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ABSTRACT. For a nowhere constant continuous function g on a real interval
I and for a Borel measure p on I, we give simple necessary and sufficient
conditions guaranteeing, for any Borel function f on I, the existence of a
continuous function F' on I such that the derivative of F' with respect to g is,
w© almost everywhere, equal to f.

Let I be an interval of the real line R and let g be a continuous function on I;
we shall always assume that g is non-constant on any subinterval of I. If F is a
continuous real-valued function on I, the natural notion of a derivative of F’ with
respect to g at a point x € [ is obtained by defining it as the number F,(x) having
the property that for every € > 0 there is § > 0 such that for every |y — z| < 4,

(1) |F(y) — F(x) — Fy(2)(9(y) — g(x))| < elg(y) — g(x)].

The approach defining the derivative as a limit has also been used (see [1] and [3]);
under the above continuity and non-constancy assumptions our definition is easily
seen to be equivalent to

(2) Fi(z) = lm L0 = F@)
I v=z g(y) — g(x)

where the limit is taken only over those y for which ¢g(y) # g¢(z). It has also
been suggested to define the ratio on the right side of (2) as zero whenever y is
such that g(y) = g(x). This modification, however, leads to a different notion
of derivative: If, for example, g(y) = ysin(1/y), g(0) = 0, and F = g, then our
definition gives Fy(0) = 1, while the modified derivative does not exist. We intend
to investigate to which extent can Lusin’s theorem on existence of a.e. primitives to
every Borel function be extended to derivatives with respect to g. The immediate
obstacle is that an extension of this theorem in its original formulation, i.e., with
Lebesgue measure, may be quite uninteresting because g may well be related to
a completely different measure. Since it may even happen that no measure is
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naturally associated with g, we decided to consider the (finite or, equivalently, o-
finite Borel) measure as being independent from the function, and seek conditions
under which the analogy of Lusin’s theorem holds. It turned out that a simple
necessary and sufficient condition is that, after throwing away a set of 1 measure
zero, the inverse images of points under g are composed of isolated points only.
(See Theorem 3 for precise formulation.) It is not clear whether Lusin’s theorem
may hold with bigger exceptional o-ideals of sets than those given by o-finite Borel
measures. In particular, this question may be of interest for the o-ideal of sets
of “peso nullo” (null weight), which was introduced by R. Caccioppoli [3] as a
natural notion of exceptional sets in the theory of differentiation with respect to
general continuous functions. With such possible future development in mind, we
prove our main technical result, Proposition 1, in a more general formulation than
needed for our application. We will need several preliminary results, some of them
of independent interest. In their proofs we will sometimes use basic calculus of
derivatives with respect to a function, like the rule for differentiating a finite sum
or the product rule. These facts may be proved in the same way as their classical
counterparts. Since the correct terminology, as “F is a continuous p-primitive to
f with respect to g on an interval I,” does not indicate the meaning of the notion
well, we will adopt its slightly incorrect variants of the form “F is, p-a.e. in I, a
continuous primitive to f with respect to ¢g.” In any case, we mean that F is a
continuous function defined on I such that Fy(z) = f(z) for u almost every z € I.
The assumptions of continuity and non-constancy of the function g may be slightly
relaxed. Such attempts have been made in certain special situations (see, e.g., [4]
for a discussion of derivatives with respect to a possibly discontinuous monotonic
function), but seem to be unnatural in the present development.

Theorem 1. Let F and g be two continuous functions on I. If A = {x € I :
Fy(v) =z}, then there exists a countable set S such that for every t € R\ S the
set g~1(t) N A has only isolated points.

Proof. If n € N, we let D,, denote the set of those x € I such that
(3) |F'(y) — F(z) — 2(9(y) — 9(2))| < [g(y) — g(x)]

whenever |y —z| < L. For every subset D of I we denote by Sp the set of all z € D
for which there is § > 0 such that ¢g(y) < g(z) whenever y € D and |y — z| < .
Clearly, g(Sp) is a countable set. Consequently,

S=g(Sru | Sp.)

neN

is a countable set and thus, to prove the theorem, it suffices to show that g~ 1(¢t)N A
has only isolated points for t ¢ S. Let z € g~!(¢)N A. Then there exists n € N such
that € D,, and, since z ¢ Sp,, there is a sequence z,, of points of D,, tending to
x such that, for every m =1,2,...,

9(xm) > g(x).

Suppose now that y € g7 (¢t) N A, y # z, and |z — y| < 2. Let y,n € g7 (g(zm))
be the nearest point to y. Since g(y) = ¢ and y ¢ Sy, we have that y,, — y.
For sufficiently large m we infer from z,, € D, and (3) that F(ym) = F(zm);
similarly from x € D,,, we infer that F(y) = F(z). Since also g(y) = g(z) =t and
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9(ym) = g(xm) # t, we deduce that

. F(zm) - F(x) . F(ym) — F(y)
z=F/(z)= lim —7 22 = lim —7 % = F'(y) =y,
) = o) — 9@~ e glym) —gy) oY)
which is a contradiction. (|

The following lemmas are needed for our next theorem.

Lemma 1. Let F' and g be continuous functions on I and let A be the subset of
those points of I at which F has a derivative with respect to g. Then, for every
t € R, the restriction of F) to g~'(t) N A is continuous.

Proof. Let ¢ be a positive number and let z be a point in g=1(¢t) N A. Find § > 0
such that, if z € I and |z — x| < §, then

|F(2) = F(x) — Fg(x)(9(2) — 9(x))| < elg(z) — g(@)|-
Ifyegt(t)NAand |y —x| <, wefind z € I such that [z —y| < § — |y — =],
9(2) # g(y), and

F(z) = Fy) = Fy(y)(9(2) — 9(m)] < | (2) —9()l,
and use that ¢g(y) = g(z) to infer that F(y) = F(x) an

[F5(m)(9(2) — 9(y) = Fy(2)(9(2) — 9(v))]
= [(F(z) — F(z) = Fy(z)(9(2) — 9(y)))
= (F(2) = Fy) = Fy(y)(9(2) — 9(»))l
elg(z) - ()| + lg(=) - 9(y)]
= 2elg(z) — g()|.
Dividing by |g(z) — g(x)|, we conclude that
[Fy(y) — Fy(z)| < e
whenever y € g71(t)N A and |y — z| < 6. O

IN

Lemma 2. Let g be a continuous function on I and let p be a Borel measure on
I. If every Borel function has, with respect to g, a continuous primitive, p-a.e. in
I, then for every t € R we have u(g~'(t)) = 0.

Proof. Suppose that there is t € R with u(g~1(t)) > 0. Standard arguments show
that there exist two disjoint Borel subsets A and B of g~ 1(t) having the same
closure and such that for every open set G meeting A,

w(GNA)>0 and p(GNB)>0.

Let f be the characteristic function of the set A. By the assumption of the lemma,
there exist a continuous function F' in I and a p-null subset Xy of I such that
Fy(r) = f(z) whenever x € I — Xo. According to Lemma 1, the restriction of f
o (AU B) — Xy is continuous, but this is impossible, since the sets A — X and
B — Xy are both dense in (AU B) — Xj. O

Theorem 2. Let g be a continuous function on an interval I and let p be a Borel
measure on 1. If every Borel function has, with respect to g, a continuous primitive
p-a.e. in I, then there exists a p-null subset Xo of I such that g=1(t) N (I — Xo)
has only isolated points for every t € R.
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Proof. Let C be a p-null subset of I and let F' be a continuous function on I such
that F,(r) = x whenever z € I\ C. Using Theorem 1, we find a countable set
S C R such that g7(t) N (I \ C) has only isolated points for t € R\ S. Since,
according to Lemma 2, u(g~1(t)) = 0 for every t € R, we infer that u(g=1(S)) = 0.
Thus, the set

Xo=Cug '(5)
has p-measure zero and g~ (¢)N(I\ Xo) has only isolated points for every t € R. O

Lemma 3. Let g be a continuous function on an interval I, p a Borel measure
on I, and f a Borel function on I. Suppose that X is a p-measurable subset of I
such that g=1(t) N X has only isolated points for every t € R. Then there exists a
sequence (Pp,) of compact, nowhere dense, pairwise disjoint subsets of X such that
(i) p(X\U, Pn) =0,
(ii) for every n € N, the restriction of g to P, is one-to-one and the restriction
of f to P, is continuous, and
(iii) for every n € N there is 8, > 0 such that g(Py) N g(P,) = 0 whenever k # n
and dist(Py, Py) < 0.

Proof. Let r; be a sequence dense in I and let

Qip={x e XN [ri,ri+1/p]: g(y) # g(x) whenever y € X, |y — x| < 3/p}.

Observing that (); , are p-measurable sets whose union is X, we use Lusin’s The-
orem to find nowhere dense disjoint compact sets P, x C @, covering p-almost
all of X such that the restriction of f to each P;,  is continuous. We observe
that dist(Pj g1, Pipr) < max{l/p,1/q} whenever (j,q,1) # (i,p, k) and g(Pj q;) N
9(P;pi) # 0. Indeed, otherwise we assume g > p and find € P, and y € P} ¢,
such that g(x) = ¢g(y). Since y # x and x € Q; p, we infer that |y —z| > 3/p, which,
together with the fact that the sets P; ;5 and Pj4,; have diameter not exceeding
1/p, gives dist(Pjq1,Pipr) > |y — x| —2/p > 1/p = max{1/p,1/q}. Finally, we
order the pairs (P; , x,1/p) into a sequence (P,,d,), and note that all the required
properties hold; the property (iii) follows from the above observation. |

Lemma 4. Let f be a continuous function on a compact nowhere dense subset P
of R. Then for every € > 0 there is a continuously differentiable function H on R
such that H'(x) = f(x) for x € P and |H(z)| < & for every x € R.

Proof. We choose K > 0 such that P C |—K, K[ and extend f to a continuous
function on R such that f(z) =0 for |z| > K. Let F be the indefinite integral of
this extended function f. Let a; < --- < a, be such that a; < —K, a, > K, and
the the oscillation of F is less then €/2 on each of the intervals [a;, a;+1]. Let o be
the indefinite integral of the function x — dist(x, P). Since P is nowhere dense, «
is strictly increasing, and we infer that the function

F(al) ifxga’lv

G(z) =4 Flai)+ —i fjj 3 — QF((Z'; (a(2) — alay)) i @ € [ai, aiga],

F(an) if x Z G,y
is continuously differentiable and has derivative zero on P. We also note that
G(a;) = F(a;) and G(z) lies between F(a;) and F(a;+1) whenever x € [a;, ajy1].
Clearly, the function H(x) = F(z)—G(z) is continuously differentiable and H'(z) =
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f(z) for every x € P. Moreover, H(z) = 0 for x = a;, from which, since the
oscillation of F as well as of G on [a;, a;+1] is less than €/2, we infer that |H(z)| < e
for all x € [a1,ay]. Since H is equal to zero on each of the intervals | — 00, a1] and
[ar, o[, we conclude that |H (z)| < e for all x € R. O

Lemma 5. Let P be a compact subset of R and let G be an open set containing
it. Then there is a continuous function ¢, continuously differentiable with respect
to g, such that p(x) =0 for every x ¢ G and p(x) =1 for x € P.

Proof. We may assume that G has only finitely many components, since we may
delete from it all those components that do not meet P. Hence G is the union
of finitely many disjoint open intervals ]a;,b;[. Let a; < ¢; < d; < b; be such
that g(c;) # g(a;) and g(d;) # g(b;). Let & and ¢ be continuously differentiable
functions such that §;(a;) = (;(b;) = 0, §;(c;) = (;(d;) = 1, and &j(a;) = &j(c;) =
g}(bj) = Q}(dj) = 0, The functions &; o g and (; o g are continuously diffentiable
with respect to g with derivative f} o g and C} o g, respectively. It therefore suffices
to define p(z) = 0 for z ¢ G, p(z) = 1 for x € U;a;,b5], ¢(z) = §(g(x)) for
x € [aj,¢5], and ¢(x) = (j(g(x)) for z € [d}, bj]. O

Lemma 6. Let f be a continuous function on a compact nowhere dense subset P
of R and let g be a continuous function on R such that g(P) is nowhere dense.
Then for every open set G D P and every € > 0 there is a continuous function F,
continuously differentiable with respect to g, such that

(i) Fy(x) = f(z) forxz e P.
(ii) |F(x)| <e for allz € R, and
(iii) F(x) =0 whenever x ¢ G.

Proof. We first find a bounded open set Gy O P such that Gy C G and use Lemma
5 to find a continuous function ¢, continuously differentiable with respect to g, such
that ¢(z) = 0 for every = ¢ G and () = 1 for x € Gy. By Lemma 4 there is a
continuously differentiable function H such that H'(y) = f o g~ *(y) for y € g(P),
|H(y)| < e forally e R, and H(y) = 01if y ¢ G. Since the derivative of H o g with
respect to g is H' o g the function F' = ¢ H o g has the desired properties. O

Proposition 1. Suppose that g is a continuous function on an interval I which
is not constant on any subinterval of I, that f is a real-valued function on I, that
Py, Py, ... is a sequence of compact, nowhere dense subsets of I, and that 9, is a
decreasing sequence of positive numbers such that for every n € N,

(i) g(Pn) is nowhere dense,

(ii) the restriction f to P, is continuous, and

(iil) g(Px) Ng(Pn) =0 whenever k > n and dist(Py, P,) < dy,.
Then there is a continuous function I on I such that Fy(z) = f(x) for every
zell, Pn.

Proof. Let Qy, be the union of all those sets P, with n < k for which ¢g(P,)Ng(Px) =
(). Since g(Px) and g(Qf) are disjoint compact sets and g is continuous, there is an
open set Gy, such that

P, C Gy C {x: dist(x, Py) < 01/2} and ¢(Gr)Ng(Qr) = 0.
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We put
N — 2=% min{1, dist*(g(Qx), 9(Gr)} if Qx # 0,
F 2~k if Qr, =0,
and infer that A\y > 0. We let F; = 0 and, using Lemma 6, we recursively construct
continuous functions Fj having continuous derivative with respect to g such that
(a) LUk (z) = f(x) — Y52) G2 (x) for every x € P,
(b) |Fx(z)| < Ak for every x € R, and
(¢) Fy(z) =0 whenever x ¢ Gj.
Clearly, F = Y_,° | F}, is a continuous function, and we just need to show that
Fy(wo) = f(xzo) whenever xg € P, for some n € N. Suppose, for the remaining
part of the proof, that such xy and n are fixed. We first note that, because of (a),

) %—;FW(%) - dd%(xo) + Z_: dd%(fco) = f(zo).
k=1

Hence it remains to show that
(5) d(zzozn-i-l Fk)
dg

To this end, let € > 0 be given and let 0 < ¢ < d,,/2 be such that |g(xz)—g(zo)| < 2"e
whenever |z — xo| < §. Suppose that |z — x| < d. If K > n and Fj(z) # 0, then
x € Gy, which implies that dist(z, Px) < 0x/2 < 6,/2, so dist(Px, P,) < §,. Thus
(iii) implies that g(Px) N g(P,) = 0, which shows that P, C Q. Consequently,
g(xo) € 9(Qr), g(x) € g(Gk), and we infer from (b) that

|Fio(2)] < 27" dist*(9(Qr), 9(Gr)) < 27*|g(@) — g(o)|*.
Noting that this inequality holds also if £ > n and Fg(x) = 0, we infer that

(1‘0) =0.

o0
| > Fi(z)| <27"g(z) — glo)|? < elg(z) — g(wo)]
k=n+1
whenever |z — x9| < 0. We use this inequality first with = z¢ to infer that
> nent1 Fr(zo) = 0, and then with an arbitrary |z — 20| < 6 to conclude that

| Z Fi(z) — Z Fi(wo)| < elg(z) — g(zo)|

k=n+1 k=n+1
whenever |x — 29| < 4. By the definition of the derivative with respect to g, this
shows (5). O

Theorem 3. Let g be a continuous function on an interval I which is not constant
on any subinterval of I, and let u be a Borel measure on I. Then every Borel
function has, p-a.e. on I, a continuous primitive with respect to g if and only if
there exists a subset Xo of I such that u(Xo) = 0 and g=*(t) N (I \ Xo) has only
isolated points for every t € R.

Proof. Having proved the “only if” part in Theorem 2, we are left with the “if”
part only. Let f and p satisfy the assumptions of the theorem. Using Lemma 3,
we find a sequence P;, P, ... of compact, nowhere dense, pairwise disjoint subsets
of I'\ X such that

(@) n(I\U, Pn) =0,
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(b) for every n € N, the restriction of g to P, is one-to-one and the restriction of
f to P, is continuous, and
(c) for every n € N there is §,, > 0 such that g(Px) N g(P,) = 0 whenever k # n
and dist(Py, P,) < 6p.
We note that, since P, is a compact nowhere dense set on which g is continuous
and one-to-one, g(P,) is nowhere dense. Since we may clearly assume that the
sequence d,, is decreasing, we infer that all assumptions of Proposition 1 hold, and
thus that the “if” part of the Theorem follows directly from Proposition 1. O
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