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ABSTRACT. Let A = 2cos(w/5) and let G be the Hecke group associated to
A. In this article, we show that for 7 a prime ideal in Z[\], the congruence
subgroups Go(7) of G are self-normalized in PSLa(R).

1. INTRODUCTION

In this paper, we continue our study into the extent to which properties of the
modular group hold for the Hecke groups; see [CLLT], [LLT1], [LLT2] for some
previous results. We are, in particular, interested in the Hecke group G5 which
we denote by G and its congruence subgroups Go(7) of prime level 7. Our main
result is that the groups Go(7) are self-normalized in PSLy(R). This contrasts with
the case of the congruence subgroups I'g(p) of the modular group I' which admit
Atkin-Lehner involutions, so have strictly larger normalizers; see for example [AL].

We recall the following definitions, notation and results. For ¢ > 4, the Hecke
groups G, are the (discrete) subgroups (w, uq) of PSLo(Z[A,]) where Ay = 2cos(7/q)

and
(0 -1 (1N,
=1 o) "= \o 1)

When ¢ = 3, we recover the modular group I' so the above can be thought of
as a natural generalization of I'. Alternatively, we can interpret the generalization
as G4 being maximal discrete subgroups whose entries are in some extension of Z.
Finally, we have the geometric interpretation: I' is a (2,3, 00) triangle group and
the Hecke group Gy is a (2, ¢, 00) triangle group.

Let A be an ideal of Z[\;]. We define

Go(A) = {o = (CC” 2) €G,lce A},

Again, this is a natural generalization of the congruence subgroups I'g(n) of I".
It works because the elements of G, sit naturally in the ring Z[\,].

Recall that G, is commensurable with PSLy(Z) if and only if ¢ = 4 or 6. The
elements of such groups are completely known; see [P], for example. The normalizer
of Go(A) in PSL2(R) can be determined [LT].
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Suppose Gy is not commensurable with PSLy(Z). By the results of Leutbecher,
[L1], [L2], Q[A] U {oo} is the set of cusps of Gy if and only if ¢ = 5. Also, 5 is the
only ¢ other than 4, 6 for which Q[)\] is a quadratic field. For all other ¢’s, the
degree is > 2. As a consequence, ¢ = 5 is the next most workable and interesting q.
Some of the classical results on the modular group can be generalized to G = G5
([CLLT], [LLT2]). The main result in this paper is the following;:

Main Theorem. If (1) is a prime ideal of Z[\] = Z[Xs], then Go(7) < G5 = G is
self-normalized in PSLa(R).

The main facts used in the proof are:

(a) Z[)] is a principal ideal domain.
(b) The set of cusps of G is Q[A] U {co} ([L1], [L2]). Furthermore, if x € Q[A] is
a cusp, = has a unique reduced form x = ¢ [LLT1]. By definition, this means

that a,b € Z[A] with b > 0 and there exists ¢, d € Z[A] such that (Z 2) €aG.

Clearly, (a,b) = 1 so that if x = ‘;—,, with (a’,b') = 1, then a = pa’, b = pb/
where g is a unit in Z[A].

(c) (Proposition 6 of [LLT1]) Suppose z;, x; are G-rationals with reduced form
a;/b; and a;/b;, respectively, and suppose that x; < x;. Then the following
statements are equivalent:

. a; aj .
D
(i) (wi,x;) is an even line, that is, it is the image of the complete hyperbolic
geodesic with ends at 0 and oo under the action of some A € G;
(lll) ajbi — aibj =1.
(d) (Corollary 5 of [LLT1]) ((1) le) € G if and only if b = mA, m € Z. Similarly,

1

The rest of this paper is organized as follows. In the next section, we give the
possible forms which an element A of N(Go(7)) can take, breaking it into different
cases. In section 3, we complete the proof of the main theorem in the case where
the group Go(7) has 2 inequivalent cusps. By [CLLT], this occurs when the rational
prime p lying under 7 is 5 or is congruent to £1 (mod 10). Finally, in section 4,
we complete the proof of the main theorem in the case where the group Go(7) has
p+ 1 cusps. By [CLLT], this occurs when the rational prime p lying under 7 is
congruent to +3 (mod 10) or p = 2.

<i O) € G if and only if c =nA, n € Z.

2. UPPER BOUND FOR N(Go(T))

Let I be a prime in Z[\] = Z[\s]. Since Z[)] is a principal ideal domain, I = (1)
for some 7. Note that we may assume that 7 is positive. Let p be the positive
rational prime which lies below 7. It is an easy matter to check that p is square
free in Z[)] if and only of p # 5.

Denote by N(Gy(7)) the normalizer of Go(7) in PSLy(R). For any

A= (2 0) e NG,
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we have
1-— ac)\ DY

B O [ B A P
e Y6 DE D0 L)oo
23 ((2 Z) <p1A (1)> a Z)_1:(1+bdp/\ —b2px>€G0(T)7

d’p 1 — bdpA
-1
a b 1 0\ [a b\ _(1—abpA —b%pA
(2.4) (c d) (p/\ 1) <c d) o ( a’p 1+ abpA € Go(7).
In the rest of this section, we determine the possible forms that A can take
(Lemmas 1-5).

Lemma 1. N(Go(71)) N PSL2(Z[N]) = Go(T).
Proof. For any A € N(Go(7)) N PSLs(Z[A]), by (2.1), the (2,1)-entry of A is a

multiple of 7. Hence
a b
A= (CT d) ’

where a, b, ¢, d € Z[\]. Suppose ¢ # 0. Recall that x = a/cr € Q(X) is a cusp of G
[L1], [L2]. Let z = &'/’ be the reduced form for z. G contains an element of the

form
a v
B= (c’ d’) ’
Since (a,c7) = 1, ¢/ = per where p is a unit of Z[\]. Hence ¢ is a multiple of 7.
This implies that B € Go(7) < N(Gop(7)). Since Aco = Boo, it follows that

B7'A = (g u111> S N(GQ(T)),
where u, v € Z[\]. Applying (2.1) and (2.2) to B~1A, one has that

1w’ 1 w2\
0 1 /)’\0 1

are elements of Go(7). By Corollary 5 of [LLT1], u = £1. Multiplying B~'4 by
—1 if necessary, we may assume that v = 1 and

1, (1 z+yA
a7

where z,y € Z. Note that

As a consequence,
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Suppose that z # 0. Since A € R\ Q, for any € > 0, there exist k and [ such that

<(1) f)k((l) i\)l:G) f):aeN(Go(T)),

where 0 < |[§]| < e. As a consequence,

1 0\ 1 (1+dpx &%pA
U(p/\ 1>U _< pA 1—dpA € Go(7).

This implies that Go(7) is not discrete, giving a contradiction. Hence z = 0 and
B~1A € Go(7). Since B € Go(7), A € Go(7).
Suppose ¢ = 0. From the above argument, we have A € Go(7). |

Lemma 2. Suppose p # 5, A € N(Go(7)). If c=0, then A € Go(T).
Proof. Applying (2.1), (2.2), (2.3), and (2.4) to A, we have

1 a?\ 1 d2X 1+ bdp\  —b*pA 1—abph  —b%pA

o 1 /’\0 1)’ d?p 1 —bdpA)”’ a’p 1+ abpA
are elements of Go(7). By Corollary 5 of [LLT1], a® and d* are elements in Z.
Since ad = 1, a = d = £1. Multiplying by —1 if necessary, we may assume that
a=d = 1. Since bdp = bp € Z[)\], b = k/p for some k € Z[)\]. Since b%p € Z[)],

k?/p € Z[)\]. Tt follows that k is a multiple of p (p is square free). Consequently,
b=k/p=2x+y\€Z[\ and A is of the form

(1 xz4+yA
a=(y .-

Applying the proof of Lemma 1, we conclude that A € Go(7). O
Remark. If p =5, 7 =2+ X and by direct calculation, we can show that if ¢ = 0,

then A is of the form A = ((1) k/ 1*/5) where k € Z[\].

Lemma 3. Suppose A € N(Go(7)). If b= 0, then A € Go(7).
Proof. Applying (2.1), (2.2), (2.3) and (2.4) to A, we have

1—acA ED 1+ deA A\ 1 0 1 0
X 14ach) '\ =N 1—ded) "\ d?px 1) ' \a?pr 1

are elements of Go(7). By Corollary 5 of [LLT1], a? and d? are elements in Z.
Since ad = 1, a = d = £1. As a consequence, ¢ € Z[A]. This implies that
A € PSLy(Z[)N]). By Lemma 1, A € Go(7). |

Lemma 4. Suppose p # 5. Let A € N(Go(7)). Then A is of the form

(5 200 02 (4 ) a0

where h € Z[A].
Proof. Suppose a = 0. Applying (2.1), (2.2), (2.3) and (2.4) to A, we have,
1 0 14 dcA d*\ 1+ bdp\  —b%*pA 1 —b%pA
X 1)\ =\ 1—der) dpA 1—bdpA) ’\0O 1
are elements of Go(7). By Corollary 5 of [LLT1], ¢ = kp for some k € Z, b’p =1 €
Z. Hence c¢*b?p = lkp, k € Z. Since bc = —1, one has k = 1, [ = 1. It follows that
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c==+,/p, b =F1/,/p. Multiplying by —1I if necessary, we may assume that ¢ = ,/p.
Since dc € Z[)], d = s/./p for some s € Z[\]. Since d? € Z[\], d* = s?/p € Z[)].
Since p is square free (p # 5), s = hp for some h € Z[)\]. Hence d = h,/p and

= ( 0 —1/\/]3) '
VP P
Suppose d = 0. Applying (2.1), (2.2), (2.3) and (2.4) to A~!, we have,
A—l — ( 0 _1/\/]3> )
vP o b
This completes the proof of the lemma. O

Remark. If p =5, by direct calculation, we can show that A is of the form

(f/)g _12\/5) ifa=0, (_1\1/5 1/8/5) itd=0.

Lemma 5. Let A € N(Go(T)). Suppose p # 5 and abed # 0. Then either A €
Go(T) orb/a € Q(N) and the denominator of the reduced form of b/a is a multiple
of T.

Proof. By (2.1), (2.2), (2.3) and (2.4),
1 —ac) a’\ 1+ dc) LY
-\ 14aer) '\ =X 1—de))’

1+ bdp\  —b*pA 1—abph  —b%pA
d’p 1 —bdpA)’ a’p) 14 abpA

are elements of Go(7). By (2.1), ¢ € Z[})] is a multiple of 7. It follows easily that
one of the following holds:

(a) ¢ = sT where s € Z[)],

(b) ¢ = sy/T where s € Z[}],

(¢) ¢ = s7y/w where s,w € Z[\] ((w,7) = 1), w is square free,

(d) ¢ = sy/wT where (w,7) =1 and s, w € Z[)], w is square free.

(a) By (2.1) ac € Z[A]. This implies that a = r/s7, where r € Z[\]. By (2.1)
a? = (r/st)? € Z|\]. Tt follows that r is a multiple of s7. Hence a = r/st € Z[\].
By (2.2) dc,d? € Z[)], similar to the above, d € Z[\]. By (2.3) bdp € Z[)\]. Hence
b= t/dp for some t € Z[)\]. Since b%p € Z[)], t?/d?*p € Z[)]. Since p is square free,
pd is a divisor of ¢. This implies that b € Z[A]. Summing up the above, we have
A € N(Go(p)) N PSLy(Z]N]) = Go(p) (Lemma 1).

(b) By (2.1) ac € Z[\]. This implies that a = 7'/s\/7, where v’ € Z[)]. By
(2.1) a® = (1" /s\/7)% = ©'*/s2r € Z[)]. Since 7 is a prime, It follows that s7|r'.
Hence a = ry/7T where r € Z[\]. By (2.2) dc, d* € Z[)]. Using a similar argument
to the above, we have d = /7 where v € Z[\]. By (2.3) bdp € Z[\]. Hence
b=1t'/dp = t' Jup\/7 for some t' € Z[\]. Since b%p € Z[N], b%p = t'* /upr € Z[.
Hence pu|t’. This implies that b = t/1/7 where ¢t € Z[\]. Summing up the above,
we conclude that b/a = t/7r € Q(\). Since rur — st =1, (¢, 7) = 1. It follows that
the denominator of the reduced form of b/a is a multiple of 7.

(c) Let p=77'. As in (b), we may show

a=rvw, b =tvw, d = uyw, if (' w) =1
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and

a=rywt, b=tywr/VT, d=u/ut, if (' w)=7"#1, w=w 7,
where 7, t, u, w; € Z[A].

Suppose (7/,w) = 1. Since the determinant of A is 1, w is a unit. We have
a/c=r/st. Let X/Y be the reduced form of a/c. Since ruw—swtr =1, (r,s7) = 1.
Hence Y = pst where p is a unit of Z[A]. Since X/Y is the reduced form of a cusp,
G admits an element of the form

X Z
s-(X 2).
Since Y is a multiple of 7, B € Go(7). Since Aoco = Boo, B~1 A fixes oo and takes
the following form:

B~lA= (; :) € N(Go(1)).

By Lemma 2, B~1A4 € Gy(7). Hence A € Gy(1).

Suppose w = wy7’. Similar to the case (w,7') = 1, wy is a unit in Z[A]. The
denominator of the reduced form of a/c = r/s7 is again a multiple of 7 and we
have A € Go(r). This gives a contradiction as v/7/ ¢ Z[\].

(d) As in (c), we may show

a=rywr,b=tyw/7, d=uywr, if (w,7) =1,
a = ry/wip, b = ty/wi/\/p, d = u\/wip, if (', w) =7"#1,w=w7".

Using a similar argument to that in case (b), we can show that the denominator of
the reduced form of b/a is a multiple of 7. |

3. Two cusps

In this section, we deal with the case when Go(7) has exactly 2 inequivalent cusps.
By [CLLT], the prime p lying below 7 is 5 or p = +1 (mod 10) and (p) # (7).

Theorem 6. Let 7 be a prime such that Go(7) has exactly 2 inequivalent cusps.
Then N(GQ(T)) = GQ(T),

Proof. We first consider the case p # 5. Suppose N(Go(7)) # Go(r). Let A €
N(Go(7)) \ Go(7). Suppose Aoco is equivalent to oo in Go(7). Without loss of
generality, we may assume Aoo = oco. This implies that ¢ = 0 and A € Gy(r)
(Lemma 2), a contradiction. Hence we may assume that Aco is not equivalent to
o0 in Go(7). Since Gp(7) has exactly 2 inequivalent cusps, Aoco is equivalent to 0.
Without loss of generality, we may assume that Aco = 0. It follows by Lemma 4

that A is of the form
= ( 0 -1 /\/ﬁ) '
vp o hyp
Let z = 1/7 € Q(A). By Leutbecher’s theorem ([L1], [L2]), x is a cusp of G.
By [LLT1], the reduced form for z is of the form ¢/er, where ¢ is a unit in Z[)].
Consequently (Proposition 6(ii) of [LLT1]), Go(7) contains an element of the form

c b
B_<c7' d)'
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Since A € N(Go(1)),

*3%k *

ABA™! = (* _CT/p> € Go(r).

In particular, —c7/p € Z[A]. This is a contradiction (¢ and p have no common
divisors in Z[A] and (1) # (p)). It follows that N(Go(7)) = Go(7).

Now, suppose p = 5 and N(Go(7)) # Go(7). In this case, 7 = A + 2. Let
A € N(Go(1)) \ Go(1). Aoco is equivalent to either oo or 0. Without loss of
generality, we may assume that either Aco = oo or Aco = 0. By the remarks
following Lemma 2 and Lemma 4, A takes the form

A = (1 k/l\/g) if Aoco = o0,

0
Ay = (\% _12‘/5) it Aso =0,

where h, k € Z[A]. By [LLT1],

A —1
o= <)\+2 _)\> € Go(A+2).

In the first case, since A10A7" € Go(\ +2), k = v5u where u € Z[\. By
Lemma 1, A; € Go(A+ 2), a contradiction. In the second case, an easy calculation
shows that AsocA;' ¢ Go(\ + 2), again giving a contradiction. It follows that
N(Go(A+2)) = Go(A+2). |

4. p+1 cusps

In this section, we assume that p = £3 (mod 10) or p = 2. Then p is prime in
Z[A] so T = p. By [CLLT], Go(7) has p + 1 inequivalent cusps.

Lemma 7. Suppose p = £3 (mod 10). Then —A\/(1 + hpX) € Q(X) is in reduced
form if and only if h = kX for some k € Z. If p =2, =X\/(1 4+ 2h\) € Q(A) is in
reduced form if and only if h = kX or 1 4+ kX for some k € 7.

Proof. —A\/(1 + hmM) € Q()) is in reduced form if and only if (1 + AmA)/\ is in
reduced form. The only cusps between 0 and A whose reduced form has denominator
A are 1/X and A/\. Hence any cusp whose reduced form has denominator A is of
the form (uA? + 1)/ or (uA? + \)/\ where u € Z [LLT1]. The result follows easily
from this. O

Lemma 8. Let p be a prime in Z[A\] such that Go(p) has p+ 1 inequivalent cusps.
Then N(Go(p))/Go(p) is a subgroup of Zs.

Proof. Suppose N(Goy(p)) # Go(p). For any A € N(Go(p)) \ Go(p), by Lemmas 1,
2, 3, 4, and 5, A is of the form

i — 0 _1/\/]3 or i — h\/ﬁ 1/\/]3
0 = (G ) @ a= (NG )
or (iii)  abed # 0.

(i) Suppose A takes the form

wn= (5 1)
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A simple calculation shows that

A (plx\ (1)> AT = <1h2p}¥j\/\ 1+ i/z\p/\) € Go(p).
This implies that
A
1+ hpA

is a reduced form. In the case p # 2, by Lemma 7, h = kX for some k in Z. Hence

(k;l)/\ (1)> A= (\25 _1(/)\/5) € N(Go(p)).-

AGo(p) = (\Bﬁ _1(/)‘/]3) Go(p)-

In the case p = 2, by Lemma 7, h = kX or 1 + kX. It follows easily that

Gin 1)4=( 707) o (5 %)

We show that the second case is not possible. By [LLT1],

220+1 =X
= ( 2\ _1> S G0(2)

0 -1/V2 0 —1/V2\ (% A ¢ Co(2)
V2 V2 7 V2 V2 T olkx 4AN+1 0
(A/(4X + 1) is not a reduced form). Hence, the second case is not possible.
It follows that

It follows that

aco(2 = ( Js *Qﬁ)%&»

(ii) Suppose A takes the form
h 1
- (05 17)
Since As is the inverse of A; and A;Gy(p) has order 2 in N(Go(p))/Go(p),

0o -1/ \/]_7>
AsG = AG = Go(p) .
2Go(p) 1Go(p) (\/ﬁ 0 o(p)

(iii) Suppose abed # 0. By Lemma 5, b/a is an element of Q(\). Furthermore, if
x/y is the reduced form of —b/a, then y is a multiple of p (7 = p). By Leutbecher’s
Theorem ([L1], [L2]) —b/a = z/y is a cusp of G. By Proposition 6(ii) of [LLT1], G
contains an element of the form

B= (x Z) :
y w
Since y is a multiple of p, B € Gy(p). A direct calculation shows that

D) e NG

u

U:AB:(
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and coo = 0. By Lemma 4,
0 —1/\/]_9)
AB = .
(b
As above, one has
0 —1/\/5>
AG = ABG = Go(p).
o) = 486Gt = ([ ~P) Galy
Summing up the above, we have
0 —wf?)
AG = G ,

o= (5 T0P) G
for all A € N(Go(p)) \ Go(p). This implies that N(Go(p))/Go(p) is a subgroup of
Zs. O

Lemma 9. r/s € Q[A\]* such that (r,s) = 1 is equivalent to co in Go(p) if and
only if s is a multiple of p in Z[)].

Proof. Tt is clear that if /s is equivalent to co in Gy(p), then s is a multiple of p.
Conversely, for any ¢ = z/py € Q[)] such that  # 0 and (z,p) = 1, let 2//y’ be
the reduced form of ¢. By Leutbecher’s Theorem ([L1], [L2]) and Proposition 6(ii)
of [LLT1], G contains an element of the form

!/
A::(x, Z).
y w

Since (z,p) = 1, y’ is a multiple of p. This implies that A € Go(p). Consequently,
¢ is a cusp of Go(p) equivalent to oco. |

Theorem 10. Let p be a prime in Z[A] such that Go(p) has p + 1 inequivalent
cusps. Then N(Go(p)) = Go(p).

Proof. Suppose not. By Lemma 8, N(Gy(p))/Go(p) =~ Z2 and

0 —Uﬂv
N(G = Go(p) U Go(p).
(Go(p)) (\/]—3 0 o(p) o(p)
This implies that N(Go(G(p)) has at least 2 cusps.

Let d be a cusp of Go(p) such that d is not equivalent to oo in N(Go(p)). d # 0
since 0 is equivalent to co in N(Go(p)) by

<0 —Uﬂv
v 0 )
Write d = r/s € Q[A\]* ((r,s) = 1). Since d is not equivalent to co in Go(p), s is

not a multiple of p (Lemma 9). However,

0 —1/yp\r__s

VP 0 s pr
and (s,p) = 1; hence d is equivalent to co in N(Go(p)), a contradiction. This
completes the proof of Theorem 10 and hence the main theorem. O
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