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Abstract. We give a set-valued criterion for a topological space X to be
consonant, i.e. the upper Kuratowski topology on the family of all closed
subsets of X coincides with the co-compact topology. This characterization of
consonance is then used to show that the statement “every analytic metrizable
consonant space is complete” is independent of the usual axioms of set theory.
This answers a question by Nogura and Shakhmatov. It is also proved that
continuous open surjections defined on a consonant space are compact covering.

A topological space X is said to be consonant if the co-compact topology on
the set of all closed subsets of X coincides with the upper Kuratowski topology.
The class of consonant spaces was introduced by Dolecki, Greco and Lechicki in
[2], [3] and was recently studied rather intensively. It was noticed by Nogura and
Shakhmatov in [8] that two other classical topologies (automatically) coincide on
the set of closed subsets of a consonant space, namely, the Fell topology and the
Kuratowski topology. In [3], among other things, it is proved that every Čech-
complete space is consonant. It is also known that metrizable consonant spaces
are hereditarily Baire [1] (i.e. every closed subspace of a metrizable consonant
metric space is a Baire space). These results prompted Nogura and Shakhmatov in
[8, Problem 11.4] to ask whether consonant metrizable spaces are (Čech-)complete.
This remained one of the central open problems in the theory of consonance. For co-
analytic metrizable spaces, this problem is entirely solved: A co-analytic metrizable
spaceX is consonant if and only ifX is Polish (see [1]). In this note we show that the
statement “every analytic metrizable consonant space is complete” is independent
of the usual axioms of set theory (Theorem 6). It is also proved that continuous
open surjections defined on a consonant space are compact covering (Corollary 8),
which gives a generalization of the classical theorem of Pasynkov stated for Čech-
complete spaces. Corollary 8, along with a construction of Michael [6], allows us
to give a new and topological proof of the nonconsonance of the usual space of
rationals.

This note is based on a characterization of consonance in terms of a special prop-
erty of lower semicontinuous set-valued maps (Theorem 2). Concerning topological
completeness, an important and recent result of this kind, achieved by van Mill,
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Pelant and Pol [7], says that complete metrizable spaces are those metric spaces
satisfying the compact-valued selection theorem of Michael.

Recall that a multifunction (or a set-valued map) ϕ defined on a space Y which
takes its values in the set 2X of nonempty closed subsets of the space X is said
to be lower semicontinuous (or briefly l.s.c.) if, for every open set U ⊂ X , the set
{y ∈ Y : ϕ(y) ∩ U 6= ∅} is open in Y . A subset A of X which meets all values of ϕ
will be called a section of ϕ.

As in [3], for every collection D of subsets of X we denote by O(D) the set of
open subsets of X which contain some member of D. A collection H of open sets
in X is said to be compact if H = O(H) and for each collection U of open sets in
X such that

⋃U ∈ H there is a finite subcollection V ⊂ U such that
⋃V ∈ H. A

first example of a compact collection of open sets is given by O(K) for every family
K of compact subsets of X .

Definition 1. A space X is said to be consonant if, for every compact collection
of open sets H in X , there is a family K of compact sets in X such that O(K) = H.

Of course this definition is not the original one [3]; it corresponds to the charac-
terization of consonance given in [3, Theorem 3.3]. We also inform the reader that,
as in [3], no separation axioms are a priori assumed, consequently compact subsets
are not assumed to be closed.

The following is the criterion of consonance mentioned above.

Theorem 2. A space X is consonant if and only if, for every l.s.c. multifunction
ϕ : Y → 2X , where Y is compact, every open section of ϕ contains a compact
section of ϕ.

Proof. Let us show that the condition is necessary. Suppose that X is consonant
and let ϕ : Y → 2X be a l.s.c. multifunction, where Y is a compact space. Denote
by H the collection of all open sections of ϕ. It follows from the compactness of
Y and the fact that ϕ is l.s.c. that H is a compact collection. Let U ∈ H and let
K ⊂ U be a compact set such that V ∈ H for every open set V ⊂ X which contains
K. Let y ∈ Y . Clearly X \ ϕ(y) is not an open section of ϕ, i.e. X \ ϕ(y) 6∈ H. In
particular, K 6⊂ X \ϕ(y) and thus ϕ(y)∩K 6= ∅. We conclude that K is a compact
section of ϕ.

Conversely, suppose that the condition of the theorem is satisfied, and let H be
a nonvoid compact collection of open sets in X . Without loss of generality we may
assume that ∅ 6∈ H. Consider the set Y of all open sets U ⊂ X such that U /∈ H.
Let ϕ : Y → 2X be the multifunction defined by ϕ(U) = X \ U , for each U ∈ Y .
We endow Y with the coarser topology making the multifunction ϕ l.s.c.

Let us show that Y is compact. Let U be a collection of open sets in X such
that ϕ(y)∩⋃U 6= ∅ for each y ∈ Y . To prove that Y is compact it suffices to show,
by the Alexander subbase theorem, that there is a finite subcollection V ⊂ U such
that ϕ(y) ∩ ⋃V 6= ∅ for every y ∈ Y . We have

⋃U ∈ H; indeed, otherwise we
obtain

⋃U ∈ Y and then (X \⋃U)∩⋃U 6= ∅, which is impossible. Consequently,
by the compactness of H, there is a finite sub-collection V ⊂ U such that

⋃V ∈ H.
Let U ∈ Y and let us verify that ϕ(U)∩⋃ V 6= ∅. Suppose that this is not the case.
Then we have

⋃V ⊂ U , which is impossible because U 6∈ H. Hence Y is compact.
Now, let O ∈ H; since O is an open section of ϕ, there is a compact set K ⊂ O

which meets every value of ϕ; and, for each open set U ⊂ X such that K ⊂ U , we
have U ∈ H. This proves that X is consonant.
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For a space X we denote by K(X) the family of non-empty compact subsets
of X . We endow K(X) with the upper Vietoris topology, that is the topology for
which the sets U+ = {K ∈ K(X) : K ⊂ U}, with U an arbitrary open subset of
X , form a base. For a l.s.c. set-valued map ψ : Y → 2X let S(ψ) be the (possibly
empty) set of all compact sections of ψ. We consider S(ψ) as a subspace of K(X)
with the induced topology.

Recall that a space X is said to be a Baire space if every countable intersection
of dense open subsets of X is a dense subset of X .

Lemma 3. Let X be a Polish space and ψ : Y → 2X a l.s.c. set-valued map defined
on a compact space Y . Then S(ψ) is a non-empty secound countable Baire space.

Proof. It is proved in [3] that Čech-complete spaces are consonant. Since Polish
spaces are Čech-complete, it follows from Theorem 2 that S(ψ) is non-empty. The
second countability of S(ψ) follows immediately from that of X . To show that
S(ψ) is a Baire space, fix a complete metric d compatible with the topology of X
and let (On)n∈ω be a decreasing sequence of dense open subsets of S(ψ). Let U be
an open subset of X such that S(ψ) ∩ U+ 6= ∅. Choose by induction a sequence
((Un

0 , . . . , U
n
kn

))n∈ω of finite sequences of open subsets of X , the diameter of each
Un

i being less than 1/(n+ 1), such that

∅ 6= S(ψ) ∩ U+ ∩ (Un
0 ∪ . . . ∪ Un

kn
)+ ⊂ On,(∗)

and such that the closure (in X) of each U∩Un+1
i is contained in some U∩Un

j . This

construction guarantees that the set K =
⋂
n∈ω

U ∩ (Un
0 ∪ · · · ∪ Un

kn
) is a non-empty

compact subset of X for which the sequence
(
U ∩ (Un

0 ∪· · ·∪Un
kn

)
)
n∈ω

forms a base
of neighbourhoods. Let y ∈ Y and suppose that K ∩ψ(y) = ∅. Then there is some
n ∈ ω such that U ∩ (Un

0 ∪ · · · ∪ Un
kn

) ∩ ψ(y) = ∅, which is impossible because of
(∗). Hence K is in S(ψ). This proves that

⋂On is dense in S(ψ).

For a set-valued map ψ : Y → P(X), where P(X) denotes the set of all subsets
of the space X , we use ψ to denote the set-valued map defined by ψ(y) = ψ(y) for
each y ∈ Y .

Lemma 4. Let X be a consonant space, F a proper closed subset of X and ψ :
Y → 2X\F a l.s.c. set-valued map. Then the set SF (ψ) = {K ∈ S(ψ) : K ∩F = ∅}
is open, non-empty and dense in S(ψ).

Proof. Note that the set-valued map ψ : Y → 2X is well defined and l.s.c.. It is
also clear that the set SF (ψ) is an open subset of S(ψ). Let us show that SF (ψ)
is a dense subset of S(ψ) (hence non-empty, by Lemma 3). Let U ⊂ X be an open
subset of X such that S(ψ)∩U+ 6= ∅ and let K0 ∈ S(ψ) be such that K0 ⊂ U . For
each y ∈ Y we have ∅ 6= ψ(y)∩K0 ⊂ ψ(y)∩U , hence ∅ 6= ψ(y)∩U = ψ(y)∩(U \F ).
Therefore, the multifunction γ : Y → 2U\F defined by γ(y) = ψ(y)∩ (U \F ) is well
defined and l.s.c.. Since U \ F is an open subspace of the consonant space X , it is
consonant [3]; hence, by Theorem 2, there is a compact section K of γ. It is clear
that K ∈ U+ ∩ SF (ψ).

In order to use Theorem 2 to establish that a regular space X is consonant it is
sufficient to show that every l.s.c. set-valued map, which takes its values in 2X and
is defined on a compact space, has a compact section. Indeed, let ψ : Y → 2X be
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such a map and U ⊂ X an open section of ψ. Then, by the regularity of X , there
is an open section V ⊂ X of ψ such that V ⊂ U . Now, for any compact section K
of the l.s.c. set-valued map y ∈ Y → ψ(y) ∩ V ∈ 2X , the compact set K ∩ V is a
compact section of ψ contained in U .

The following assertion was inspired by [7, Theorem 5.1]

Theorem 5 (MA). Let X be a Polish space. For any collection F ⊂ 2X of cardi-
nality less than c, the cardinality of the continuum, the subspace Z = X \ ⋃F of
X is consonant.

Proof. Let ψ : Y → 2X\⋃F be a l.s.c. set-valued map, where Y is a compact
space. Since the space X \⋃F is regular, by the remark above, it suffices to show
that ψ has a compact section. As in Lemma 4, for every F ∈ F denote by SF (ψ)
the set {K ∈ S(ψ) : K ∩ F = ∅}. From Lemmas 3 and 4 and the well known
fact that Martin’s Axiom (MA) implies that in a second countable Baire space
the intersection of less than c open dense subsets is dense (see, for example, [10,
Theorem 14, p. 497]), it follows that

⋂
F∈F

SF (ψ) 6= ∅, which implies that ψ has a

compact section.

Recall that a metrizable space is called analytic if it is a continuous image of a
Polish space.

Theorem 6. The statement “all analytic metric consonant spaces are completely
metrizable” is independent of the usual axioms of set theory.

Proof. The arguments are the same as those in [7, Remark 5.2]. Let C denote the
Cantor set. By Martin and Solovay [5, 3.1 and 3.2] it is consistent with MA+¬CH
that for every A ⊂ C with cardinality ℵ1, the space C \ A, which is consonant by
Theorem 5 but not Čech-complete by the Cantor-Bendixon Theorem, is analytic.

On the other hand, there is a model of set theory in which every analytic metriz-
able space which is not completely metrizable contains a closed homeomorphic copy
of the rationals Q (see Kanověı and Ostrovskǐı [4]). Since Q is not consonant [1]
(see also Remark 9 below) and consonance is hereditary with respect to closed
subsets, in this model every analytic metrizable consonant space is complete.

It is shown in [3, Proposition 7.3] that consonance is not hereditary with respect
to Gδ-subsets. However, Lemma 4 implies the following:

Proposition 7. If X is a regular consonant space such that the set of its compact
subsets endowed with the upper topology is hereditarily Baire, then all Gδ subsets
of X are consonant.

A classical theorem of Pasynkov states that every continuous open surjection
defined on a Čech-complete space is compact covering [9]. Recall that a continuous
map f from a spaceX onto a space Y is called compact covering if for every compact
set A ⊂ Y there is a compact set B ⊂ X such that f(B) = A. The next statement
extends Pasynkov’s result to the class of consonant spaces.

Corollary 8. Every open continuous onto map f : X → Y , where X is a consonant
space and Y is a Hausdorff space, is compact covering.

Proof. Let K0 be a compact subset of Y . We must show that there is a compact set
K1 ⊂ X such that f(K1) = K0. The openness of f implies that the multifunction
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which sends each y ∈ K0 to f−1(y) in 2X is l.s.c.. It follows from Theorem 2 that
there is a compact set K ⊂ X such that f−1(y) ∩ K 6= ∅ for each y ∈ K0. Put
K1 = K ∩ f−1(K0).

Remark 9. To conclude this note, let us mention that Corollary 8 can be used
to give a topological proof of the nonconsonance of the usual set Q of rationals.
Answering a question from [2], the nonconsonance of Q was established in [1] by
using a measure theoretical argument. The proof is as follows: Let C denote the
Cantor set and, following [6], let A ⊂ C × C be such that the projection map
π : A → C is open, onto and not compact covering. The subspace A of C × C is
therefore not consonant (Corollary 8). In [11], Saint Raymond constructs a set A
satisfying these conditions and, in addition, is such that there exists a perfect onto
mapping f : A→ Q. It follows from [8, Theorem 8.1] that Q is not consonant.
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