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NONLINEAR ALTERNATIVES FOR MULTIVALUED MAPS
WITH APPLICATIONS TO OPERATOR INCLUSIONS

IN ABSTRACT SPACES

DONAL O’REGAN

(Communicated by Dale Alspach)

Abstract. A nonlinear alternative of Leray–Schauder type is presented for
condensing operators with closed graph. We will then use this theorem to
establish new existence principles for differential and integral inclusions in
Banach spaces.

1. Introduction

In this paper we establish new nonlinear alternatives of Leray–Schauder type for
multivalued maps. Our theory was motivated by the following alternative.

Theorem 1.1. Let E be a Banach space and let U be an open subset of E with
0 ∈ U . Suppose{

F : U → C(E) has closed graph; here C(E) denotes
the family of nonempty, closed, convex subsets of E

(1.1)

and

F : U → C(E) is compact(1.2)

hold. Then either
(A1). F has a fixed point in U ; or
(A2). there exists u ∈ ∂U and λ ∈ (0, 1) with u ∈ λF (u).

The proof follows immediately from the nonlinear alternative for upper semicon-
tinuous (u.s.c.) maps [5] once we notice that (1.1), (1.2) and [1, page 465] imply
F : U → C(E) is u.s.c. However when we examine differential and integral inclu-
sions in abstract spaces (when the dimension is infinite) it is of interest to replace
(1.2) with the less restrictive condition{

F : U → C(E) is a condensing map with
F (U) a subset of a bounded set in E.

(1.3)

In this case it is not clear how to apply the nonlinear alternative for u.s.c. maps
since F : U → C(E) may not necessarily be u.s.c. (note F (U) is not necessarily
relatively compact so [1, page 465] does not apply). In the literature [3, 8, 9] the
authors were able to establish fixed points to multivalued operators of the above
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type by using other approaches; in particular using Ky Fan’s fixed point theorem
together with some tricks. However an applicable existence principle of Theorem
1.1 type (when dim E = ∞) has not appeared with (1.3) replacing (1.2). We
fill this gap in the literature in this paper. To do so we first establish some new
nonlinear alternatives of Leray–Schauder type (see Theorem 2.1 and Theorem 2.2);
standard alternatives in the literature (see Corollary 2.1 and Corollary 2.2) can be
deduced from our results.

To conclude the introduction we gather together some definitions. In this paper
2E denotes the family of nonempty subsets of E, CD(E) the family of nonempty,
closed, acyclic (see [4] ) subsets of E and CK(E) the family of nonempty, compact,
acyclic subsets of E. Let X be a Banach space and ΩX the bounded subsets of X .
The Kuratowskii measure of noncompactness is the map α : ΩX → [0,∞] defined
by

α(Z) = inf

{
ε > 0 : Z ⊆

n⋃
i=1

Zi and diam (Zi) ≤ ε

}
; here Z ∈ ΩX .

Let X1 and X2 be Banach spaces. A multivalued map F : Y ⊆ X1 → X2 is said
to be α–Lipschitzian if it maps bounded sets into bounded sets and if there exists
a constant k ≥ 0 with α(F (Z)) ≤ k α(Z) for all bounded sets Z ⊆ Y . We call F
a condensing map if F is α–Lipschitzian with k = 1 and α(F (Z)) < α(Z) for all
bounded sets Z ⊆ Y with α(Z) 6= 0.

2. Fixed point theory

For convenience we assume throughout this section that E is a Banach space (the
extension to the case when E is a Fréchet space is clear). From an application point
of view we are interested in multivalued maps with closed graph. First however we
consider maps which are also u.s.c. Our first result was motivated by ideas in
[2, 6, 7].

Theorem 2.1. Let E be a Banach space (or more generally a Fréchet space) with
U an open subset of E and x0 ∈ U .

(a). Suppose the following conditions are satisfied:

F : U → CK(E) is u.s.c.(2.1)

and {
there exists X ⊆ E with X = co ({x0} ∪ F (X ∩ U))
and X is compact.

(2.2)

Then either
(A1). F has a fixed point in U ; or
(A2). there exist u ∈ ∂U and λ ∈ (0, 1) with u ∈ λF (u) + (1− λ){x0}.
(b). Suppose the following conditions are satisfied:

F : U → E is single valued and continuous(2.3)

and {
there exists W ⊆ E with W = co ({x0} ∪ F (W ∩ U))
and W is compact.

(2.4)
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Then either
(A1). F has a fixed point in U ; or
(A2). there exist u ∈ ∂U and λ ∈ (0, 1) with u = λF (u) + (1− λ)x0.

Proof. Without loss of generality assume x0 = 0.
(a). Suppose (A2) does not occur. Also without loss of generality assume F has

no fixed points in ∂U (otherwise we are finished, i.e. (A1) occurs). Let

H =
{
x ∈ U : x ∈ λF (x) for some λ ∈ [0, 1]

}
.

Now H 6= ∅ since 0 ∈ H . Also H is closed. To see this let (xn) be a sequence
in H (i.e. xn ∈ λn F (xn) for some λn ∈ [0, 1]) with xn → x0 ∈ U . Without loss
of generality assume λn → λ0 ∈ [0, 1]. Let R : U × [0, 1] → CK(E) be defined
by R(x, λ) = λF (x). Now it’s easy to see [7] that R : U × [0, 1] → CK(E) is
u.s.c. Also since (xn, λn) is a sequence in U × [0, 1] with (xn, λn) → (x0, λ0) and
xn ∈ R(xn, λn) , we see from [10] that x0 ∈ R(x0, λ0), i.e. x0 ∈ H . Thus H is
closed.

Remark 2.1. It is of interest to note (see Theorem 2.2) that if F : U → CK(E) is
u.s.c. is replaced by F : U → CD(E) (or 2E) has closed graph, then once again
H is closed. To see this let xn and λn be as above with xn → x0 ∈ U and
λn → λ0 ∈ [0, 1]. Without loss of generality assume λ0 ∈ (0, 1]. Since xn ∈ H ,
there exists yn ∈ F (xn) with xn = λn yn. Now xn → x0 and yn → 1

λ0
x0. The

closedness of F implies 1
λ0

x0 ∈ F (x0) so x0 ∈ H [alternatively it is easy to
see that R : U × [0, 1] → CD(E) (or 2E), given above, has closed graph so it is
immediate that H is closed].

Now there exists (see (2.2)) X ⊆ E with X = co
({0} ∪ F (X ∩ U)

)
and X is

compact. Notice since H is closed in E , then H ∩X is closed in X .

Remark 2.2. In fact since X is compact, we have that H ∩X is compact.

Thus H ∩X and ∂X(U ∩X) (the boundary of U ∩X in X) are closed in X .
We now claim H ∩X and ∂X(U ∩X) are disjoint. To see this notice

∂X(U ∩X) = U ∩X \ (U ∩X) ⊆ U ∩X \ (U ∩X) = (U \U) ∩X = ∂U ∩X

and so

(H ∩X) ∩ ∂X(U ∩X) ⊆ (H ∩X) ∩ (∂U ∩X).(2.5)

Now H ∩ ∂U = ∅ together with (2.5) implies H ∩X and ∂X(U ∩X) are disjoint.
There exists a continuous function µ : X → [0, 1] with

µ(H ∩X) = 1 and µ(∂X(U ∩X)) = 0.

Define the map J by

J(x) =
{

µ(x)F (x), x ∈ U ∩X,
{0}, x ∈ X \U ∩X.

Remark 2.3. Note U ∩X = (U ∩X)∪∂X (U ∩X) and µ(x) = 0 if x ∈ ∂X(U ∩X).

It is easy to see that J : X → CK(E) is u.s.c. In fact J : X → CK(X). To see
this notice

J(X) ⊆ co
({0} ∪ F (U ∩X)

) ⊆ co
({0} ∪ F (U ∩X)

) ⊆ co
({0} ∪ F (U ∩X)

)
= X.
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Thus J : X → CK(X) is u.s.c. and X is compact. Now [4] implies that there
exists x ∈ X with x ∈ J(x). Now since 0 ∈ U we have x ∈ U ∩X so

x ∈ µ(x)F (x) with x ∈ U ∩X.

Thus x ∈ λF (x) with 0 ≤ λ = µ(x) ≤ 1. As a result x ∈ H and so x ∈ H ∩X .
Consequently µ(x) = 1 and so x ∈ F (x). The proof is complete.

(b). Suppose (A2) does not occur and F has no fixed points in ∂U . Let

H =
{
x ∈ U : x = λF (x) for some λ ∈ [0, 1]

}
.

As above H 6= ∅ and H is closed. Also there exists (see (2.4)) W ⊆ E with

W = co ({0} ∪ F (W ∩ U))

and W is compact. As in (a), H∩W and ∂W (U∩W ) are closed in W with H∩W

and ∂W (U ∩W ) disjoint. Thus there exists a continuous function µ : W → [0, 1]
with

µ(H ∩W ) = 1 and µ(∂W (U ∩W )) = 0.

Define the map J by

J(x) =

{
µ(x)F (x), x ∈ U ∩W,

0, x ∈ W \U ∩W.

Notice J : W → E is continuous. Also J(W ) ⊆ W . To see this notice

J(W ) ⊆ co ({0} ∪ F (U ∩W )) = W

since if x ∈ W and x ∈ ∂W (U ∩W ) or x ∈ W \ (U ∩W ) , then J(x) = 0 (the
only other case is if x ∈ W and x ∈ U ∩ W i.e. x ∈ U ∩W ). Now J(W ) ⊆ W
together with the fact that J is continuous yields

J(W ) ⊆ J(W ) ⊆ W.

Thus J : W → W is continuous and W is compact. Now Schauder’s fixed point
theorem implies that there exists x ∈ X with x = J(x). As in (a) we can easily
deduce that x = F (x).

Remark 2.4. Notice from the proof in (b), it is possible to replace the condition
that F is single valued and continuous (see (2.3)) with any multivalued u.s.c. map
F : U → CK(E) provided conditions are put on F to guarantee that J(W ) ⊆
J(W ).

Before we prove the fixed point theorem that we will use in our applications, let
us deduce from Theorem 2.1 some well known results.

Corollary 2.1 (Mönch). Let E be a Banach space with U an open subset of E
and x0 ∈ U . Suppose F : U → E is continuous and that

if C ⊆ U is countable and C ⊆ co ({x0} ∪ F (C)) , then C is compact
(2.6)

holds. Then either
(A1). F has a fixed point in U ; or
(A2). there exist u ∈ ∂U and λ ∈ (0, 1) with u = λF (u) + (1− λ)x0.

Proof. The result follows immediately from Theorem 2.1 (b) since a standard ar-
gument (see [2, page 204] or [6, page 992]) establishes (2.4).
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Corollary 2.2. Let E be a Banach space with U an open, convex subset of E
and x0 ∈ U . Suppose F : U → CK(E) is a u.s.c., condensing map with F (U) a
subset of a bounded set in E. Then either

(A1). F has a fixed point in U ; or
(A2). there exist u ∈ ∂U and λ ∈ (0, 1) with u ∈ λF (u) + (1− λ){x0}.

Proof. The result follows immediately from Theorem 2.1 (a). We need only check
(2.2). Notice [4, page 19] implies that there exists a closed, convex set X with
x0 ∈ X and

X = co(F (U ∩X) ∪ {x0}).
We claim X = X is compact. To see this first notice α(U ∩X) = 0 since if not,
then

α(X) = α(co (F (U ∩X) ∪ {x0})) = α(F (U ∩X)) < α(U ∩X) ≤ α(X),

a contradiction. Thus α(U ∩X) = 0.

Remark 2.5. Notice F (U ∩ X) ⊆ F (U) is bounded and as a result X (and also
U ∩X) is bounded.

Also notice

α(X) = α(co (F (U ∩X) ∪ {x0})) = α(F (U ∩X)) ≤ α(U ∩X) = 0.

Thus X = X is compact so (2.2) is true.

Remark 2.6. There is an obvious analogue of Corollary 2.2 if E is a Fréchet space;
we leave the proof to the reader.

Our next result was motivated by applications that occur in differential and
integral inclusions (see Section 3).

Theorem 2.2. Let E be a Banach space with U an open, convex subset of E
and x0 ∈ U . Suppose

F : U → CD(E) has closed graph(2.7)

and {
F : U → CD(E) is a condensing map with
F (U) a subset of a bounded set in E

(2.8)

hold. Then either
(A1). F has a fixed point in U ; or
(A2). there exist u ∈ ∂U and λ ∈ (0, 1) with u ∈ λF (u) + (1− λ){x0}.

Remark 2.7. There is an obvious analogue of Theorem 2.2 when E is a Fréchet
space.

Proof. Without loss of generality assume x0 = 0. Suppose (A2) does not occur
and F has no fixed points in ∂U . Let

H =
{
x ∈ U : x ∈ λF (x) for some λ ∈ [0, 1]

}
.

As in Theorem 2.1 (see Remark 2.1), H 6= ∅ is closed. Also as in Corollary 2.2 there
exists X ⊆ E with X = co (F (U ∩X) ∪ {0}) and X is compact. As in Theorem
2.1 (a), H ∩ X and ∂X(U ∩ X) are closed in X with H ∩ X and ∂X(U ∩ X)
disjoint. There exists a continuous function µ : X → [0, 1] with

µ(H ∩X) = 1 and µ(∂X(U ∩X)) = 0.
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Let’s look at F |U∩X , i.e. F : U ∩X → CD(E). Now (2.7) implies F |U∩X has
closed graph. This together with the fact that U ∩X is compact (recall X is
compact) and [1, page 465] (note F (U ∩X) is compact since α(F (U ∩X)) ≤
α(U ∩X) = 0) implies F : U ∩X → CD(E) is u.s.c. Define the map J by

J(x) =
{

µ(x)F (x), x ∈ U ∩X,
{0}, x ∈ X \U ∩X.

It is easy to see that J : X → CK(X) (see Theorem 2.1) is u.s.c. Then [4] implies
that there exists x ∈ X with x ∈ J(x). As in Theorem 2.1 (a) we can easily deduce
that x ∈ F (x).

Remark 2.8. In Theorem 2.2, (2.8) could be replaced by (2.2) (note as well U need
not be convex) provided X in (2.2) is such that F (U ∩X) is relatively compact.

3. Existence principles for operator equations

In this section let’s begin by discussing the operator inclusion

x(t) ∈ N x(t) for t ∈ [0, T ].(3.1)

Solutions to (3.1) will be sought in C([0, T ], E); here E is a real Banach space.

Theorem 3.1. Let E = (E, ‖ . ‖) be a Banach space and suppose there is a con-
stant M0, independent of λ, with ‖y‖0 = sup[0,T ] ‖y(t)‖ 6= M0 for any solution
y ∈ C([0, T ], E) to

x(t) ∈ λN x(t) for t ∈ [0, T ](3.2)λ

for each λ ∈ (0, 1). Let

U = {u ∈ C([0, T ], E) : ‖u‖0 < M0}
and suppose

N : U → CD(C([0, T ], E)) has closed graph(3.3)

and {
N : U → CD(C([0, T ], E)) is a condensing map with
N(U) a subset of a bounded set in C([0, T ], E)

(3.4)

are satisfied. Then (3.1) has a solution y ∈ C([0, T ], E) with ‖y‖0 ≤ M0.

Remark 3.1. It is of interest to compare Theorem 3.1 with the results in [8] .

Proof. Apply Theorem 2.2 (notice (A2) with x0 = 0 cannot occur) to deduce that
(3.1) has a solution in U .

A particular example of (3.1) will be the Volterra integral inclusion

y(t) ∈ g(t) +
∫ t

0

k(t, s)F (s, y(s)) ds for t ∈ [0, T ].(3.5)

For notational purposes let C(E) denote the family of nonempty, closed, convex
subsets of E and CC(E) the family of nonempty, compact, convex subsets of E.
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Theorem 3.2. Let E = (E, ‖ . ‖) be a separable Banach space with F : [0, T ] ×
E → CC(E) and k : [0, T ] × [0, t] → R. Assume the following conditions are
satisfied: {

(i). t 7→ F (t, x) is measurable for every x ∈ E;
(ii). x 7→ F (t, x) is u.s.c. for a.e. t ∈ [0, T ];(3.6)

{
for each r > 0 there exists hr ∈ L1[0, T ] such that ‖F (t, x)‖ ≤ hr(t)
for a.e. t ∈ [0, T ] and every x ∈ E with ‖x‖ ≤ r;

(3.7)

{
for each t ∈ [0, T ], k(t, s) is measurable on [0, t] and
k(t) = ess sup |k(t, s)|, 0 ≤ s ≤ t, is bounded on [0, T ];(3.8)

{
the map t 7→ kt is continuous from [0, T ] to L∞[0, T ] ;
here kt(s) = k(t, s)(3.9)

and

g : [0, T ] → E is single valued with g ∈ C([0, T ], E).(3.10)

Let K(t, s, u) = k(t, s)F (s, u) and assume there exists a constant γ ≥ 0 with 2 γ T < 1 and with
α(K([0, T ]× [0, t]× Ω)) ≤ γ α(Ω) for any bounded
subset Ω of E

(3.11)

holds. Finally suppose there is a constant M0, independent of λ, with ‖y‖0 6= M0

for any solution y ∈ C([0, T ], E) to

(3.12)λ y(t) ∈ λ

(
g(t) +

∫ t

0

k(t, s)F (s, y(s)) ds

)
for t ∈ [0, T ]

for each λ ∈ (0, 1). Thus (3.5) has a solution y ∈ C([0, T ], E) with ‖y‖0 ≤ M0.

Proof. Let
U = {y ∈ C([0, T ], E) : ‖y‖0 < M0} .

In Theorem 2.1 of [9] we showed N : U → C(C([0, T ], E)) has closed graph (see
[9] for the definition of N). Also using (3.11) we showed N : U → C(C([0, T ], E))
is condensing. Apply Theorem 3.1 to deduce the result.

Remark 3.2. Notice (3.11) can be replaced by (see [9])
there exists a constant γ ≥ 0 with 2 γ T < 1 and with
α(K({t} × [0, t]× Ω)) ≤ γ α(Ω) for t ∈ [0, T ] and any
bounded subset Ω of E.

Remark 3.3. If k(t, s) = 1, 0 ≤ s ≤ t, 0 ≤ t ≤ T and g(t) = x0, t ∈ [0, T ] (the
differential inclusion case), then (3.11) can be replaced by (see [9])

there exists a constant γ ≥ 0 with 2 γ T < 1 and with
limh→0+ α(F (Jt,h × Ω)) ≤ γ α(Ω) for t ∈ [0, T ] and for
any bounded subset Ω of E; here Jt,h = [t− h, t] ∩ [0, T ].
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Remark 3.4. It is also possible to discuss the Hammerstein integral inclusion (see
[9] ),

y(t) ∈ g(t) +
∫ T

0

k(t, s)F (s, y(s)) ds for t ∈ [0, T ];

we leave the details to the reader.
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