φ(2)

(
q−n; b, b′

c, c′; q
nx, qny

)
tn(55)

satisfies Cqu(x, y, t) = 0. Using the relation 1
q K−

q Cq = CqK
−
q , we have

Cq[Eq(sK−
q )u](x, y, t) = 0,(56)

where

[Eq(sK−
q )u](x, y, t) =

∞∑
n=0

q(
n
2)sn

(q; q)n
K−n

q u(x, y, t)

=
∞∑

k,n=0

(a, ω
t ; q)n(q−n, b; q)k

(q; q)n( q1−nt
ω , c, q; q)k

× 2φ2

(
q−n+k, b′
q1−n+kt

ω , c′; q,
−qk+1yt

ω

)
q(

k
2)
(−qxt

ω

)k

tn.

(57)
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Using Weisner’s expansion and proceeding as in the above two cases, we get the
following identity:

∞∑
k,n=0

(a, ω
t ; q)n(q−n, b; q)k

(q; q)n( q1−nt
ω , c, q; q)k

2φ2

(
q−n+k, b′
q1−n+kt

ω , c′; q,
−qk+1yt

ω

)(−q
k+1
2 xt

ω

)k

tn

=
∞∑

n=0

(a; q)n

(q; q)n
Φ(2)

(
q−n; b, b′

c, c′; q
nx, qny

)
1φ0

(
aqn

− ; ω
)

tn,

(58)

where ω = s
1−q .

6. Conclusion

The models and identities obtained in above sections can be generalized. For
this, we need the m–fold q–integral transformation, defined as

h(βi, γi) = I[f(u1, . . . , um)]

= Γq

(
γ1, . . . , γm

β1, . . . , βm, γ1 − β1, . . . , γm − βm

)
×
∫ 1

0

· · ·
∫ 1

0︸ ︷︷ ︸
m− fold

m∏
i=1

uβi−1
i

(qu1, . . . , qum; q)∞
(qγ1−β1u1, . . . , qγm−βmum; q)∞

× f(u1, . . . , um) dqu1 · · ·dqum,

(59)

Re γi > Re βi > 0, i = 1, 2, . . . , m.

Putting z =
∑m

i=1 uixi in Model I (i.e. eqs. (22) and (23)), and using

z∆z = u1∆u1 + u2∆u2Tu1 + · · ·+ um∆umTu1 · · ·Tum−1 ,(60)

Tzf(z) = Tu1 · · ·Tumf(
m∑

i=1

uixi),(61)

we get the transformed (m + 1)–variable model as

K+
q = t[(x1∆x1 + · · ·+ xm∆xmTx1 · · ·Txm−1)Tt + t∆t],

K−
q = t−1T−1

x1
· · ·T−1

xm

×
[(

1− x1Tt
1− qβ1

1− qγ1
Eβ1γ1 − · · · − xmTt

1− qβm

1− qγm
Eβmγm

)
× (x1∆x1 + · · ·+ xm∆xmTx1 · · ·Txm−1

)− t∆t

]
,

K0
q = t∆t,

(62)

with the basis functions as

hλ = φ1:1;...;1
−:1;...;1

(
qλ : b1; . . . ; bm

− : c1; . . . ; cm
; x1, . . . , xm

)
tλ

=
∞∑

k1,... ,km=0

(qλ; q)k1+···+km(b1; q)k1 · · · (bm; q)km

(c1, q; q)k1 · · · (cm, q; q)km

xk1
1 · · ·xkm

m tλ, λ ∈ S,

(63)

where bi = qβi , ci = qγi .
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Using the same techniques as given in section 5, the above model, and similar
other (m + 1)–variable models, can be exploited for obtaining identities.
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