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Abstract. We establish a capacitary strong type estimate for Lipschitz space
Λp,q

α and characterize the related Carleson measures.

§1. Introduction

For p ≥ 1, let Lp = Lp(Rn) and denote its norm by ‖·‖p. For p, q ≥ 1 and
0 < α < 1, the Lipschitz space Λp,q

α consists of all functions f in Lp so that

‖f‖Λp,q
α

= ‖f‖p +

(∫
Rn

‖f(·+ h)− f(·)‖q
p

|h|n+αq
dh

)1/q

< ∞ .(1.1)

For any open set O ⊂ Rn, the Λp,q
α -capacity of O is defined by

capΛp,q
α

(O) = cap(O; Λp,q
α ) = inf{‖f‖q

Λp,q
α

: f ≥ 1 on O} .

Let Rn+1
+ = {(x, y) : x ∈ Rn, y > 0} be the upper half space. For any open set

O ⊂ Rn, denote by T (O) the tent of O in Rn+1
+ , which is

T (O) = {(x, y)∈Rn+1
+ : the open ball centered at x with radius y contains in O} .

Let py(x) = cn
y

(|x|2+y2)
n+1

2
be the Poisson kernel where the constant cn is chosen

so that
∫

Rn py(x)dx = 1. For any function f ∈ Lp, the harmonic extension of f

onto Rn+1
+ is the convolution between py and f , i.e.

F (x, y) = py ∗ f(x) =
∫

Rn

py(x − u)f(u)du .

The main results of this note are:

Theorem 1. For q ≥ p ≥ 1 and 0 < α < 1 there is a constant C > 0 such that the
following strong type estimate∫ ∞

0

capΛp,q
α

({|f | > t}) dtq ≤ C ‖f‖q
Λp,q

α

holds for all f ∈ Λp,q
α .
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Theorem 2. Suppose q ≥ p > 1 and 0 < α < 1. A nonnegative Borel measure µ
on Rn+1

+ satisfies∫
Rn+1

+

|py ∗ f(x)|qdµ(x, y) ≤ C ‖f‖q
Λp,q

α
, ∀f ∈ Λp,q

α ,(1.2)

if and only if

µ (T (O)) ≤ C cap(O; Λp,q
α ) , for any bounded open set O ⊂ Rn .(1.3)

Strong type estimates for Lp and Sobolev type spaces have been studied sys-
tematically in the past. They play an important role in the imbedding theory of
function spaces and related areas. We refer the reader to [A], [H], [Z] and [MS]
and the references therein. Estimate (1.2) defines the usual Carleson measure if
the space Λp,q

α is replaced by Lq. Therefore, we can say that Theorem 2 gives a
characterization for Carleson measures for Λp,q

α with q ≥ p > 1 and 0 < α < 1. In
general, the bounded open set in characterization (1.3) cannot be replaced by an
open ball as it can in the characterization for usual Carleson measures. Carleson
measures play an important role in harmonic analysis and operator theory on func-
tion spaces. For example, it is well-known that the measure | ∂

∂y py ∗ f(x)|2ydxdy is
a usual Carleson measure if and only if f ∈ BMO. Carleson measures for Dirichlet
space (analytic) on the unit disk of complex plane is characterized in [S] (see also
[KS] for a different characterization). Applications on Hankel operators and related
bilinear forms are studied in [RW], [W1] and [W2].

For the sake of simplicity, the letter C always denotes a positive constant which
may change from one step to the next. For two positive functions a and b, we write
a � b, if there is a constant C > 0 such that both a ≤ Cb and b ≤ Ca hold.

§2. Proof of Theorem 1

We start with the smooth truncation. D.R. Adams first used the smooth trun-
cation in [A] to prove the strong type estimate for Sobolev space on Rn. Let ϕ be
a nondecreasing function in C∞

0 (R) which satisfies

ϕ(t) =

{
0, if t ≤ 1/2;
1, if t ≥ 1.

Consider the smooth truncation {Fj}∞−∞ :

Fj(f) = 2jϕ

( |f |
2j

)
, j = 0,±1,±2, · · · .

The key properties of this smooth truncation are :

0 ≤ Fj(f) ≤ 2j

{Fj(f) > 0} ⊂ {|f | > 2j−1}
and if 2j−1 ≤ |f | < 2j, then

Fk(f) =

{
2k, for k < j ;
0, for k > j .
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Lemma 2.1. For 0 < α < 1 and q ≥ p ≥ 1, the smooth truncation {Fj}∞−∞ maps
Λp,q

α to itself and there is a constant C > 0 such that
∞∑

j=−∞
‖Fj(f)‖q

Λp,q
α
≤ C ‖f‖q

Λp,q
α

holds for all f ∈ Λp,q
α .

Proof. For any measurable set E ⊂ Rn, denote by |E| the Lebesgue measure of E
in Rn. It is clear that

‖Fj(f)‖p
p =

∫
{Fj(f)>0}

|Fj(f(x))|pdx ≤ 2jp
∣∣{|f | > 2j−1}∣∣ .

Since q/p ≥ 1, we have therefore

∞∑
j=−∞

‖Fj(f)‖q
p ≤

∞∑
j=−∞

(
2jp
∣∣{|f | > 2j−1}∣∣)q/p ≤

 ∞∑
j=−∞

2jp
∣∣{|f | > 2j−1}∣∣

q/p

.

It is standard that∫
Rn

|f(x)|pdx =
∫ ∞

0

|{|f | > t}| dtp �
∞∑

j=−∞
2jp
∣∣{|f | > 2j}∣∣ .

Combining the above two estimates, we obtain
∞∑

j=−∞
‖Fj(f)‖q

p ≤ C

(∫ ∞

0

|{|f | > t}| dtp
)q/p

= C ‖f‖q
p .

On the other hand, it is clear that

∞∑
l=−∞

‖Fl (f(·+ h))− Fl (f(·))‖q
p ≤

( ∞∑
l=−∞

‖Fl (f(·+ h))− Fl (f(·))‖p
p

)q/p

=

∥∥∥∥∥
∞∑

l=−∞
|Fl (f(·+ h))− Fl (f(·))|p

∥∥∥∥∥
q/p

1

.

Therefore, to complete the proof, it suffices to show that for any x, h ∈ Rn

∞∑
l=−∞

|Fl (f(x + h))− Fl (f(x))|p ≤ C |f(x + h)− f(x)|p .

Without loss of generality, assume that j ≥ k and

2j−1 ≤ |f(x + h)| < 2j and 2k−1 ≤ |f(x)| < 2k .

If j = k, then
∞∑

l=−∞
|Fl (f(x + h))− Fl (f(x))|p = |Fj (f(x + h))− Fj (f(x))|p .

By the mean value theorem, there is a ξ ∈ (0, 1) such that

|Fj (f(x + h))− Fj (f(x))|p = |ϕ′(ξ)|p ||f(x + h)| − |f(x)||p
≤ C |f(x + h)− f(x)|p .
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If j ≥ k + 1, then
∞∑

l=−∞
|Fl (f(x + h))− Fl (f(x))|p =

∣∣2k − Fk (f(x))
∣∣p + |Fj (f(x + h))|p .

The two terms on the right hand side above can be estimated, respectively, by∣∣2k − Fk (f(x))
∣∣p = 2kp

∣∣ϕ(1)− ϕ
(
2−k|f(x)|)∣∣p

= |ϕ′(ξ)|p (2k − |f(x)|)p
≤ C ||f(x + h)| − |f(x)||p
≤ C |f(x + h)− f(x)|p ;

|Fj (f(x + h))|p = 2jp
∣∣ϕ (2−j|f(x + h)|)− ϕ(1/2)

∣∣p
= |ϕ′(η)|p (|f(x + h)| − 2j−1

)p
≤ C |f(x + h)− f(x)|p .

The proof is complete.

We now prove Theorem 1. It is standard that∫ ∞

0

capΛp,q
α

({|f | > t}) dtq �
∞∑

k=−∞
2kq capΛp,q

α

({|f | > 2k}) .

Since 2−kFk(f) ≥ 1 on the set {|f | > 2k}, we have

capΛp,q
α

({|f | > 2k}) ≤ 2−kq ‖Fk(f)‖q
Λp,q

α
.

Therefore,
∞∑

k=−∞
2kq capΛp,q

α

({|f | > 2k}) ≤ ∞∑
k=−∞

‖Fk(f)‖q
Λp,q

α
≤ C ‖f‖q

Λp,q
α

.

This last inequality is obtained by using Lemma 2.1.
Consider the homogeneous space Λ̇p,q

α , which is the completion of C∞
0 (Rn) under

the norm

‖f‖Λ̇p,q
α

=

(∫
Rn

‖f(·+ h)− f(·)‖q
p

|h|n+αq
dh

)1/q

.

The relation between Λp,q
α and Λ̇p,q

α is Λp,q
α = Λ̇p,q

α ∩Lp. One can define Λ̇p,q
α -capacity

similarly. The above discussion proves also the following result.

Theorem 1′. For q ≥ p ≥ 1 and 0 < α < 1 there is a constant C > 0 such that
the following strong type estimate∫ ∞

0

capΛ̇p,q
α

({|f | > t}) dtq ≤ C ‖f‖q

Λ̇p,q
α

holds for all f ∈ Λ̇p,q
α .

Denote by B(x; r) the open ball in Rn centered at x with radius r > 0. We
gather the estimates of Λ̇p,q

α -capacity and Λp,q
α -capacity for balls in the following

lemma.
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Lemma 2.2. Let Br = B(x; r). Then

(a) cap
(
Br; Λ̇p,q

α

)
� |Br|( 1

p−α)q;

(b) cap (Br; Λp,q
α ) � max

(
|Br|

q
p , |Br|( 1

p−α)q
)
.

Proof. Let fr(x) = f(x
r ). It is easy to verify that

‖fr‖p = r
n
p ‖f‖p and ‖fr‖Λ̇p,q

α
= r

n
p −α ‖f‖Λ̇p,q

α
.

These imply the desired results.

§3. Proof of Theorem 2

Recall that B(x; r) denotes the open ball in Rn centered at x with radius r > 0.
For a function f defined on Rn, the Hardy-Littlewood maximum function M(f) is
defined by

M(f)(x) = sup
r>0

1
|B(x; r)|

∫
B(x;r)

|f(u)|du .

The proof of next lemma is due to M. Taibleson.

Lemma 3.1. For 0 < α < 1 and p > 1, the Hardy-Littlewood maximum function
operator is bounded on Λp,q

α . More precisely, there is a constant C > 0 such that

‖M(f)‖Λp,q
α
≤ C ‖f‖Λp,q

α

hold for all f ∈ Λp,q
α .

Proof. It is well-known that M is bounded on Lp, i.e. ‖M(f)‖p ≤ C ‖f‖p. For
h ∈ Rn, let Th be the translation by h, i.e. Thf(x) = f(x + h). By definition (1.1),
it suffices to show that

‖ThM(f)−M(f)‖p ≤ C ‖Thf − f‖p .

It is easy to see that Th commutes with M , i.e. ThM(f) = M(Thf). Hence we
have

|ThM(f)−M(f)| = |M(Thf)−M(f)| ≤ M(|Thf − f |) .

Taking Lp norm on both ends of the above inequality, by the boundedness of M on
Lp, we obtain the desired result.

For x ∈ Rn denote by Γ(x) = {(u, t) ∈ Rn+1
+ : |u−x| < t}, the cone with vertex

at x. For a function g defined on Rn+1
+ , the nontangential maximal function of g is

a function on Rn defined by

N(g)(x) = sup
(u,t)∈Γ(x)

|g(u, y)| .

Lemma 3.2. Let µ be a nonnegative Borel measure on Rn+1
+ . Then for any mea-

surable function g on Rn+1
+ and any t > 0

µ ({|g(x, y)| > t}) ≤ µ (T ({N(g)(x) > t})) .

Proof. Denote by Ω = {(x, y) ∈ Rn+1
+ : |g(x, y)| > t}. Associating each point

(x, y) ∈ Ω with the ball B(x; y) and the tent

T (B(x; y)) ,(3.1)

clearly, (x, y) ∈ T (B(x; y)), and therefore tents {T (B(x; y)) : (x, y) ∈ Ω} cover Ω.
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For any compact subset K of Ω, by compactness, there are finitely many tents
{T (Bk)}m

1 in (3.1) cover K. For any u ∈ Bk = B(x; y), we have |u − x| < y, or
equivalently (x, y) ∈ Γ(u), and hence we know that N(g)(u) ≥ |g(x, y)| > t. This
implies that

m⋃
k=1

Bk ⊂ {N(g) > t} .

Hence, by the fact that
⋃m

k=1 T (Bk) = T (
⋃m

k=1 Bk), we obtain

K ⊂ T

(
m⋃

k=1

Bk

)
⊂ T ({N(g) > t}) .

This is enough to conclude the desired result.

We now prove Theorem 2. The approach in the following has its root in [S]; there
Stegenga proved a result for Carleson measures for the Dirichlet space (analytic)
on the unit disk of the complex plane which is similar to the case p = q = 2 here.

We prove the “only if” part of Theorem 2 first. Given a bounded open set
O ⊂ Rn, by the definition of Λp,q

α -capacity, there is a function f ∈ Λp,q
α such that

f ≥ 1 on the set O and ‖f‖q
Λp,q

α
≤ 2 cap(O; Λp,q

α ). We can assume further that
f ≥ 0 on Rn, because it is easy to show (similar to the proof of Lemma 3.1) that
‖|f |‖Λp,q

α
≤ ‖f‖Λp,q

α
. Since (x, y) ∈ T (O) is equivalent to B(x; y) ⊂ O, we have for

any (x, y) ∈ T (O),

py ∗ f(x) =
∫

Rn

py(x− u)f(u)dy

≥
∫

O

py(x− u)du

≥
∫

B(x;y)

py(x− u)du

=
∫
|u|<1

p1(u)du

= δ .

Therefore, we obtain

µ (T (O)) ≤ δ−q

∫
Rn+1

+

|py ∗ f(x)|q dµ(x, y) ≤ C ‖f‖q
Λp,q

α
≤ C cap(O; Λp,q

α ) .

To prove the “if” part of Theorem 2, we consider the measure

µk = µ|T (B(0;k)) , k > 0 .

For any f ∈ Λp,q
α , let F (x, y) = py ∗ f(x). By Lemma 3.2 and the standard result

that N(F )(x) ≤ CM(f)(x), we have

µk ({|F (x, y)| > t}) ≤ µk (T ({N(F )(x) > t}))
≤ µk (T ({M(f) > t/C})) .

It is clear that for any pair of open sets O1, O2 ⊂ Rn, we have T (O1 ∩O2) =
T (O1) ∩ T (O2), and if O ⊂ O∗ then capΛp,q

α
(O) ≤ capΛp,q

α
(O∗). We can continue
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the above estimate by
= µ (T ({M(f) > t/C} ∩B(0; k)))

≤ capΛp,q
α

({M(f) > t/C} ∩B(0; k))

≤ capΛp,q
α

({M(f) > t/C}) .

Hence, by Theorem 1 and Lemma 3.1, we obtain∫
T (B(0;k))

|py ∗ f(x)|qdµ(x, y) =
∫ ∞

0

µk ({|py ∗ f(x)| > t}) dtq

≤
∫ ∞

0

capΛp,q
α

({M(f) > t/C}) dtq

≤ C ‖M(f)‖q
Λp,q

α

≤ C ‖f‖q
Λp,q

α
.

Finally, letting k go to infinity, we get the desired inequality.
Similarly, using Theorem 1′, one can get the following result.

Theorem 2′. Suppose q ≥ p > 1 and 0 < α < 1. A nonnegative Borel measure µ
on Rn+1

+ satisfies∫
Rn+1

+

|py ∗ f(x)|qdµ(x, y) ≤ C ‖f‖q
Λp,q

α
, ∀f ∈ Λ̇p,q

α ,

if and only if

µ (T (O)) ≤ C cap(O; Λ̇p,q
α ) , for any bounded open set O ⊂ Rn .
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