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ABSTRACT. Let F'G be the group ring of a group G over a field F', with char-
acteristic different from 2. Let * denote the natural involution on F'G sending
each group element to its inverse. Denote by (FG)T the set of symmetric
elements with respect to this involution. A paper of Giambruno and Sehgal
showed that provided G has no 2-elements, if (FG)7 is Lie nilpotent, then so
is FG. In this paper, we determine when (FG)% is Lie nilpotent, if G does
contain 2-elements.

1. INTRODUCTION

Throughout this paper, we will let G be a group and F a field with char F =
p # 2. The group ring F'G has a natural involution given by (deG agg)" =
> gec agg~t. We will let (FG)™ denote the set of symmetric elements in FG.
That is, (FG)T = {w € FG : w* = w}. Similarly, (FG)~ will denote the set of
skew elements; viz. (FG)” ={w € FG: w* = —w}.

In any ring R, we define the Lie bracket on R via [z,y] = zy — yx. Inductively,
let [z1,... ,Zpt1] = [[21,- -+, Zn], Tnt1]. A subset A of R is said to be Lie nilpotent
if, for some positive integer n, [z1,...,2z,] = 0 for any z1,... ,2, € A. The least
such n is called the index of nilpotence of A. In [4], Passi, Passman and Sehgal
showed that F'G is Lie nilpotent if and only if G is nilpotent and p-abelian, where
char F' = p. (Recall that G is p-abelian if G’ is a finite p-group, and 0-abelian will
be taken to mean abelian.) In [1], Giambruno and Sehgal showed that if G contains
no 2-elements, then (FG)* is Lie nilpotent if and only if F'G is Lie nilpotent.

We cannot expect this to remain true if G has 2-elements. For instance, let
Qs = (g,hlg* = 1,h%? = g%, h=Lgh = g1) be the group of quaternions. It is easy
to verify that the symmetric elements of F'Qg are commutative for any field F,
since (FQs)" is generated (as an F-module) by the elements = + 27!, x € Qg and
the central elements 1 and g2. However, if char F # 2, then FQy itself is not Lie
nilpotent, by [5, Theorem V.4.4]. Nevertheless, we will show that if Qs € G, then
(FG)™T is Lie nilpotent if and only if F'G is Lie nilpotent. Then, if Qg C G, we will
classify the groups G for which (FG)™ is Lie nilpotent.

We thank the referee for the following observation, which ties our result in with
representation theory. Suppose G is finite and its order is not divisible by the
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characteristic of F. It is easy to see that enlarging the field will not affect the Lie
nilpotency of (FG)*, so we may assume, without loss of generality, that F' is alge-
braically closed. Then, suppose 7 : FG — M, (F) is an irreducible representation
of G, where M, (F) is the ring of n X n matrices over F'. We may define the contra-
gredient representation y : FG — M, (F) via p(z) = (7(z)™1)7 for all z € G. We
know that p is an irreducible representation. Hence, if 7 and p are not equivalent,
then 7 ® pu : FG — M, (F) @ M, (F) is an epimorphism. It is simple to verify that
for any a € FG, if (1 @ p)(a) = (A, B), then (1 @ p)(a*) = (BT, AT). Thus, if
B = AT then (1 ® p)(a) = (7 ® p)(a*), and therefore (7 @ u)(o‘go‘*) = (1 p)(a).
Since 7 @ p is surjective, it follows that (F'G)* maps homomorphically onto the
set {(A, AT) : A € M,(F)}. Thus, 7((FG)T) = M,(F). Therefore, if (FG)T is
Lie nilpotent, then M, (F) is Lie nilpotent. By [5, Lemma V.2.2], n = 1. Thus,
if 7 is any nonlinear irreducible representation of F'G, then 7 is equivalent to its
contragredient. If, for instance, F is the field of complex numbers, then the char-
acter of 7 will have to be real. This eliminates many groups from consideration.
However, we wish to allow GG to be infinite and F'G to be modular. We will use
direct computations to solve the problem.

2. SOME LEMMATA
For any group G, we will let ¢ (or {(G)) denote its centre. Let us begin with

Lemma 1. If (FG)™ is Lie nilpotent, and char F # 2, then every element of order
2 in G is central.

Proof. Let us assume that the characteristic of F' is p > 2. Take =,y € G such that
o(z) = o(y) = 2. Then choosing m such that p™ is larger than the index of Lie
nilpotence of (FG)*, we have 0 = [z,y,... ,y] = [x,y*"]. Since p is odd, y?" =y,
—
p™ times
and x commutes with y.
Now, suppose z,y € G, and o(y) = 2. Then
O=[z+aly, ..yl=[z+a "y
—

p™ times

for some m. Once again, this gives us [z + 271, y] = 0. Therefore, 2y = 2~ 1y, yz,
or yz~'. If 2y = x~ 'y, then 22 = 1, and the first case completes the proof. If
xy = yx, there is nothing to do. If xy = yz~!, then (zy)? = xyzy~! = 1 and by
the first case, y and xy commute. Therefore, yry = xy?, and yx = zy, as required.

If the characteristic of F is zero, then ZG C FG. Thus, (ZG)" is Lie nilpotent,
and therefore so is ((Z/3Z)G)*. Using the result we have just proved, all elements

of order 2 are central in G. (|

We will make use of the following observation several times.

Lemma 2. Let F be a field with char F # 2, and let G be a group such that (FG)™
is Lie nilpotent. If, for some a,b € G, we have [a +a~',b+b"1] =0, then ab is
equal to one of the following: ba, b~ 'a, ba™' or b=ta!.

Proof. In the expression

O=[a+a o+b =ab+ab +a o+a 07 —ba—ba' —bla—b"ta!
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the term ab must be cancelled. For this to happen, it can either agree with one of
the subtracted terms, or it can agree with at least two of the added terms (since the
characteristic is not 2). In the latter case, we will either get ab = a=1b (in which
case a2 = 1) or ab = ab~! (in which case b> = 1), or possibly both. By Lemma 1,
this means that a or b is central, and ab = ba. O

Lemma 3. Let G = (a,b), with b=tab = a~', and char F # 2. If (FG)" is Lie
nilpotent, then either a®> =1 (and G is abelian) or o(a) = 4, o(b) = 4n, where n is
an odd number, and {(a,b"™) ~ Qs.

Proof. If a® = 1, there is nothing to do, so let us assume a? # 1. We begin by
noting that, for any integer i, a* € ¢ if and only if a?* = 1. Also, b? € ¢, but b ¢ (.
Let the characteristic of F' be p > 2. Suppose o(b) = co. Then |(?| = oo, and the
corollary in [1] tells us that F'G is Lie nilpotent. Thus by [5, Theorem V.4.4], G is
nilpotent, and G’ is a finite p-group. Therefore, (a?) contains a nontrivial central
element. But a2 = b~taba~! € G’, hence o(a?) = p™, for some m > 0. Thus, if
a®' is central for some i, then a* = 1, and since a? has odd order, a®* = 1, which
is a contradiction. Therefore, b has finite order.

Now, since b? € ¢, but b ¢ (, b has order 2k for some positive integer k. If k is
odd, then b* is central by Lemma 1, and since b2 is central, b is central. This is
impossible. Therefore, 4 divides o(b). Let us write o(b) = 2"n, where n is odd and
r > 2. Then choosing m such that p™ exceeds the index of nilpotence of (FG)T,
we obtain

0=1[ab” +b"a 0" +b7", ... b+ b7 =[ab" + b "a " BP T+ b7,

p™ times

By Lemma 2, we have four cases to consider.
(1) ab™+P™) = pP" gb". Then ab™" = b™"a. Since np™ is odd, v™" € ¢
implies b € ¢, and this is false.
(2) ab™+P™) = pn(?"=Dg=1  Since b™P" 1 is central, we may deduce that
ab?1+P™) = =1pn(P" =1 Hence a® = b= 2",
(3) ab™1+P™) = p=mP" gp". Because
b= ab™ = b b ) = g e

we get ab"1P") = = 1pn(1=P")  Hence a? = b—2"" .
(4) ab™+P") = p=n(P"+1 =1 Here, ab™(*P™) has order 2 and is central. Since
p(1+P™) ig central, a is central, which is a contradiction.

Therefore, a®> = b=2" or b=2"?". Either way, a®> € (, thus o(a) = 4. Then
b*P™ = 1 and since o(b) = 2"n, o(b) = 4n. We have o(a) = o(b") = 4, a®> = b—2"
for some odd number ¢ (so a? = b®"), and b="ab" = a~!. Therefore, (a,b") ~ Qs.

The characteristic zero case is handled just as in Lemma 1. O

3. THE CASE WITHOUT QUATERNIONS
If Qs € G, then our proof is quite similar to that of [1].

Lemma 4. Let G = (a,b), and suppose [a +a 1, b+b" = 0. If Qs Z G, and
char F # 2, then (FG)™ is Lie nilpotent if and only if G is abelian.

Proof. Suppose [a,b] # 0. By Lemma 2, [a + a0+ b7t = 0 yields ab = ba,
ba=', b='a or b='a~!. The first case is contrary to our assumption. If ab = ba ™!
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or b~ 'a, then Lemma 3 gives us a contradiction. In the final case, ab has order
2 and is therefore central. Hence a?b = aba, and therefore ab = ba. This is a
contradiction. O

Lemma 5. Suppose Qs € G and (FG)% is Lie nilpotent. Then
(1) if char F =p > 2, then GP" C (, for some m; and,
(2) if char F =0, then G is abelian.

Proof. Let us prove (1). Choose m such that p™ is greater than the index of
nilpotence of (FG)*. Take a,b € G. Then
O=[a+a L o+b71 ... b+b Y =la+a ", 0" +b7P"].
p™ times
By Lemma 4, ab?” = b*" a. Therefore b*" € C.

To obtain (2), we note that for all odd primes g, since (ZG)* is Lie nilpotent,
((Z/qZ)G)* is Lie nilpotent, hence G9" C ¢ for some m. Since this holds for

different primes ¢, G is abelian. O

Now, we are in a position to complete the case in which G does not contain the
quaternions. A little terminology is required. Let F{x1, 2z}, 22,23, . ..} be the free
algebra with involution. Then 0 # f(x1,27,... 2y, x5) € F{x1,27,...} is called a

s-polynomial identity for FG if f(a1,af,... ,an,al) =0 for all a1,... ,a, € FG.
Similarly, let F{x1,x2,...} be the free algebra over F. Then 0 # f(x1,...,x,) €
F{x1,xa,...} is called a polynomial identity for FG if f(a1,...,a,) = 0 for all
ai,...,an € FG. Also, let ¢ denote the F'C-subgroup of a group G. Finally, we
define (a,b) = a~'b~tab and inductively, (a1,... ,an+1) = ((a1,... ,an),ansr1). We
have

Theorem 1. Suppose Qs € G and char F' = p # 2. Then the following are
equivalent:

(1) (FG)* is Lie nilpotent;

(2) FG is Lie nilpotent; and,

(3) G is nilpotent and p-abelian.

Proof. Since (2) certainly implies (1), and the equivalence of (2) and (3) is given
by [5, Theorem V.4.4], it will suffice if we can show that (1) implies (2).

If F has characteristic zero, there is nothing left to do. Suppose char F' =p > 2.
We know that [z + z7,... ,z, + 2] = 0 is a *-polynomial identity for F'G, for
some r. By [3, p. 196], FG satisfies a polynomial identity. By [5, Theorem V.1.1],
(G : ¢) < oo and |¢/| < co. Since GP' C ¢, for some t, by the last lemma, and
¢ C ¢, G/ is a finite p-group.

To show that G is nilpotent, it will suffice to show that H = G/( is nilpotent.
Let N = ¢/¢. Then, since Gr' C ¢, we have HP' = 1. Since G/ ¢ is a finite p-group,
so is H/N. Also, since ¢’ is finite, so is N'.

It is easy to see that H/N' acts as a finite p-group of automorphisms of N/N'.
Since N?' =1, [5, Lemma V.4.1] tells us that (N/N', H/N',... ,H/N') = 1. That
is, (N,H,... ,H) C N'. Since N'/N" is finite and H is a p-group, H/N" acts
as a finite p-group of automorphisms of N'/N”. Again, by [5, Lemma V.4.1],
(N',H,... ,H) C N”. Repeating this argument, we will eventually conclude that
(N,H,... ,H) =1 (since N’ is nilpotent, being a finite p-group). But H/N is also
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nilpotent, so (H,... ,H) C N, and we conclude that (H,...,H) = 1. Thus, H is
nilpotent.

Now, since G is nilpotent, and G/( is a p-group of bounded exponent by Lemma
5, it follows from [5, Corollary 1.4.3] that G’ is a p-group. Suppose G contains an
element z of infinite order. By Lemma 5, some positive power of x is central, and
therefore |(?| = co. By the corollary in [1], we are done. Thus, we may assume that
G is a torsion nilpotent group. Then G is the direct product Hprimcs q Py, where
each P is the unique Sylow g-subgroup. Since G’ is a p-group, G’ = P,. Since P,
has no 2-elements and (FP,)" is Lie nilpotent, the main result of [1] tells us that
P, is finite. By [5, Theorem V.4.4], F'G is Lie nilpotent. O

4. THE CASE WITH QUATERNIONS
We shall now determine what happens if Qg C G.

Lemma 6. Assume char F =p > 2, and suppose (F(Qs x C))* is Lie nilpotent,
where C is cyclic. Then C has finite order p™ or 2p™ for some m > 0.

Proof. Let us write Qg = (g, h), and C' = {c¢). Then choosing p™ to exceed the Lie
nilpotency class, we obtain (in the usual manner)

0=[gc+g te,h?" " + h7 PP
By Lemma 2, we have four cases to consider.

(1) gh?" cP"+1 = " g™+ Then gh?” = h?" g. But p™ is odd, hence h?" is
not central in Qg, which is a contradiction.

(2) gh?" P+t = pP" =1 =1, Then ¢® = 1.

(3) gh?" P+t = h=P" ge!=P™ | Then ¢*" = 1.

(4) gh?" P"+1 = p=P" g=1¢=P"~1 Then (gh*™)? = 1, but neither gh nor gh—*
is central in Qsg.

We are done. O

We can now show that if an element does not have order 4p™, then it must
commute with the quaternions.

Lemma 7. Suppose Qs = (g,h) C G, char F = p > 2, and (FG)™ is Lie nilpotent.
If b € G and b does not centralize (g, h), then o(b) = 4p™ for some m > 0, and
each of (", g) and (b*",h) is either abelian or isomorphic to Q.

Proof. Choosing p* larger than the Lie nilpotency index of (FG)*, we obtain 0 =
[b+ b1, g + g_pk] =[b+b"t g+ g7!], since g has order 4. Once again, Lemma
2 reduces the problem to four cases.

(1) bg = gb.

(2) bg = gb=!. Then g~'bg = b~!. By Lemma 3, either b*> = 1 and b is central,
or o(b) =4 and (b, g) ~ Qs. This is the assertion with m = 0.

(3) bg = g~ 'b. Then b~'gb = g~'. Since o(g) = 4, Lemma 3 tells us that
o(b) = 4n where n is odd, and (g, b") ~ Qs. Furthermore, b* clearly centralizes
{g,b™), and o(b*) = n. Therefore, (b*) N (g,b™) = (1). Thus, (b, g) = (g,b") x
(b*) ~ Qg x C,,. By Lemma 6, since n is odd, n = p™ for some m.

(4) bg = g~1b~!. Then (bg)? = 1 and bg is central. Hence b%g = bgb, and bg = gb.

Thus, either bg = gb or o(b) = 4p™ for some m > 0 and (b*", g) is either abelian
or Qs. The same can be said if we replace g with h. O
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The next two results narrow the possibilities down to H x P, where H is a Hamil-
tonian 2-group and P is a p-group. Recall that a group is said to be Hamiltonian
if it is non-abelian, but every subgroup is normal.

Lemma 8. Suppose (FG)* is Lie nilpotent, where char F =p > 2. If Qs C G,
then the 2-elements of G form a normal subgroup which is a Hamiltonian 2-group.

Proof. Take z,y € G such that o(z) = 2" and o(y) = 2 for some r,¢ > 0. Choosing
m such that p™ exceeds the nilpotency index of (FG)* and p™ =1 (mod 2%), we
obtain 0 = [z + 2=, y?" + 3y ?"] = [t + 2,y + y~']. Lemma 2 provides four
cases.

(1) zy = ya.

(2) 2y = yz~—!. Here, y oy = x~! and by Lemma 3, either x and y commute or
<(E, y> = Q8~

(3) zy = y~'z. Then z~'yx = y~!, and either z and y commute or (x,y) ~ Qs.

(4) xy = y~l2~!. In this case, vy has order 2 and is therefore central. We get

yxy = xy2, hence yz = zy.

Thus, either x and y commute or the group they generate is isomorphic to Qs.
We conclude that y~tzy = 2™ and (z,9) is a 2-group. Therefore, the 2-elements
form a subgroup H whose every cyclic subgroup is normal in H. Since H is not
abelian, it is Hamiltonian. Clearly H is normal in G. |

Lemma 9. Suppose F' has characteristic p > 2, (FG)™" is Lie nilpotent, and Qg =
{g,h) CG. Then G ~ Qg x E x P, where E*> =1 and P is a p-group.

Proof. Suppose x is an element of G whose order is either infinity or an odd prime
different from p. By Lemma 7, = centralizes (g, h) and certainly (x) N (g, h) = (1).
Thus Qg x () C G. By Lemma 6, we have a contradiction. By [2, Theorem 12.5.4],
the Hamiltonian 2-groups are of the form Qg x E, where E? = 1. Thus, in view of
Lemma 8, it remains only to show that the p-elements form a subgroup. We know
that every element has order 2"p! and since the Sylow 2-subgroup is Qg x E, r = 0,
1 or 2. Let z and y be p-elements of G, and suppose {(x,y) contains a 2-element.
By Lemma 7, z and y commute with (g, h), but no element of order 4 in Qg x E
commutes with (g, h). Thus, the only 2-elements in (x,y) have order 1 or 2. In
particular, Qg does not lie in (z,y). But (F(z,y))" is Lie nilpotent, and Theorem
1 tells us that F(x,y) is Lie nilpotent. Therefore, (z,y) is nilpotent and since z
and y are p-elements, (x,y) is a p-group. |

Finally, we have

Theorem 2. Suppose Qg C G, and the characteristic of F is not 2. Then (FG)™
is Lie nilpotent if and only if either
(1) char F=p>2 and G ~ Qs x Ex P, where E? =1 and P is a finite p-group;
or,

(2) char F =0 and G ~ Qg x E, where E? = 1.

Proof. Let us prove (1). Assume (FG)*' is Lie nilpotent. By Lemma 9, G ~
Qg x E x P where E2 =1 and P is a p-group. Suppose P is infinite. Then since
(FP)* is Lie nilpotent, Theorem 1 says that P’ is finite. Thus P/P’ is an infinite
abelian p-group. Let H = Qs x E x (P/P’). Then (FH)" is Lie nilpotent, and
((H)? is infinite. By the corollary in [1], F H is Lie nilpotent. This is a contradiction
to [5, Theorem V.4.4], since H' is not a p-group.
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Conversely, suppose G ~ Qg x E x P, where E? = 1 and |P| = p™, with m > 0.
We claim that for all a1,...,apmi1 € (FG)T, [a,... ,apmi1] = 0. Our proof is
by induction on m. If m = 0, then G ~ Qg x E. In this case, (F(Qs x E))* =
((F(E))Qs)™, and it is straightforward to verify that the symmetric elements com-
mute. Suppose m > 1. Take z € ((P) such that o(z) = p. By our inductive
assumption, working in F'(Qs x E x (P/(z))), we obtain [&y,... ,&pm-141] = 0.
That is, [aq, ... ,apm-141] € A(G, (2)), where A(G, (2)) is the kernel of the natural
homomorphism FG — F(G/(z)). But A(G,(z)) = (2> = 1)FG = (z — 27 1)FG.

Thus, [a1,...,apm-141] = (z — 27w, for some w € FG. It is easy to see that
[(FG)T, (FG)T] C (FG)~ (the set of skew elements in F'G), and [(FG)™, (FG)*] C
(FG)T. Thus, since p™~ ! +11is even, (z — 27w = [o,... ,pm-141] € (FG)™.
Therefore, ((z — 271 )w)* = —(2 — 27 H)w. Since z — 271 is both skew and central,
we also have ((z — 27 1)w)* = —(z — 27 1)w*. Therefore, (z — 2 Hw = (2 — 27 Hw*,
and it follows that (z — 27w = (2 — 271)B1, where 3; = “+2“’* is symmetric. Then
(1, ... s apm-141] = [(2 — Z_l)ﬁl,apm—1+2, e Qopm—141]
= (Z — Z_l)[/gl, Oép7n71+2, e ,Oézpmfl_;’_l].
As we have just observed, [B1, apm-149,...,azpm-141] = (2 — 271)F, for some
B2 € (FG)T. (It is the Lie bracket of p™~! + 1 symmetric elements.) Iterating this
argument, we obtain [, ... ,apmi1] = (2 — 271)PS3,, for some 3, € (FG)*. But

(z — 27HP = 0, and we are done.

To prove (2), we note that if (ZG)™ is Lie nilpotent, then so is ((Z/qZ)G)* for
any odd prime g. By the first case, G ~ Qs x E x P, where P is a finite g-group,
for each odd prime q. Therefore G ~ Qg x E. As we have observed before, the
converse is trivial. O

We conclude by mentioning that the paper of Giambruno and Sehgal also showed
that if G has no 2-elements and (FG)~ is Lie nilpotent, then so is FG. Our
Theorem 1, however, will not hold for (FG)~. As a counterexample, consider
Dg = (0,7|0* = 72 = (07)? = 1). It is clear that if char F' # 2, then (FDg)~ is
commutative, but by [5, Theorem V.4.4], FDg is not Lie nilpotent.
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